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Abstract

Let R be a commutative Noetherian ring, a an ideal of R, M an arbitrary R-
module and X a finite R-module. We prove that the category of a-cominimax modules
is a Melkersson subcategory of R-modules whenever dim R < 1 and is an Abelian
subcategory whenever dim R < 2. We prove a characterization theorem for HE(M)
and H; (X, M) to be a-cominimax for all i, whenever one of the following cases holds:
(a) ara(a) <1, (b) dimR/a <1 or (c) dimR < 2.
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1 Introduction

Throughout this paper R is a commutative Noetherian ring with non-zero identity and a
an ideal of R. For an R-module M, the i*" local cohomology module M with respect to
ideal a is defined as

H: (M) = liﬂExtIR(R/a”,M).

Also the generalized local cohomology module

H{ (X, M) = lim Extp(X/a" X, M).

for all R—-modules M and X was introduced by Herzog in [19]. Clearly it is a generalization
of ordinary local cohomology module.

We refer the reader to [11] for more details about the local cohomology.

In [16], Grothendieck conjectured that for any ideal a of R and any finitely generated
R-module M, Homp(R/a,H:(M)) is a finitely generated R-module for all 4. Hartshorne
[17] provided a counterexample to Grothendieck’s conjecture. He defined an R-module M
to be a—cofinite if Suppr(M) C V(a) and Ext},(R/a, M) are finitely generated for all j and
he asked:

(i) For which rings R and ideals a are the modules H. (M) a-cofinite for all i and all
finitely generated modules M ?
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(ii) Whether the category € (R, a)cor of a-cofinite modules forms an Abelian subcategory
of the category of all R-modules? That is, if f : M — N is an R-homomorphism of
a-cofinite modules, are Ker f and Cokerf a-cofinite?

With respect to the question (i), there are several papers devoted to this question; for
example see [20, 13, 23, 26, 25, 9, 8, 4].

With respect to the question (ii), Hartshorne with an example showed that this is
not true in general. However, it is proved in [14, Theorem 2.2 (ii)], [25, Theorem 2.6]
and [26, Theorem 7.4] that the category € (R, a)cos of a-cofinite modules forms an Abelian
subcategory of the category of all R-modules respectively in cases cd(a, R) < 1,dimR/a < 1
and dim R < 2.

Recall that a module M is a minimaz module if there is a finitely generated submodule
N of M such that the quotient module M/N is Artinian. Minimax modules have been
studied by Zoschinger in [30]. Note that for a complete Noetherian local ring, the class of
minimax modules is the same as the class of Matlis reflexive modules (see [15] and [29]).
Since the class of minimax modules is a generalization of Matlis reflexive modules, thus
the study of minimax modules is as important as the study of Matlis reflexive modules.
As a generalization of a-cofinite modules in [7], the authors, introduced the concept of
a-cominimaz modules or cominimax modules with respect to a. An R-module M is a-
cominimax module if Suppg(M) C V(a) and Exts(R/a, M) is a minimax module for all
i.

Since the concept of minimax modules is a natural generalization of the finitely generated
modules, many authors studied the minimaxness and cominimaxness of local cohomology
modules and answered the Hartshorne’s question in the class of minimax modules (see for
example [1, 2, 3, 5, 9, 18, 10, 21]).

Recall also that a class of R-modules is said to be a Serre subcategory of the category
of R-modules, when it is closed under taking submodules, quotients and extensions and a
full subcategory S of the category of R-modules is said to be Melkersson subcategory with
respect to the ideal a if for any a-torsion R-module M, (0 :p; a) € S implies M € S (see [5]
and [6]).

In this paper, in Section 2, we bring some preliminary results that we need to prove
our main theorems. Now, it is natural to ask whether the category € (R, a)comin of a-
cominimax modules forms an Abelian subcategory of the category of all R-modules? Among
other things, in Section 3, We prepare an affirmative answer to this question in the case
dim R < 2. More precisely we prove that:

Proposition 1.1. (See Proposition 3.5) Let R be a Noetherian ring with dim R < 1. Let
M be an R-module such Suppr(M) C V(a) and (0 :ps a) is a minimaz R-modules. Then
M is minimaz. In this case the class of a-cominimax R-modules is a Serre subcategory of
R-modules.

Theorem 1.2. (See Theorem 3.7) Let R be a Noetherin ring with dim R < 2. Then for any
ideal a of R, the full subcategory of a-cominimax R-modules of the category of R-modules
(Z(R, a)comin) s Abelian.

In Section 4, we study relationship between cominimaxness of local cohomology and
generalized local cohomology modules and we prove a characterization result (see Corollary
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4.5), in the cases (a) ara(a) <1, (b) dimR/a <1 or (c) dim R < 2.

Throughout this paper, R will always be a commutative Noetherian ring with non-zero
identity and a and b will be ideals of R. We shall use Max R to denote the set of all maximal
ideals of R. Also, for an ideal a of R, we denote {p € SpecR : p DO a} by V(a). For any
unexplained notation and terminology we refer the reader to [11], [12] and [24].

2 Preliminaries

We begin this section with some preliminaries which are needed in the proof of main results
of the paper. The following remark is some elementary properties of the class of minimax
R-modules which we shall use.

Remark 2.1. The following statement holds:
(i) The class of minimax modules contains all finitely generated and all Artinian modules;

(i) Let 0 — L — M — N — 0 be an exact sequence of R-modules. Then M is
minimaz if and only if L and N are both minimaz (see [9, Lemma 2.1]). Thus any
submodule and quotient of a minimax module is minimax;

(ii1) The set of associated primes of any minimaz R-module is finite;
(iv) BEwvery zero-dimensional minimaz R-module is Artinian;

(v) If M is a minimaz R-module and p is a non-mazimal prime ideal of R, then M, is a
finitely generated Ry-module.

The following well-known lemma which is true even for an arbitrary Serre subcategory
is needed frequently in this paper.

Lemma 2.2. If M is an R-module such that (0 :pr a) is minimaz, then so is (0 :pr a™) for
each n.

Proof. For each n > 2, there exists an exact sequence of modules
0= (0:ara) = (027 ) L a1 (0 a7 a™) @ ... @ ag(0 17 a™)

where a = (a1, ag, ...,as) and f(z) = (a1z, ..., asz). Since a;(0 :pr a™) is a submodule of the
minimax module (0 :p; a”~ 1) for each i, the result is obtained by an easy induction on n.
0

Lemma 2.3. Suppose © € a and Suppgp(M) C V(a). If 0 :pr = and M/xM are both
a-cominimaz, then M must also be a-cominimaz.

Proof. The proof is similar to the proof of [26, Corollary 3.4]. a

Lemma 2.4. Let X be a finite R—module, M be an arbitrary R—-module. Then the following
statements hold true.
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(a) Tq(X, M) = Homp(X,['q(M)).
(b) If Suppp(X) N Suppr(M) C V(a), then HL(X, M) = Ext' (X, M) for all i.
Proof. See [28, Lemma 2.5]. g

Lemma 2.5. Let R be a Noetherian ring with dim R < 2. Let a be an ideal of R and M a
non-zero minimaz R-module. Then Hy (M) is a-cominimaz for all i > 0.

Proof. Tt follows from Grothendieck’s Vanishing Theorem [11, Theorem 6.1.2] that H: (M) =
0 for all i > 3. Also H2(M) is Artinian and HY(M) is minimax. So both of them are a-
cominimax. Now the assertion follows form [7, Corollary 3.9]. 0

3 An Abelian category of cominimax modules

Definition 3.1. Let a be an ideal of R, n be a non-negative integer and M an R-module.
We say that R admits P} (a) if for any R-module M, the following implication holds:

If Ext'y(R/a, M) is minimaz for all i <n and Supp(M) C V(a),
then M is a-cominimacx.

We now present the first main theorem of this section which is generalization of [27,
Theorem 2.3].

Theorem 3.2. Let R be a Noetherian ring of dimension d > 1 admitting the condition
P} (a) for all ideals a of dimension < d—1 (i.e. dimR/a < d— 1), then R admits the
condition P)_,(a) for all ideals a of R.

Proof. Assume that M is an R-module and a is an arbitrary ideal such that Supp(M) C
V(a) and Ext(R/a, M) is minimax for all i < d — 1. We show that M is a-cominimax. In
the case where a is nilpotent, say a™ = 0 for some integer n, we have M = (0 :p; a™). Now,
since (0 :ps a) is minimax, Lemma 2.2 implies that M is minimax and so V(a) = Spec R
forces that M is a-cominimax. Now suppose that a is not nilpotent. In this case, we can
choose a positive integer n such that (0 :g a”) = ['4(R). Put R = R/T4(R) and M =
M/(0 :pr a™) which is an R-module. Taking @ as an image of a in R, we have I'z(R) = 0.
Thus @ contains an R-regular element so that dim R/a 4+ I'4(R) = dim R/a < d — 1. The
assumption on M together with the fact that Suppz(R/a+ I'q(R)) C Suppr(R/a) and [3,
Lemma 2.1] imply that Extz(R/a 4+ Tq(R), M) is minimax for all i < d — 1. In view of
Lemma 2.2, the module (0 :3; a™) is minimax and thus Ext%(R/a + I'q(R), M) is minimax
for all i < d — 1. On the other hand, it is clear that Supp(M) C V(a + I'q(R)) and since
by the assumption R admits P; ;(a + I'q(R)), the module M is a + I'q(R)-cominimax.
Now using the change of ring principle [6, Theorem 4.8], the module M is an a-cominimax
R-module; and finally the minimaxness of (0 :p; a™) forces that M is an a-cominimax
R-module. |

Corollary 3.3. Let R be a Noetherian ring of dimension 2. Then R admits the condition
P{(a) for all ideals a of R.
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Proof. 1t follows from Lemma [22, Lemma 2.4] that R admits the condition Pj(a) for all
ideals a with dim R/a = 1. Thus the result follows by Theorem 3.2. O

Corollary 3.4. Let (R,m) be a Noetherian local ring of dimension 3. Then R admits the
condition Pjy(a) for all ideals a of R.

Proof. Tt follows from Theorem [22, Theorem 2.6] that R admits the condition Pj(a) for all
ideals a with dim R/a = 2. Thus the result follows by Theorem 3.2. |

The following proposition shows that the class of minimax R-modules is a Melkersson
subcategory of R-modules whenever dim R < 1. Therefore, in this case, submodules and
quotients modules of an a-cominimax modules are always a-cominimax.

Proposition 3.5. Let R be a Noetherian ring with dim R < 1. Let M be an R-module
such that Suppr(M) C V(a) and (0 :p a) is a minimaz R-modules. Then M is minimaz.
In this case the class of a-cominimaz R-modules is a Serre subcategory of R-modules.

Proof. If a is nilpotent, then there is n € N such that a™ = 0, so M = (0 :3; a™). By Lemma
2.2, it follows that M is minimax. Therefore suppose that a is not nilpotent. Since R is a
Noetherian ring, thus there exists n € N such that (0 :g a™) = I';(R). Then it is easy to

- M —
see that M = ———— is a module over the ring R = . Let @ be the image of a in
(0 :pr a™) Fa(R)i
— — R
R. Then a contains an R-regular element and therefore dim 7= 0. Suppose (0 :pr a) is
- o : _ 0:p 0™t -
minimax. Then, in view of Lemma 2.2, it follows that (0 :5;7 @) = (07) is a minimax
aoan

_ R
R-module. Since (0 :37 @) is an R-module and a(0 :37 @) = 0, hence (0 :3; @) has g—module

. R L
structure. Since — is an Artinian ring, so
a

Suppy (0 137 @) € Spec(=) = Max(=).

al| =
al| =l

R
Thus by Remark 2.1 (iv), it follows that (0 :5; @) is a Artinian —-module and there-

a
fore Artinian R-module. Since Suppg(M) C Suppgr(M) C V(a), it is easy to see that
Suppg(M) C V(a), then by Melkersson’s theorem [11, Theorem 7.1.2], M is an Artinian
R-module. So M is an Artinian R-module. Now Lemma 2.2, Remark 2.1 (ii) and the exact
sequence

0— (0:pra”) =M — M — 0,

implies that M is minimax as required. 0

In the following corollary, we look at the case dim R = 2. In this case we give a criterion
for a quotient of an a-cominimax module to be a-cominimax.
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Corollary 3.6. Let R be a ring of dimension 2. Let M be an a-cominimaz module and N
be a homomorphic image of M. Then N is a-cominimaz if and only if (0 :y a) is minimaz.

Proof. Let f : M — N be a surjective R-linear map with K = Ker f and let 0 :n; a be
minimax. By the assumption Homp(A/a, K) and Exty(A/a, K) are minimax; and hence
Corollary 3.3 implies that K is a-cominimax. Therefore N is a-cominimax. 0

Corollary 3.7. Let R be a Noetherian ring with dim R < 2. Then for any ideal a of R, the
full subcategory of a-cominimaz R-modules of the category of R-modules (€' (R, )comin) 1S
Abelian.

Proof. In view of Proposition 3.5, we may assume that dim R = 2. Now, let f: M — N
be any homomorphism between a-cominimax modules such that K = Ker f,I = Im f and
C = Coker f. According to the Corollary 3.6, since 0 :; a is minimax, [ is a-cominimax;
and therefore so is K by the exact sequence 0 - K — M — I — 0. On the other hand,
the exact sequence 0 — I — N — C' — 0 force that C' is a-cominimax. 0

Corollary 3.8. Let R be a Noetherian ring with dim R < 2. Let a be an ideal of R and
X — Xt X X2
~ be a complex such that Xt € € (R, a)comin for all i € Z. Then the ith homology module
H'(X*®) is in X' € € (R, a)comin-

Proof. The assertion follows from Corollary 3.7. 0

Corollary 3.9. Let R be a Noetherian ring with dim R < 2. Let a be an ideal of R and M
is a non-zero a-cominimaz R-module. Then, the R-modules Ext's(N, M) and Torf(N, M)
are a-cominimaz R-modules, for all finitely generated R-modules N and all integers i > 0.

Proof. Since N is finitely generated it follows that N has a free resolution of finitely gener-
ated free modules. Now the assertion follows using Corollaries 3.7, 3.8 and computing the
modules Ext% (N, M) and Tor®(N, M), by this free resolution. g

Corollary 3.10. Let R be a Noetherian ring with dim R < 2. Let a be an ideal of R
and M a non-zero minimaz R-module. Then for each finite R-module N, the R-modules
Ext},(N,Hy(M)) and Torf’(N, Hy (M)) are a-cominimazx for all i > 0 and j > 0.

Proof. Note that by Lemma 2.5, it follows that Hla(M ) is a-cominimax for all 4 > 0. Now
the assertion follows from Corollary 3.8. a
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4 Cominimaxness of local cohomology and generalized
local cohomology

The following theorem is a generalization of [26, Theorem 7.10] to the class of minimax and
cominimax modules.

Theorem 4.1. Let R be a Noetherian ring with dim R < 2 and let a be a proper ideal and
M an R—-module. The following conditions are equivalent:

(i) H.L(M) is a-cominimaz, for all i.
(i) Exth(R/a, M) is minimaz for all i.
(ii) Exts(R/a, M) is minimaz for i < 2.

Proof. We need by [26, Proposition 3.9] just to show that (i) follows from (iii). Suppose
that M satisfies (iii). If a is nilpotent, then it is easy to see that a module is a-cominimax,
if and only if it is minimax. If a is non-nilpotent, take n such that 0 ; a” = Ty (R).

There is z € a which is regular on R = R/I'q (R), and therefore dim R/zR < 1. The
module M = M/0 i a” has a natural structure as a module over R. Since 0 i a’ is
minimax, M must also satisfy (iii). The exact sequence 0 — 0 i a® — M —M—0

yields the exact sequence 0 — 0 B a® — Ty(M) — Ty(M) — 0 and isomorphisms

H;(J\/.Q = Hfl (M) for all i > 1. Thus replacing M by M, we may assume that M is a module
over R. Let L = T'y(N), where N =0 §*C M. Since 0 ja= 0 A which is minimax,

Proposition 3.5 implies that L is minimax and so a-cominimax and therefore satisfies (ii).
From the exact sequence 0 — N — M — M — 0, we get that Exth(R/a, N)
is minimax. Hence Exth(R/a, N/L) is minimax. By [26, Lemma 7.9], Exth(R/a, N/L) =
Homp(R/a, H:(N/L)). Also HL(N) = HL(N/L), so Homg(R/a, H,(N)) is minimax. Hence
by Proposition 3.5 the module H(N) is minimax and so a-cominimax. Since H(N) = 0
for all ¢ > 1, [26, Proposition 3.9] implies that N =0 oy satisfies (ii). From the exactness

of 0 » N = M — xM — 0, we therefore get that Extp(R/a,2M) and Ext%(R/a, 2M)
are minimax. Hence from the exactness of 0 - aM — M — M/xM — 0 we get that
Hom(R/a,T) and Extk(R/a,T), where T = M/xM, are minimax modules. An argument
similar to that one, we used to show that H(N) is a-cominimax, for all 4, shows that H’ (T
is a-cominimax, for all 7.

Consider the homomorphism f = x1ys, so N = Ker f and T" = Coker f. We have shown
that Hi(Ker f) and Hg(Coker f) are cominimax with respect to a for each 7. By Proposition
3.5 the class of a-cominimax modules, which are modules over R annihilated by x constitute
a Serre subcategory of the category of R—modules. Hence it follows from [26, Corollary 3.2]
that for all i the modules Ker H.(f) and Coker H:(f) belong to the same category. Since
z € a The criterion Lemma 2.3 implies that H (M) is a-cominimax, for all i. |

Theorem 4.2. Let M be an R-module and suppose one of the following cases holds:

(a) ara(a) <1;
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(b) dimR/a < 1;
(¢) dimR < 2.

Then, H: (M) is a-cominimaz for all i if and only if Exts(R/a, M) is a minimaz R-module
for all .

Proof. The case (c) follows by Theorem 4.1.
In the cases (a) and (b), suppose H (M) is a-cominimax for all i. It follows from [7,

Proposition 3.7] that Extz(R/a, M) is a minimax R-module for all i.
To prove the converse we use induction on ¢. Let ¢ = 0. From the exact

0 —T (M) —M— M/Ty(M)— 0,

we obtain that Hompg(R/a,T'q(M)) and Exth(R/a, T'y(M)) are minimax. Now, it follows
by [3, Theorem 2.8], in the case (a) and [22, Lemma 2.4], in the case (b) that T'y(M) is a-
cominimax. Tt follows also that for all i, the R-modules Ext’y(R/a, M/ T'q(M)) are minimax.
Let 2 > 0 and the case i — 1 is settled. Consider the exact sequence

0— M/Tq(M) —E—L—0, (%)

in which F is an injective a-torsion free module. It is easy to see that HE(E) =0=
ExtRw(R/a, E) for all i > 0. Now, using the exact sequence (%), we easily get the isomor-
phisms

Hy (L) = HGM (M) To (M) = HGH (M).
and
Extly(R/a, L) = Ext ! (R/a, M/ T o(M)).

Hence the hypothesis is satisfied by L. This completes the inductive step. 0

Theorem 4.3. Let M be an R-module and suppose one of the following cases holds:
(a) ara(a) < 1;
(b) dimR/a < 1;
(¢) dimR < 2.

Then, for any finite R-module X, Hfl(X, M) is a-cominimax for all i > 0 if and only if
ExtRw(R/a, M) is minimax R-module for all i > 0.

Proof. First suppose for any finite R-module X, HQ(X , M) is a-cominimax for all ¢ > 0.
Let X = R, then it follows by Theorem 4.2, that Ext’;(R/a, M) is minimax R-module for
all 7 > 0.

To prove the converse we use the induction on ¢. Let ¢ = 0, then it follows by Lemma
2.4 (a) that

HY(X, M) =T(X, M) = Homp(X, ' (M)).
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Since 'y (M) is a-cominimax by Theorem 4.2, so the assertion follows by Corollary 3.10,
[3, Corollary 2.11] and [21, Corollary 2.8]. Now assume that ¢ > 0 and that the claim holds
for i — 1. Since T'q(M) is a-cominimax and Ext(R/a, M) is minimax R-module for all
1 > 0, using the short exact sequence

0—T(M)— M — M/Ty(M)—0,

it is easy to see that the R-modules Ext%(R/a, M/T4(M)) are minimax for all 4 > 0.
Now, by applying the derived functor I'; (X, —) to the same short exact sequence and using
Lemma 2.4 (b), we obtain the long exact sequence

. — Extiy (X, Do (M) L5 HL(X, M) 25 Hi (X, M/ Ta(M)) 25 Extiy (X, To(M)) 253
HEPN (X, M) — ...
which yields short exact sequences
0 — Ker f; — BExth(X,To(M)) — Im f; — 0,
0 —Imf; — H{(X,M) — Img; — 0
and
0 — Img; — HY(X,M/To(M)) — Ker f;11 — 0.

Since Ext%(X,T(M)) is a-cominimax R-module for all i > 0, by Corollary 3.10,
[3, Corollary 2.11] and [21, Corollary 2.8], it follows by definition that, H:(X, M) is a-
cominimax R-module if and only if H:(X, M/Ty(M)) is a-cominimax R-module for all
i > 0. Therefore it suffices to show that H: (X, M/Tq(M)) is a-cominimax R-module for
all 4 > 0. To this end consider the exact sequence

00— M/Ty(M)— FE—L—0, (1)

in which FE is an injective a-torsion free module. Since I'q(M/T'y(M)) = 0 = T'q(E), thus
Homp(R/a,E) = 0 and I'y(X,M/Tq(M)) = 0 = I'y(X, F) by Lemma 2.4 (a). Applying
the derived functors of Hompg(R/a,—) and T'4(X,—) to the short exact sequence (f) we
obtain, for all ¢ > 0, the isomorphisms

Hy (X, L) = Hy (X, M/ To(M)).
and
Extly '(R/a, L) = Ext’y(R/a, M/ T(M)).

From what has already been proved, we conclude that Ext’>!(R/a, L) is minimax for all
i > 0. Hence Hg_l(X , L) is a-cominimax by induction hypothesis for all ¢ > 0, which yields
that Hy (X, M/T'q(M)) is a-cominimax for all ¢ > 0, this completes the inductive step. 0O

Lemma 4.4. Let X be a finitely generated R-module and M be an arbitrary R-module. Let
t be a non-negative integer such that Extzé(X7 M) is minimaz for oll 0 < ¢ < t. Then for
any finitely generated R-module L with Suppg(L) C Suppg(X), Exth (L, M) is minimaz
for all integer 0 < i < t.



228 Abelian category of cominimax modules and local cohomology

Proof. Use the method of proof of [13, Proposition 1]. ]

The following corollary is our main result of this section which is a characterization of
cominimax local cohomology and generalized local cohomology modules under the assump-
tions (a) ara(a) <1, (b) dimR/a <1 and (c¢) dim R < 2.

Corollary 4.5. Let M be an R-module and suppose one of the following cases holds:
(a) ara(a) < 1;
(b) dimR/a < 1;
(¢) dimR < 2.
Then the following conditions are equivalent:
(i) Exts(R/a, M) is minimaz for all i.

(i4) Exts(R/a, M) is minimaz fori = 0,1 in the cases (a) and (b) (resp. fori=0,1,2 in
the case (c));

(iii) H.L(M) is a-cominimaz for all i;
(iv) HL(X, M) is a-cominimaz for all i and for any finite R-module X ;

(v) Ext(X, M) is minimaz for all i and for any finite R-module X with Suppg(X) C
V(a);

(vi) Exto(X, M) is minimaz for all i and for some finite R-module X with Suppp(X) =
V(a);

(vii) Ext(X, M) is minimaz for i = 0,1 in the cases (a) and (b) (resp. fori=0,1,2 in
the case (c)) and for any finite R-module X with Suppg(X) C V(a);

(viii) Ext’ (X, M) is minimaz for i = 0,1 in the cases (a) and (b) (resp. fori=0,1,2 in
the case (¢)) and for some finite R-module X with Suppgr(X) = V(a).

Proof. In order to prove (i)<(ii), use [3, Theorem 2.5] and [22, Lemma 2.4], in the cases
(a) and (b) and use Theorem 4.1, in the case (c).

(i)«<(iii) follows by Theorem 4.2.

(i) (iv) follows by Theorem 4.3.

In order to prove (i)<(v) and (ii)<(vii) use [3, Lemma 2.1].

(v)=-(vi) and (vii)=-(viii) are trivial.

In order to prove (vi)=-(v) and (viii)=-(vii), let L be a finitely generated R-module with
Suppg(L) € V(a). Then Suppg(L) C Suppg(X). Now the assertion follows by Lemma
4.4. 0

Corollary 4.6. Let M be a minimax R-module, X a finite R-module and a an ideal of R.
Suppose one of the following cases holds:

(a) ara(a) <1;
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(b) dimR/a < 1;
(¢) dimR < 2.
Then H (M) and H: (X, M) are a-cominimax for all i.
Proof. Follows from Corollary 4.5. ]

Now, It is natural to ask and offer the following question and a problem for the further
research.

Question: Let R be a commutative Noetherian ring with non-zero identity and a an ideal of
R. Is the charaterization in Corollary 4.5 true, when we change araa < 1 with cd(a, R) <1
in the case (a)?

Acknowledgement The author likes to thank the referee for his/her careful reading and
many helpful suggestions on this paper.
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