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Abstract

First, an edge-magic labeling of a graph G is defined to be a bijective function
f:V(G)UE(G) = {1,2,...,|[V(G)| + |E (GQ)|} such that f (u)+ f (v) + f (uv) is a
constant for each uv € F (G). Also, an edge-magic labeling f of G with the additional
property that f(V (G)) = {1,2,...,|V (G)|} is called a super edge-magic labeling.
In this paper, we investigate the (super) edge-magic properties of disjoint unions of
cycles and stars. The super edge-magic results obtained in this paper yield felicitous
labelings for the same class of graphs. We also propose a conjecture and several open
problems arising from this study. Furthermore, we settle an old problem proposed by
Wallis in his book “Magic Graphs”.
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1 Introduction

Undefined graph theoretical notation and terminology can be found in [5] or [27]. The
vertex set of a graph G is denoted by V (G), while the edge set of G is denoted by E (G).
The cardinality of the vertex set of a graph G is called the order of G, while the cardinality
of the edge set is the size of G. The cycle and path of order n are denoted by C,, and P,,
respectively. The star of size n is denoted by S,.

For two graphs G; and Gy with disjoint vertex sets, the union G = G; U Gy has
V(G)=V(G1)UV (Gs) and E (G) = E(G1) U E (Gs).

For the sake of brevity, we will use the notation [a, b] for the interval of integers x such
that @ < 2 < b. On the other hand, if a > b, we treat [a,b] as the empty set. If such
a situation occurs in particular formulas for a given vertex labeling, then we ignore the
corresponding portions of the formulas.

For a vertex labeling f of a graph G and nonempty subset S of V (G), we will denote
the set of vertex labels {f (v) v € S} by writing f (S). We will also utilize the notation: if
ACZand beZ,then A+b={a+0b|ae A}, where Z denotes the set of integers.

Kotzig and Rosa [20] initiated the study of magic valuations in 1970. Ringel and Llado
[24] rediscovered this concept in 1996 and called this labeling edge-magic. This has become
a popular term since then. A graph G is called edge-magic if there exists a bijective function
f:V(G)UE (G) — [1,|V (G)| + |E (G)|] such that f (u)+f (v)+f (uv) is a constant (called
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the wvalence) for each uv € E (G). Such a function is called an edge-magic labeling. For an
edge-magic labeling f of a graph G, the valence k is given by the formula:

2 vev(c) 9€8a(0) f(v) + Xeep(q) f (€)

b= E(Q)] ’

where degq(v) denotes the degree of a vertex v in G. Some authors use the term “edge-
magic total labelings” for this terminology as introduced by Wallis [26].

In 1998 Enomoto, Llado, Nakamigawa, and Ringel [6] introduced a particular type of
edge-magic labelings called super edge-magic labelings. They defined an edge-magic labeling
f of a graph G with the additional property that f (V (G)) = [1, |V (G)]] to be a super edge-
magic labeling. Thus, a super edge-magic graph is a graph that admits a super edge-magic
labeling.

Some authors use “super edge-magic total labelings” and “super edge-magic total graphs
for super edge-magic labelings and super edge-magic graphs, respectively. In [10] Hegde
and Shetty showed that the concepts of super edge-magic graphs and strongly indexable
graphs (see [1] for the definition of a strongly indexable graph) are equivalent.

The following lemma found in [7] provides a necessary and sufficient condition for a graph
to be super edge-magic. In light of this result, it suffices to exhibit the vertex labeling of a
super edge-magic graph. However, we will also provide the valences to increase the clarity
of our results.

b))

Lemma 1. A graph G is super edge-magic if and only if there exists a bijective function
f:V(G)—={1,2,...,|[V(G)|} such that the set

S={f(w) + [ (v)|luw € E(G)}

consists of |E (G)| consecutive integers. In such a case, f extends to a super edge-magic
labeling of G with valence k = |V (G)| + |E (G)| + s, where s = min (S) and

S=[k-(V(GQI+I[E@G]), k= (V(G)]+1)].

The study of super edge-magic labelings of graphs has proven to be a successful approach
to many other problems in the last two decades since many relations with other types of
labelings have been found (see [7] and [8] for instance), and relations with other concepts
such as Skolem and Langford sequences (see [14]), liftings of graphs (see [15]), dual shuffle
primes and Jacobsthal sequence (see [16] and [18]).

For a comprehensive survey of graph labeling problems, see Gallian [9]. For more infor-
mation on super edge-magic graphs and related topics, see the books by Baca and Miller
[2], Chartrand, Egan, and Zhang [4], Lépez and Muntaner-Batle [15], and Marr and Wallis
[21].

In [26] Wallis proved that C5 U .S; is not edge-magic, that is, super edge-magic neither.
He also raised the question of which C,, U S} is edge-magic. This was partially answered
by Park, Choi, and Bae [23] who showed that C,, U Sy is super edge-magic if m is even
and m # 10. Afterwards, the following result was established in [12] in terms of the edge
dependent characteristic (see [11] for the definition of an edge dependent characteristic).
To avoid ambiguity, note that C1yp U S7 has a super edge-magic labeling with valence 31.
To see this, label the vertices of Cyg with2—-6—-3—-7—4—-11-5—-9—-8—-10—2 and
the vertices of S7 with 1 — 12.
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Theorem 1. For even integers m > 4, the graph Cp, U Sy is super edge-magic.

We end the introduction with a summary of what is accomplished in this study. In
Section 2, we extend Theorem 1 introducing new results dealing with the disjoint unions
of cycles and stars. Motivated by these results we also consider the edge-magic properties
of the same classes of graphs in Section 3. Section 4 is devoted to providing an additional
result, which is a continuation of the work conducted in Section 2. We believe that the
results developed in this paper motivate new problems and a conjecture, some of which, are
suggested in the subsequent pages.

2 Results on super edge-magic properties

In this section, we study the super edge-magic properties of disjoint unions of cycles and
stars. We now present the following result.

Theorem 2. The graph C,, U Sy is super edge-magic if and only if m is even and m > 4.

Proof. In light of Theorem 1, it remains to prove the necessity. For this reason, let m =
2k + 1, where k is a positive integer, and suppose, to the contrary, that G = Cy41 U Sy has
a super edge-magic labeling f. For each uv € E (G), define a function ¢g : £ (G) — N by
g (uwv) = f (u) + f (v), where N denotes the set of natural numbers. Since |E (G)| = 2k + 2,
it follows from the basic properties of super edge-magic labeling that

2k+2
Y ogluw)=> (s+i—1),
uv€E(G) i=1

where s = min {f (u) + f (v) [luv € E(G)}. In this sum, each vertex label is counted twice
except for the labels of the vertices of Sy, and |V (G)| = 2k +3. Thus, if we let f (V' (S1)) =

{a, 8}, then we have
2k+3 2k+2

QZi—(a—l—ﬁ)z > (s+i—1),

i=1

or, equivalently, 2k +11k+11 = (2k + 2) s+ (a + 3). Since 2k?+11k+11 can be expressed
as (2k 4+ 2) (k +4)+k+3, it follows that s < k+4. We now consider three cases, depending
on the possible values for the minimum induced edge sum s.

Case 1. Assume that s = k + 4. Then

(2k +2) s + (@ + B) = 2k + 11k + 11
= (2k+2)(k+4)+k+3.

It follows that o + 8 = k + 3. Notice now that
a+Be{f(u)+flw eE(G)}=]s,s+2k+1].
However, since s = k + 4, it follows by the assumption that

a+B=k+3<s=k+4,
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which is impossible.
Case 2. Assume that s = k + 3. Then

(2k +2) s + (a + B) = 2k* + 11k + 11
=(2k+2)(k+4)+k+3
=02k+2)(E+3)+1)+k+3
= (2k +2) (k+3) + 3k + 5.

It follows that o + 8 = 3k + 5. Notice now that
0+ BELf W)+ f )| e E(G)} =[5+ 2% +1].
However, since s = k + 3, it follows by the assumption that

a+B=3k+5>s+2k+1
= (k+3)+2k+1=3k+4,

which is impossible.
Case 3. Assume that s < k + 2. Then

(2k +2) s + (o + B) = 2k* + 11k + 11
=2k+2)(k+4—7)+r(2k+2)+ (k+3)
=02k+2)(k+4)+k+3
=2k+2)(k+4—r)+2r+1)k+3+42r,

where r > 2. Notice now that o, 8 € {f (v) |[v € V (G)} = [1, 2k + 3], which implies that
max {f (u)+ f (v) |lwv € E(G)} = (2k+ 2) + (2k + 3) = 4k + 5.

However,
a+pB=02r+1)k+34+2r >5k+7>4k+5

for r > 2, which is impossible. 0

Next, we introduce some additional definitions and technical lemmas. In 2001 Muntaner-
Batle [19] introduced the concept of special super edge-magic labeling of a bipartite graph.
Let G be a bipartite graph with the two partite sets X and Y. If G has a super edge-magic
labeling f with the property that f (X) = [1,|X]|] and f(Y) = [|X|+1,|V (G)]], then f is
called a special super edge-magic labeling. Cattell [3] and Oshima [22] subsequently called
such labelings a-magic and consecutively super edge-magic, respectively. In this paper, we
prefer to use the latter terminology to emphasize the property that consecutively super edge-
magic labeling uses consecutive integers in each partite set. We also refer to a bipartite
graph with consecutively super edge-magic labeling as a consecutively super edge-magic
graph.

The following lemma discovered by Cattell [3] plays an important role in establishing
our next result.
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Lemma 2. Let v be any vertex of the path P,. Then there exists a consecutively super
edge-magic labeling f of P, such that f (v) =i for any i € [1,n] except in the following
cases:

1. If v is an end-vertex of Pysy1, then v cannot have label s or 3s.

2. If v is a vertex adjacent to an end-vertex in Pg, then v cannot have label 2 or 5.

3. If v is the central vertex of Ps, then v cannot have label 1 or 5.

4. If P, has odd order and v is a vertex in the smaller two partite sets, then v cannot
have label (n+ 1) /2.

In [17] Lépez, Muntaner-Batle, and Rius-Font found the following fact while studying
the perfect super edge-magic properties of paths.

Lemma 3. For any positive integer n, the valence of any super edge-magic labeling of Py,
is exactly d5n + 1.

With the aid of Lemmas 2 and 3, we show the following lemma, which will be useful to
establish our main result.

Lemma 4. For every positive integer k, there exists a consecutively super edge-magic la-
beling of Pgy, in which the end-vertices have labels 4 and 8k — 3.

Proof. By Lemma 2, there exists a consecutively super edge-magic labeling of Pgj in which
an end-vertex has label 4. Also, Lemma 3 yields that the valence of any such labeling must
be 20k + 1. On the other hand, the valence of Pg; can be computed by

8k 16k—1 .
2) i = A+ 2) + ) e d
8k —1 ’

where = denotes the label of the end-vertex not labeled 4. Thus,

8k . 16k—1 .
2 i —(A+a)+ 3 gt
1 =20k + 1.

Solving the above equation for x, we obtain z = 8k — 3 as desired. 0

It is known from [12] and [23] that Cy U S, has a super edge-magic labeling with valence
17 by labeling the vertices of Cy with 2 —3 —5 — 4 — 2 and labeling the vertices of S; with
1 — 6. This is the unique super edge-magic labeling of Cy U S7. It seems that the graph
C4 U S, is not super edge-magic for all integers n > 2. We have verified this by exhaustive
computer search for n € [2,50]. However, with the aid of Lemma 4, it is now possible to
present the following result.

Theorem 3. If m and n are integers such that m > 6 is even and n > 1, then the graph
Ci U Sy, is super edge-magic.
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Proof. In light of Theorem 2, it suffices to show the theorem for integers n > 2. To do so,
let G = C,, US, and define the graph G with

VA(G) =A{zili € [1,m]} U{y} U{yi|i € [1,n]}
and
E (G) = {xiiEi_H |Z € [1, m — 1]} U {zlxm} U {yyz’ |Z S [l,n]}

For even integers m > 6, and integers n > 2, consider five cases, according to the possible
values for the integer m.

Case 1. For m = 8k — 2, where k is a positive integer, let f : V (G) — [1,8k +n — 1] be
the vertex labeling such that

n—2+i if j =2 —1and i€ [L,2k+1]
Ak +n +i if j =2 and i € [1,2k — 1]
2% +n if j = 4k
flz;)={ 6k+n—1+2 ifj=4k—2+4iandie€ ][I,k
2% +n + 2i if j =4k —1+4iand i€ [1,k — 1]
6k+n—2+2 ifj=4k+4iandie[l,k— 1]
% +n—1+2i ifj=4k+1+4iandiec(lk—1],

f)=4k+n—-1 f(y;)) =i G €[l,n—2]), f (Yn-1) =4k +n and f(y,) = 8k +n — 2.
Then f assigns all integers 1 through 8k 4+ n — 1 exactly once to the vertices of G and has
the property that

S={f(u)+ f(v)|uv € E(G)} = [4k + n,12k + 2n — 3].

Since |E (G)| = 8k + n — 2, it follows that the set S consists of 8k + n — 2 consecutive
integers. It is now immediate that

f )+ f () + f(w) = [V(G)| + |E (G)] + min ()
=8k+n—1)+ 8k +n—2)+ (4k +n)
=20k +3n—3

for each wv € E (G). Therefore, by Lemma 1, f extends to a super edge-magic labeling of
G with valence 20k + 3n — 3.

Case 2. For m = 8k, where k is a positive integer, let f : V (G) — [1,8k + n + 1] be the
vertex labeling such that

Ak +1 4 if j=2i—1andie€[l,2k]
i if j =2 and i € [1, 2k]
Fley=d Skt l42 if j =4k —3+4i and i € [1,k]
J 2% +1+2i if j =4k —2+4i and i € [1,k]
6k + 1 + 2i if j =4k — 1+ 4i and i € [1, K]
2k + 2 if j = 4k + 4i and i € [1, k],

fly)y =2k+1and f(y;)) =6k+1+4 (i € [1,n]). Then f assigns all integers 1 through
8k 4+ n + 1 exactly once to the vertices of G and has the property that

S={f(w)+f@)|w € E(G)} =4k + 3,12k + n + 2].



R. Ichishima, F.-A. Muntaner-Batle, A. Oshima, Y. Takahashi 205

Since |E (G)| = 8k + n, it follows that the set S consists of 8k + n consecutive integers. It
is now immediate that
fw) + f(0) + f (w) = [V (G)| + |E(G)] + min (S5)
=B8k+n+1)+ (8k+n)+ (4k+3)
=20k +2n+4

for each wv € E (G). Therefore, by Lemma 1, f extends to a super edge-magic labeling of
G with valence 20k + 2n + 4.
Case 3. For m = 8k + 4, where k is a positive integer, let f : V (G) — [1,8k +n + 5] be
the vertex labeling such that

4k + 3 4 if j =2 —1andi€[L,2k+1]
i if j =2 and i € [1,2k + 1]
Flay= ) Shantds if j =4k —1+4iand i € [1, k]
j 2% + 2+ 2 if j =4k +4i and i € [1,k — 1]
6k+n-+3+2 ifj=4k+1+4iandie [l k—1]
% +1+2i if j=4k+2+4iand i € [1,k— 1],

(f ()58 = (4k + 1,8k + .+ 3,4k + 3,8k + n + 5,4k + 2),

fly) =2k+2and f(y;)) =6k+4+4i (i € [1,n]). Then f assigns all integers 1 through
8k 4+ n + 5 exactly once to the vertices of G and has the property that
S={f(u)+ f()|uw € E(G)} = [4k + 5,12k + n + §].

Since |E (G)| = 8k + n + 4, it follows that the set S consists of 8k + n + 4 consecutive
integers. It is now immediate that
f )+ f )+ f (ww) = [V(G)| + |E(G)] + min ()
=@8k+n+5)+ (8k+n+4)+ (4k+5)
=20k +2n+ 14
for each wv € E (G). Therefore, by Lemma 1, f extends to a super edge-magic labeling of
G with valence 20k + 2n + 14.

Case 4. For m = 10 (mod 16), there are two subcases to pursue.
Subcase 4.1. For m = 10, let f: V (G) — [1,n + 11] be the vertex labeling such that

(f (2:));2y = (1,9,3,11,8,12,4,13,5,10) ,

fly) =17 fn)=2, f(y2) =6 and f(y;) =11+ (i € [3,n]). Then f assigns all integers
1 through n + 11 exactly once to the vertices of G and has the property that

S={f(w)+f@|w e E(G)}=1[9,n+18].
Since |E (G)| = n + 10, it follows that the set S consists of n + 10 consecutive integers. It
is now immediate that
fw)+f )+ f(w) = [V(G)| + |E(G)] 4 min (S5)
= (n+11)+ (n+10)+9
=2n+30
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for each uv € E (G). Therefore, by Lemma 1, f extends to a super edge-magic labeling of
G with valence 2n + 30.

Subcase 4.2. For m = 16k+10, where k is a positive integer, let f : V (G) — [1,16k + n + 11]
be the vertex labeling such that

8k +6—i if j=2i—1andie€[l,4k+ 2]
12k + 8 if j =8k +5
8k+7—i if j =2 —1and i€ [k + 4,8k + 4]
1 if j = 16k + 9
flz)=4 16k+14—i ifj=2iandiec [1,4k+3

}
12k+11—-2i ifj=8k+4+4iandic][l,2
12k+8—4i ifj=8k+2+8 andi€[l,k
12k+14—4; ifj=8k+6+8 and i€ [l,k
8k + 10 if j = 16k + 10,

k+ 1]
|
]

3

fly) =8k+7, f(y1) =2, f(y2) =8k +6 and f(y;) = 16k + 11+ (i € [3,n]). Then f
assigns all integers 1 through 16k + n + 11 exactly once to the vertices of G and has the
property that

S={f(w)+ f@)|uww € E(G)} = [8k + 9,24k +n + 18].

Since |E (G)| = 16k + n + 10, it follows that the set S consists of 16k 4+ n + 10 consecutive
integers. It is now immediate that

f )+ f(0) + f(uo) = [V(G)] + |E(G)| + min (5)
= (16k +n + 11) 4+ (16k + n + 10) + (8k + 9)
=40k +2n + 30
for each wv € E (G). Therefore, by Lemma 1, f extends to a super edge-magic labeling of
G with valence 40k + 2n + 30.

Case 5. For m =2 (mod 16), there are three subcases to pursue.
Subcase 5.1. For m =18, let f : V (G) — [1,n + 19] be the vertex labeling such that

(f (z:):2, = (9,21,8,20,7,19,6,18,5,14,17,15,3,12,4, 16,1, 13) ,

fly) =11, f(y1) = 2, f(y2) = 10 and f (y;) = 19+ 4 (¢ € [3,n]) assigns all integers 1
through n + 19 exactly once to the vertices of G and has the property that

S ={f(u)+f(v)|uw € E(G)} = [13,n + 30].

Since |E (G)| = n + 18, it follows that the set S consists of n + 18 consecutive integers. It
is now immediate that
f )+ f () + [ (w) = [V (G)| + |E (G)| + min (S5)
= (n+19) + (n+ 18) 4 13
=2n+50

for each wv € E (G). Therefore, by Lemma 1, f extends to a super edge-magic labeling of
G with valence 2n + 50.
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Subcase 5.2. For m = 34, let f: V (G) — [1,n + 35] be the vertex labeling such that

(f (z)22, = (17,37,16,36,15,35, 14, 34,13,33,12,32,11,31, 10, 30,9,
27,29,26,7,28,6,25,5,24,8,20,4,23,3,22,1,21),

fly) =19, f(y1) =2, f(y2) = 18 and f (y;) = 35+ (¢ € [3,n]) assigns all integers 1
through n + 35 exactly once to the vertices of G and has the property that

S={f(u)+ f)|uw € E(G)} =[21,n+ 54].

Since |E (G)| = n + 34, it follows that the set S consists of n + 34 consecutive integers. It
is now immediate that

f )+ f )+ f(uw) =[V(G)]+|E(G)| +min (5)
= (n+35) + (n+34) + 21
=2n+90

for each uv € E (G). Therefore, by Lemma 1, f extends to a super edge-magic labeling of
G with valence 2n + 90.

Subcase 5.3. For m = 16k+34, where k is a positive integer, let f : V (G) — [1, 16k + n + 35]
be the vertex labeling such that

8k + 18 —i if j=2i—1and i€ 1,4k + 9]

16k + 38 — i if j =2i and i € [1,4k + 8]

12k + 25 + 2i if j=8k+ 17+ and i € [1,2]

12k + 24 + 2i if j =8k 418+ 2i and i € [1,2]
f(zj)) =4 4k+8—i if j =8k+19+ 2i and ¢ € [1, 3]

12k + 26 — i if j =8k +22+2i and i € [1,2]

4k + 8 if j =8k +27

g (Wsk+o—2;) + 4k +23 if j = 8k + 26 + 2i and 7 € [1,4k]

g(w8k+1_2i)+4 1fj=8]€+27+2’t and ¢ € [1,4]{}],

where ¢ is a consecutively super edge-magic labeling of Pg, with the two partite sets
X = {wgi—1 i €[1,4k]} and Y = {we; |i € [1,4k]} satisfying the condition ¢ (w1) = 4
and g (wsg) = 8k — 3 as given in Lemma 4 so that g (X) = [1,4k] and ¢ (V) = [4k + 1, 8k],

(f ()i0FE8% = (8k + 20,4, 8k + 23,3,8k + 22,1, 8k + 21),

j=16k+28 —

fly) =8k+19, f(y1) =2, f(y2) =8k + 18 and f (y;) = 16k + 35+ (i € [3,n]). Then f
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has the properties that

{f (z2:-1) |7 € 1,4k + 9]} = [4k + 9,8k + 17],
{f (z05) |i € [1,4k + 8]} = [12k + 30, 16k + 37],
{f (z;)]i € [8k+18,8k +27]} = [4k + 5,4k + 8] U [12k + 24, 12k + 29),
{f (@sksori2:) |i € [1,4K]} = {9 (wspt1-2:) +4i € [1,4k]}
= g(X)+4=[1,4k] + 4
= [5,4k + 4],

{f (wsk+2642:) i € [1,4k]} {9 (wskt2-2:) + 4k + 230 € [1,4k]}

g(Y) + 4k +23 = [4k + 1,8k] + 4k + 23
— [8K + 24, 12k + 23],

(f (2:) i € [16k + 28,16k + 34]} = {1,3,4} U [8k + 20,8k + 23],

{f ) |v €V (S,)} = {2,8k + 18,8k + 19} U [16k + 38, 16k + n -+ 35)].

Thus, f assigns all integers 1 through 16k + n 4 35 exactly once to the vertices of G. At
this point, notice that Lemmas 1 and 3 yield that

{g(u) +g W) |w € E(Ps)} = [4k +2,12k].
Combining these, we obtain
S={f(u)+ f(v)|luww € E(G)} = [8k + 21,24k + n + 56] .
Since |E (G)| = 16k + n + 34, it follows that the set S consists of 16k + n + 34 consecutive

integers. It is now immediate that
f )+ f(v) + f (w) = [V(G)] + |E(G)| + min (S5)
= (16k +n + 35) + (16k + n + 34) + (8k + 21)
= 40k +2n + 90
for each wv € E (G). Therefore, by Lemma 1, f extends to a super edge-magic labeling of

G with valence 40k + 2n + 90.
0

Super edge-magic labelings obtained from the proof of Theorem 3 are illustrated next
for some small values of the integers m and n.

e For m = 14 and n = 2, we have a super edge-magic labeling f of C14U S with valence
43:
14
(f ()2, = (1,11,2,12,3,13,4,6,5,15,8,14,7,17),

Fy) =9 and (f (y:))7_, = (10,16).

e For m = 14 and n = 3, we have a super edge-magic labeling f of C14U S5 with valence
46:
14
(f (x:));21 = (2,12,3,13,4,14,5,7,6, 16,9, 15,8, 18),

Fy) =10 and (f ()i, = (1,11,17).
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e For m = 16 and n = 3, we have a super edge-magic labeling f of C14U.S3 with valence
50:
(f (@))%, = (10,1,11,2,12,3,13,4,18,7,17,6, 20,9, 19, 8),

Fy)=5and (f ()5, = (14,15,16).

e For m = 20 and n = 3, we have a super edge-magic labeling f of CyU.S3 with valence
60:

(f (@), = (12,1,13,2,14,3,15,4,16,5,21,8,20,7,23,9,22, 11, 24, 10),

f(y) =6 and (f (y:)ie; = (17,18,19).
e For m = 26 and n = 2, we have a super edge-magic labeling f of Cy5U.S; with valence
74:
(f (x))2%, = (13,29,12,28,11,27,10,26,9, 25,8, 24, 20,
23,7,21,6,16,5,19,4,22,3,17,1,18),

f(y) =15 and (f (y:)iy = (2,14).
e For m = 26 and n = 3, we have a super edge-magic labeling f of Cy5U.S3 with valence
76:
26
(f (z)2%, = (13,29,12,28,11,27,10,26,9, 25,8, 24, 20,
23,7,21,6,16,5,19,4,22,3,17,1, 18),

f(y) =15 and (f (y:))i, = (2,14,30).
e For m = 50 and n = 3, consider a consecutively super edge-magic labeling g of Pg
such that (g (wi))§:1 = (4,8,3,7,2,6,1,5). Then we have a super edge-magic labeling
f of Cs50 U S3 with valence 146:
(f ()22, = (25,53,24,52,23,51,22,50,21,49, 20, 48,
19, 47,18, 46, 17, 45, 16, 44, 15, 43, 14, 42,
13,39,41,38,11,40, 10, 37,9, 36, 12, 32,
5,33,6,34,7,35,8,28,4, 31, 3,30, 1, 29),

f(y) =27 and (f ()i, = (2,26,54).

e For m = 66 and n = 3, consider a consecutively super edge-magic labeling g of Pig
such that (g (wl))lli1 = (4,11,5,12,6,14,7,15,8,16,3,10,2,9,1,13). Then we have a
super edge-magic labeling f of Cgs U S3 with valence 176:

(f ()%, = (33,69,32,68,31,67,30,66,29,65, 28,
64, 27,63, 26,62, 25,61, 24,60, 23, 59,
22,58,21,57,20,56,19,55,18,54, 17,
51,53,50,15,52, 14,49, 13, 48, 16, 44,
5,40,6,41,7,47,12,46,11, 45, 10,
43,9,42,8, 36,4, 39, 3,38,1,37),
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Fy) =35 and (f (v:))2_, = (2,34, 70).

We now turn our attention to the super edge-magic properties of C,,, U S,, for the case
where m is odd.

Proposition 1. If m and n are integers such that m is odd with m € [7,19] and n > 2,
then the graph C,, U S, is super edge-magic.

Proof. Let m and n be integers such that m is odd with m € [7,19] and n > 2, and define
the graph G = C),, US,, as in the proof of Theorem 3. To see that G has a super edge-magic
labeling f, label the vertices of Cy,, with (f (;));~, by using the vertex labelings given in
Table 1 and then label the vertices of S,, with

f(y)=(m+3)/2,f(y1) = 2,f(y2) =m+2and f(y;) =m+1+i (i €[3,n]).

Consequently, f uses all integers 1 through m + n + 1 exactly once on the vertices of G and
has the property that

S={fw)+f()|uw € E(G)} =[(m+7)/2,(3m+2n+5)/2].

Since |E (G)| = m + n, it follows that the set S consists of m + n consecutive integers. It
is now immediate that

fw)+ f )+ f(w) =[V(G)]+|E(G)|+ min (5)
=(m+4+n+1)+(m+n)+((m+7)/2)
= (5m+4n+9) /2

for each wv € E (G). Therefore, by Lemma 1, f extends to a super edge-magic labeling of
G with valence (5m + 4n +9) /2. O

Table 1: Vertex labelings of C,,, for some values of odd m

m (f (@i))ia

7 (1,10,3,6,4,8,7)

9 (1,8,10,3,12,4,7,5,9)

11 (1,9,3,8,6,10,11,4,14,5,12)

13 (1,10,3,12,5,9,7,14,4,16,6,13,11)

15 (1,11,3,13,4,16,6,18,5,14,7,8,10, 15,12)

17 (1,12,3,14,4,15,6,16,8,18,5,20,7,9,11,17,13)

19 (1,13,3,15,4,20,5,16,6,17,9,18,10, 7,22, 8,12,19, 14)

From the preceding result, we suspect the following to be true.

Conjecture 1. For every two integers m > 3 and n > 2, the graph Copq1 U S, is super
edge-magic.
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As we have mentioned earlier, C5 U S; and Cy U S,, (n € [2,50]) are not super edge-
magic, whereas C4 U S7 is super edge-magic. Note now that we have verified by exhaustive
computer search that the graphs C5 U S, (n € [2,50]) and C5 U S,, (n € {2} U [4,50]) are
not super edge-magic. However, C5 U S5 has a super edge-magic labeling with valence 25
by labeling the vertices of C5 with 3 —5 —7 —8 — 6 — 3 and the center and end-vertices of
Ss with 9,1, 2,4, respectively. This together with the above results leads us to propose the
following problem.

Problem 1. Determine whether the graph C,, US,, is super edge-magic for integers m and
n with m € [3,5] and n > 2.

3 Results on edge-magic properties

In light of the results obtained in the preceding section, we consider the edge-magic prop-
erties of disjoint unions of cycles and stars in this section.

Theorem 4. For every two integers m > 4 and n > 1, the graph C,, U S,, is edge-magic.

Proof. First, define the graph G = C,, U S, as in the proof of Theorem 3, and assume that
m and n are integers with m > 4 and n > 1. In light of Theorems 2 and 3, it suffices to
construct the edge-magic labeling f : V (G) U E (G) — [1,2m + 2n + 1] when m =4, or m
is odd and m > 5. To this end, consider three cases, depending on the possible values for
the integer m.

Case 1. For m = 4, let

20 —1 if w=mxg9;_1 and i € [1,2]

n+2+3i if w=x9; and ¢ € [1,2]
flw)y=4q 2 ifw=y

341 if w=y; and i € [1,n]

2n+15—(f(u)+ f(v)) if w=wvand w € E(G).
Then f has the properties that

{f(v)lveV (Cy} = {1,3,n+5,n+8},
{f@Wlev(is,)y ={2tul4n+3],
{f (wv)|uv € E(Cy)} = {n+4,n+6,n+7,n+9},
{f (wv)|uv € E(Sy)} = [n+10,2n+ 9],

and |V (G)| + |E(G)| = 2n + 9, so all integers 1 through 2n + 9 are used exactly once and
f @)+ f )+ f (uwv) = 2n+ 15 for each uv € E (G). Therefore, f is an edge-magic labeling
of G with valence 2n + 15.
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Case 2. For m = 4k + 1, where k is a positive integer, let

n+1 if w=x9;—1 and i € [1,k+ 1]
2k+n+1+1 if w=x9;_1 and i € [k + 2, 2k]
dk+n+3 ifw:x4k+1

f (w) 2k+n+2+14 if w=xz9; and i € [1,k]
n+1+1 if w=x9; and i € [k + 1, 2k]
2k +n+2 fw=y
i if w=1y; and i € [1,n]
10k 4+3n+6—(f (u)+ f(v)) ifw=wvand uwv € E(G).

Then f has the properties that

{f (yl) ‘7’ € [1,71]} = [Ln]a {f (1’21‘,1) |Z € [17k+ 1]} = [TL+ Lk+n+ 1];
{f(zo)]i e[k+1,2k]} =[k+n+2,2k+n+1], f(y) =2k+n+2,
{f(z2:)|i € [1,k]} = [2k +n+ 3,3k +n+ 2],

{f (ﬂl‘gi_1) |’L S [k;—&-2,2k}} = [3k—|—n+3,4k+n—|— 1],

[ (@aprars1) =4k +n+ 2, f (zaps1) = 4k +n+ 3,

{f(xzip1) i € 2k +2,4k — 1]} = [dk +n+ 4,6k +n + 1],

f(@12ak41) =6k +n+ 2, {f (xiziz1) ¢ € [1,2k]} = [6k +n + 3,8k +n+ 2],
f(@okt122p42) =8k +n+3, {f (yy:)|i € [1,n]} = [8k +n+ 4,8k +2n + 3],

and |V (G)| + |E (G)] = 8k + 2n + 3, so all integers 1 through 8% + 2n + 3 are used exactly
once and f (u) + f (v) + f (uv) = 10k + 3n + 6 for each wv € E(G). Therefore, f is an
edge-magic labeling of G with valence 10k + 3n + 6. An illustration is given in Figure 1 for
m = 13 and n = 6.

Figure 1: An edge-magic labeling of C15 U S¢ with valence 54
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Case 3. For m = 4k + 3, where k is a positive integer, let

n+1i if w=uax9;_7andi€ [l k+2]
2k+n+1+1 if w=mx9;_1 and i € [k + 3,2k + 2]
4k +n+5 if w= 9
2k+n—+2+1 if w=x9; and i € [2, K]
o k—|—n+3 ifw:$2k+2

f(w)_ 3k+n+3 ifw:x2k+4
n+1+i if w=2x9 and i € [k + 3,2k + 1]
2k+n+3 ifw=y
i if w=y; and i € [1,n]
10k +3n+ 11— (f (u) + f (v)) if w=wv and wv € E(G).

Then f has the properties that

{f i) li € [Lnl} =[1n], {f (@2) i € [LE+ 2} =[n+ 1L k+n+2],
f(xogso) =k+n+3, {f(x2)]i €k +3,2k+1]}=[k+n+4,2k+n+2],
fy)=2k4+n+3, {f(xe)]i €[2,k]} =2k +n+4,3k+n+2],

[ (wopq4) =3k +n+3, {f (v2i— 1)|z [k+3,2k+2]} = [3k+n+4,4k +n+ 3],
f(z 2k+45€2k+5)—4k+n+4 f(x2) =4k +n+5,

{f (zizit1) |t € [2k + 5,4k + 2]} = [4k + n + 6,6k + n + 3],

{f (@ixiy1) i €[1,2]} = [6k +n+4,6k +n+ 5], f(zar+322k+4) = 6k +n + 6,
f(x1zapys) =6k +n+ 7, {f (ziziz1) i € [3,2k]} = [6k +n + 8,8k +n+ 5],

(f (wizis1) |i € [2k + 1,2k + 2]} = [8k + 1 + 6,8k + n + 7],

{f(y:)|i €[1,n]} =[8k+n+8,8k+2n+7),

and |V (G)| + |E (G)] = 8k + 2n + 7, so all integers 1 through 8% + 2n + 7 are used exactly
once and f (u) + f (v) + f (ww) = 10k + 3n + 11 for each wv € E (G). Therefore, f is an
edge-magic labeling of G with valence 10k + 3n + 11. An illustration is given in Figure 2
for m =15 and n = 6. |

Recall that C'5 U S; is not edge-magic. This together with Theorems 2 and 4 implies the
following result, which settles the question above posed by Wallis [26].

Corollary 1. The graph C,, U Sy is edge-magic if and only if m # 3.
The results given so far lead us to propose the following problem.
Problem 2. Determine for which integers n > 2 is the graph C3 U S, edge-magic.

Note that we have verified by exhaustive computer search that the graph C3U S, is not
edge-magic for n € [2,4].

4 Felicitous labelings
In this section, we consider a type of graph labeling related to super edge-magic labeling. A

felicitous labeling of a graph G is an injective function f : V (G) — [0, |E (G)|] satisfying the
condition that the edge labels induced by f (u)+ f (v) (mod |E (G)]) for each uwv € E (G)
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Figure 2: An edge-magic labeling of Ci5 U Sg with valence 59

are distinct. A felicitous graph is a graph that admits a felicitous labeling. This definition
first appeared in the paper by Shee [25]. In [13] Lee, Schmeichel, and Shee attribute to
Eng Choo the concept of felicitous graphs and mention that Gary Stuart Bloom coined the
terminology for these graphs.

The following relation among labelings of graphs was established in [8].

Lemma 5. If G is a super edge-magic graph with |E (G)| > |V (G)|—1, then G is felicitous.
In [25] Shee has shown that the graph Cy,,,41 U S is felicitous for all positive integers

m. This has been strengthened by Lee, Schmeichel, and Shee [13] as stated next.

Theorem 5. For every two positive integers m and n, the graph Coppq1 U S, is felicitous.
The preceding result is now extended as indicated next.

Theorem 6. For every two integers m > 3 and n > 1, the graph Cp, U S, is felicitous
unless m = 4 and n > 3 is odd.

Proof. Applying Lemma 5 together with Theorems 2 and 3, we obtain a felicitous labeling
of Cs,, U S, for every two integers m > 2 and n > 1 unless m = 2 and n > 3 is odd. Thus,
in light of this and Theorem 5, it remains to show that the graph C, U Sy has a felicitous
labeling for all positive integers k. For this purpose, define the graph G = C,,, U S, as in
the proof of Theorem 3, and let m = 4 and n = 2k, where k is a positive integer. Then
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|E (G)| = 2k + 4 and the vertex labeling f : V (G) — [0, 2k + 4] such that

2i—2 Hw=x;andiell,2

k+i ifw=mx; and i€ [3,4]
flwy=4¢ 1 ifw=y

2+4i fw=y; and i€ [1,kK]

4+i Hfw=y; and i€ [k+1,2k]

assigns all integers 0 through 2k + 4 exactly once to the vertices of G. It is now immediate
that f has the properties that

{f () + [ (v) luw € E(C4)}

{2,k+4,2k+ 5,2k + 7}
and
{fw)+ f)|w € E(Sa)} = [4,k+ 3] U[k+ 6,2k + 5],

which shows that the edge labels induced by f (u)+ f (v) (mod 2k+4) for each uv € E (G)
are distinct. Therefore, f is a felicitous labeling of G. ]

It is now important to remark that the felicitous properties of Cs,, U S, (m > 2 and
n > 1) have never been examined before.
We close this section with the following problem.

Problem 3. Determine for which positive integers n is the graph Cy U Sa, 41 felicitous.

It is clear from Theorem 2 and Lemma 5 that Cy U Sy is felicitous. However, it seems
that the graph Cy U So,41 is not felicitous for all positive integers n. With the aid of a
computer, we have verified this for n € [1,50].

5 Conclusions

In this paper, we established new edge-magic, super edge-magic, and felicitous properties
of Cp, U S, for several families of parameters (m,n). In particular, we settled a question
posed by Wallis concerning C,,, U S;. For some of the remaining unresolved cases, we also
obtained negative evidence by exhaustive computer search in the explicit parameter ranges
recorded above. These results lead naturally to the conjecture and open problems stated
in the paper.
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