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Abstract

Let p be a prime number and 7,s be positive integers such that r < s. This
paper is concerned with Z,rZps-double cyclic codes. These codes can be identified as
submodules of the ring

D] <&* =1> xLpr) <’ =1 > XZps ) < 2" —1> xLps | < 2" —1>,

where «, 8,7 and 7 are positive integers. We determine the generator polynomials and
minimal generating sets for this family of codes. Furthermore, we classify Z,Z,,2-double
cyclic codes.
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1 Introduction

Additive codes were first introduced by Delsarte in 1973 in terms of association schemes (see
[9]). According to his definition, an additive code is a subgroup of the underlying abelian
group in a translation association scheme. In 2018, Borges et al. [5] studied ZsZ4-additive
codes. A ZyZj-additive code is a subgroup of Z3Zj, for some positive integers r and s.
If s = 0, then ZyZ4-additive codes are just binary linear codes; and if » = 0, then ZyZ4-
additive codes are the quaternary linear codes over Z,. So, this class of codes contains all
binary and quaternary linear codes as subclasses. Moreover, this class of codes plays an
important role in a wide range of applications. For example, perfect Z,Z4-additive codes
have been utilized in the subject of steganography [14]. In 2014, T. Abualrab et al. studied
ZoZ4-additive cyclic codes and obtained the minimal generating set for these codes and
some optimal bound from this family of codes [1]. After that, Borges et al. studied the
generating polynomials for dual codes of ZsZ4-additive cyclic codes [4].

In [6], Borges et al. introduced double cyclic codes over Zs and they explored the
algebraic structures of this kind of codes. Gao et al. researched double cyclic codes over
Z4 [10]. In the literature, the authors determined the generator polynomials of these codes
and their duals. Following the approaches given in [1, 6, 10], we are concerned in this paper
with the algebraic structures of Z,-Z,s-double cyclic codes.

In [8], the authors studied Z,rZ,rZ,--additive cyclic codes, where Z,~ is a ring of integers
modulo p™. Both rings Z,~ and Z,s are finite chain rings with the maximal ideal < p >.
They studied the algebraic structure of Z-Z,-Z,--additive cyclic codes in detail. They also
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studied the minimal generating sets for these codes. Also, ZyrZysZ,:-additive cyclic codes
have been defined in [12] (see also [18, 15, 16, 11]). Assume that p is a prime number and
that r and s are positive integers such that r < s. The purpose of this paper is a study of

the algebraic structure of Z,-Zys-double cyclic codes. Note that the Z,-Z,s-additive cyclic
L[] L[] L ] Lps [x]

codes can be identified as Zj:[z]-submodules of —%5—55 X s X 5595 X hois,

where «, 3, and 7 are fixed positive integers coprime with p. Clearly, the class of Z,rZps-
double cyclic codes contains Z,--double cyclic codes and Z,-Z,s- additive cyclic codes
as subclasses. Moreover, we study generator polynomials and minimal generating sets of
ZipZy2-double cyclic codes and classify this class of codes. Moreover, we provide some
examples of these codes.

2 Basic properties of Z, Z,--double cyclic codes

We begin with the following definition.

Definition 2.1. A subset C' of Z, x Zgr X Lps X Lys is called a ZyprZys -double additive
cyclic code (or, for simplicity, ZyrZy:-double cyclic code) if

(i) C is a subgroup of Z3, X Zgr X Lyps X Lps, that is, C is a Ly Lys -double additive code,
and

(i) for any codeword
u=(ag,a,...,aa-1;bo,b1...,bg_1;¢0,¢1,...,¢cy_15do,d1,...,dy_1)
in C, its double cyclic shift
T(u) = (@a—1,a0,- -, 0a—2;03-1,b0, ..., bg—2;Cy—1,C0, ..., Cy_2;dn_1,do, ..., dy_2)
is also in C.

Let v = (ao,a1,-..,8a—15b0,b1...,bg_15¢0,¢1,...,¢y—15dp,d1,...,dy—1) be a codeword
in C. For a positive integer i, we denote the i-th shift of u by

u = (ag—iy@1—4y -y Qa—1-3D0—is bi—is - bg_1-i;

CO—is Cloiy vy Cy—i—i; do—iy 1y .. dp_1-7),

where the subscripts are read modulo p”, p", p® and p®, respectively.

Now, let X,Y,Z and W be the sets of Zyr, Zyr, Zy> and Zy,s coordinate positions,
respectively. Hence |X| = «, Y| = 8, |Z] = v and |W| = 7. Let C,,C3,C,,C, be the
punctured code of C' by deleting the coordinates out of X, Y, Z and W, respectively.
Clearly, if C' C Z; x Zfs X ng X ZZS is a Z,rZy=-double cyclic code, then C,, (respectively,
Cp, Cy and ) is a cyclic code over Zg, (respectively, Zgr, Z)s and Zy.).

Since any Z,rZps-double cyclic code C' is an additive code, it must be closed under
addition and multiplication by elements in Z as well, that is, for any element

c= (aOaala"'va’a—l;b()ybla'"ab,@—l;CO;Cl?'"ac’y—l;dOadh"'?dn—l) € 07
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and e € Z, we must have

ec = (eag, eay, ..., ean—1;€by, €bi, ..., ebg_1jeco, ecy, ..., eCy_1;
edp,edi, ..., ed,—1) € C,

where ea; and eb; are performed modulo p” for alli =0,1,...,a—1and j =0,1,...,8—-1,
and also ecy, and edy are performed modulo p® forallk =0,1,...,y—1land ¢ =0,1,...,n—1.
It is evident that any Z,-Zys-double cyclic code C'is a Z-submodule as well.

For an element u = (a; b; ¢; d) € Z3, x Zfr X ZL}s X Zs, we define the weight of u to be
wt(u) = wtr(a) +wtr(b) + wtr(c) + wtr(d),

where wty, (a), wtr(b), wtr(c) and wig(d) are the Lee weights of a, b, ¢ and d, respectively.
Let d(C) denote the non-zero minimum distance between the distinct pairs of codewords in

C.
For any two arbitrary elements

u = (ag,a1,...,aa-1;b0,b1,...,bg—1;c0,¢1,...,¢y-1;do,d1,...,dy—1) and
rU:(607617"'76(X—1;f0af17"'afB—l;g()mglv'"ag’v—l;h07h17"'?hn—1)
in Zg. x Zgr X L)s X Zys, the inner product of u and v is defined as

uw.v=p""(apeo +are1 + -+ aag—1€a—1 +bofo+bifi+---+bs_1fs-1)
+ cogo + c1g1 + -+ + cy—19y—1 + doho + dihy + -+ - + dy—1hy—1 mod p°

o1 B—1 y—1 n—1
=p"" > aiei+p* " Y bifj+ Y cwge+ Y dehe mod p’.
i=0 j=0 k=0 £=0

Definition 2.2. Assume that n =p"~'(a+ B) + p* (v +n), and that the map
. 7a B n
G20 X T X L) X T — I
s given by
¢($a Yi 2 ’U)) = (¢7‘(x1)’ v 7¢T(xa)a¢7‘(yl>7 e 7¢T(y5)7¢s<zl)a e a¢5<z’y)7
Di(wy), ... ,Q)S(wn)),

for all x = (v1,22,...,24) €25, y = (Y1,Y2,---,Yp) € ng z=(21,22,...,2y) € Lp: and

w = (wy,wy,...,wy) € Ly, where the classical Gray map $; : Z,; — Z;’j_l is defined in

P
[12].
Clearly the map @ is one-to-one but not surjective, and so, in general, it is not bijective.

Definition 2.3. Let C be a ZyrZ,s-double cyclic code. The dual code of C, denoted by C*,
s defined by

ct= {v € Z;’,‘,,-ZnggsZZs u.v=0, forall ue C’}.

Furthermore, C is called self-orthogonal if C+ C C and self-dual if C = C*.
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By using the above definition of C*, in conjunction with slight modifications in the
proof of Lemma 3.2 in [2], one can prove the following lemma.

Lemma 2.4. If C is a ZyrZys-double cyclic code, then C* is also a ZLipr Lis -double cyclic
code.

We denote the ring
Loy [x] % Lo [x] % Lps [ac] < Lps [x]
<z —1> <2f-1>" <av—-1>" <z"—-1>

by Ra,g,yn- Let C be a ZprZps-double cyclic code. An element
W = (ap,a1,...,6a-1;b0,b1,...,bg—1;¢0,¢1,...,Cy—1;do,d1, ..., dp_1)
in C can be identified with a module element consisting of four polynomials
W(z) = (ap + a1z + -+ + aa—12* o + iz + -+ + bg_12° 7%
cot+errt ey’ dg+dir 4+ dn,lxnfl)

in Ry g.~,n- This identification gives a one-to-one correspondence between the elements of
C and its image in Ro g ~,y-
Let f(z) € Zy[a] and (a(a);b(x);c(x);d(x)) € Ra,pyy, and consider the following
multiplication:
f(x) * (a(@):b(@); e(2); d(x)) = (f(x)a(z) mod (¢ — 1); f(x)b(z) mod (z” — 1);
f(z)e(z) mod (¥ — 1); f(z)d(x) mod (2" — 1)).
The products of the right-hand side are the standard polynomial products in Zy-/ <x°‘ - 1>,
Zpr/<x5 — 1>, Zps/<x”Y — 1> and Zps/<x’7 — 1>, respectively. Clearly, the ring Ry g.~.5 is a
Zy=[z]-module (and also Z,:-module) with respect to the multiplication *. This provides
the polynomial definition of Z,-Z,s-double cyclic codes as follows.

Remark 2.5. A subset C' of Ra g,y 15 called a ZyrZys-double cyclic code if and only if
(1) C is a subgroup of Ra g~y, and
(ii) for any element
u(z) = (a(2);b(x); c(); d(x))
= (ao +az+ - Fag 12 b+ b+ -+ bg_lxﬁ_l;
co+ecr+---+ cﬁy,lx”*l; do +dix+---+ dn,lxnfl)
in C, we have that
zxu(z) =z * (a(z); b(z); c(z); d(z))
=xx (a0 + a1+ + aq12* by + bz + -+ bg_12P7h
cot+errt ey’ dg Fdir 4+ dn_lxnfl)
= (ag—1 +apz +---+ o228 Vibg_1 +box + -+ bg_gxP L
Cy1+Cor 4 ey 22 N dy 1+ dox 4 - 4 dy oz )

is an element in C.
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Thus x*u(z) is the image of the vector u(!), and so the operation of u(x) by x in Ragym
corresponds to a shift of u. In general 2 x u(z) = u(¥ () for all positive integers i. So we
have the following result.

Proposition 2.6. A subset C' of Ra g~y 15 @ ZprZyps-double cyclic code if and only if C
is a Zps [x]-submodule of Ra g n-

3 A generating set Z, Z,--double cyclic codes

In this section, we study submodules of ZprZyrZy,sZys. In fact, we describe the generators
of such submodules and give their spanning sets.

Theorem 3.1. Let C be a ZyprZys-double cyclic code. Then

C = ( (fi(x) +par(z) + pPag(x) + -+ P a,_1(2);0;0;0) ,
(1(2); fa(x) + pbr(x) + p*ba(x) + - - + P~ 'br_1(2);0;0)
(b2(2); £3(2); f3(2) + par(2) + PPg2(x) + -+ + p* qe1(2);0)
(La(); 5(2); ls(2); fa(x) + pgr(z) + pPga(x) + -+ +p° ge1(2)) ),

S

r1(@)ar—2(2)]. . ar ()| fi(2)| (2" — 1) mod p",

b1 (@)l (@)] ... b1 (2)] fo ()] (& — 1) mod ",
Qo1 (@)|gs—s(@)] ... |g1 (2) | fo )] (27 — 1) mod p*, and
9o (@)]ga—2(@)] ... g1 (2)| fa ()] (& — 1) mod p’.

Proof. Consider the projection map
Wi C — Lps[a]/(a" — 1)

given by ¥(a(x);b(x); c(x);d(z)) = d(x) for all (a(x);b(x);c(x);d(z)) € C. Tt is easy to
see that ¥ is a Zys[z]-module homomorphism and its image (that is, ¥(C)) is an ideal of
Zp:[x]/{x" —1). As ¥(C) is an ideal of Z:[z]/{2" — 1) and 7 is an odd integer, in view of
[7, Theorem 6], one can write

¥ (C) = (falz) + pg1(2) +p%ga(x) + - - +PS_19571($)>7
where fi(z),g1(z), -+, gs—1(x) € Zps[z] such that
9s—1(@)|gs—2(@)] ... [g1(@)| fa(2)[(z" — 1) mod p°.
Also the kernel of ¥ is

Ker(¥) = {(a(m);b(az);c(w);O) €C | a(r) e 200
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Now, we put
1= {(a(2);b(z); c(x)) € Rapy | (a(x);b(x); c(2);0) € Ker(¥)},

where Ry g, = Zyr[z]/(z® — 1) x Zyr[z]/{(z? — 1) X Zps[z]/{z? — 1). Clearly, I is an
Ly Ly Lps-additive cyclic code in Zyr[2]/{z® — 1) x Zyr[z]/{zP — 1) x Zps[z]/(z7 = 1).
Therefore, by [8, Theorem 4.9], the ideal I can be written in the following form

=((A (:C) + pal( )+ paz(x) + -+ p"ar—1(x); 0;0),

(61 () +pb1( )+ p?ba(z) + -+ p " b1 (2);0)
(£a() fs(@) +pau(@) + paa(@) + -+ p*gsa(2) ),
where fi(x), fa(x), 4i(z),a ()b() [], fori =1,...,3, j = 1,...,r — 1, and
f3(2), g (), gr(x) € Zp=|x ] ork=1,. — 1, such that
ar1(@)lar_3(@)] . .- lar @) f1 ()] (2% — 1) mod p,
_1(@)|br—2(x |(” — 1) mod p" and
I(

) [br (@) f2 ()
gs—1(2)|gs—2(2)| - |qa ()| f3(2) [ (27 — 1) mod p°.

Now, assume that (c1(x); ca(x); c3(x); 0) is an arbitrary element in Ker(¥). Then

(c1(z); c2(z);cs(x)) € 1.
Thus there exist polynomials mi(z) € Zyr[z]/(z® — 1), ma(z) € Zy[z]/(z® — 1) and
ms3(x) € Zys[z]/{x7 — 1) such that
(c1(2); ea(); e3(2)) = mu (@) * (fr(@) + pas () + - +p" " a1 (); 0;0)
+ma(x) * (61(2); fa(x) + pbi (@) + - - +p" " bp—1(2);0)
+mg (@) * (la(x); bs(2); f3() + par (@) + -+ p" s (2)).

~— ~—

This implies that Ker(¥) is a submodule of C which is reword as follows
Ker(¥) = ( (fi(e) +par(z) +p*az(z) + -+ p " lar_1(2); 0;0;0)
(1(2); fa(x) + pbr(x) + p*ba(2) + - + p"~'br_1(2);0;0)
(b2(2); £3(2); f3(2) + par(2) + pg2(2) + -+ + p* ' ge—1(2);0) ).
Finally, by the First Isomorphism Theorem, we have

C
Ker(¥)

= (fa(x) + pg1(z) + p°g2(x) + - +p° lge1(2)).

Now, let (€4(z); l5(x); bo(2); fa(z) +pg1(z) + p?g2(z) +- - +p*tgs—1(x)) € C be such that

W (Cy(x); U5 (2); Lo (x); fa(x) + pgr(x) + pPga(z) + -+ +p* ' gs1(2))
= fa(x) + pg1(z) + p*g2(x) + -+ + p* L gs1 ().
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Consequently, any Z,»Z,:-double cyclic code C' can be generated as a Z,-[z]-submodule of
R, g, with the following form

pai(z) + p*as(x) + -+ p" ta,_1(x);0;0; O) ,

+ pby () + p*be(x) + -+ 4+ p" " 'br_1(2); 0;0)

; fa(@) + par (@) + pPga(x) + -+ 4+ p* e (2);0)

1 05(2); Lo (2); fa(x) + pgr(x) + p°ga(x) + -+ —|—p3_1gs_1(x)) >

Now, the following theorem can be deduced from Theorem 3.1 in a manner entirely
similar to the way in which the corresponding result was deduced from [12, Theorem 3.3].

Theorem 3.2. Assume that C' is a ZyrZyps-double cyclic code. Then we may assume that

pay(z) + p*ag(z) + - +p"a,_1(2);0;0;0),

+ pby () + p?ba(z) + -+ p" b1 (2);0; 0) ,

s f3(z) + par () + Pg2(x) + - +p° g1 (2); 0)
Uy(2); U5 (2); 6o (2); fa(x) + pgr (z) + pPga(z) —|—---+p3‘1gs,1(m)) >>

where

deg(41(x)) < deg(fl(:c) + pay(x) +p2a2(az) + .. +p“1ar_1(:v))7
deg(fo(x)) < deg(fi(x) + pai(z) + pPas(x) + -~ + " 'a,_1(x)) and
deg(l4(x)) < deg(fl(m) + pay(x) + p2a2(m) + -+ p“lar,l(x)).

pai(z) + p*az(z) + -+ p " ta,—1(2);0;0;0) ,

+ pbi () + p?ba(z) + -+ p b1 (2);050)

s f3(z) + par () + Pqe(2) + - +p° g 1(2); 0)
Ca(w); 5 (2); 6 (2); fa(@) + pgr(x) + pPga(x) + -+ p° Tgsr(2)) )

s @ Lypr Lips -double cyclic code, then we may assume that

(i) (fa(x) +pbi(z) + - +p " o_1(2))| £=Lls(x) mod p,

ds—1

2'=1y () mod p*, and
D,

(1) (fs(x) +par(a) + - +p* g1 (2))| 5=

(iii) (fi(z) +par(z)+ - +p Lar_1(x)) | k(z)li(z) — %EQ(I) mod p”,

where k(x)(f2(x) + pbi(x) + p*ba(z) +~~+prr_1(w)) = 2=1/5().

gs—1
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Proof. (i) Consider the multiplication

7 —1

qs—1(7)
:(:ﬂ—l ( z¥ —1

(@) 7 g i)

#(La(2); b3(2); f3(2) + par(x) + Pq2(@) + -+ + p* 'qs—1(2); 0)

Eg(:l:);O;O).

Since LP( 2’1 fy(x); 2= 63(50);0;0) =0, we have

qs—1(z) qs—1(x)

lAp(:ﬂ—l 7 —1

to1(z) 2 (@)

Kg(z);();()) € Ker(¥) C C,
and so
7 —1

ds—1

(fg(x) + pby(z) + prQ(x) R +pT*1br,1(x))| l3(x) mod p".

(ii) We consider the following equality.

T (@) () () [a(0) + 0 (2) + 2 (0) + 00 (0)
2" -1 xh—1 21— 1
~(o@ ™ @ o @)

Since W(gf:’l_(i)&(x); gf:’l_(;)&(x); gf:’il_(;)%(x); 0) =0, we have

(x”—l zh—1 .m"—l

m&(w); g ® x o 66(55);0) € Ker(¥) C C,

and so
z"—1

gs—1

(f3(2) + pa1(x) +pPga() + - - +ps_1qs,1(x))‘ ls(x) mod p°.

(iii) Since

7 —1

— dp"
br_l(l’) 3(‘7’.) modp-,

(f2(@) + pbi(x) + pPba(@) + - + P 'bp_s(2))]

we can write
¥ —1

b 1(@) l3()

(fg(.’]?) +pb1($) +p2b2(33) +--- +pr_1bT,1(x))l<:(x) =

for some k(z) € Z,r[x]. Now, consider the multiplication

k(x)* (01 (2); fa(z) + pbr(z) + p*ba(z) + - - + P~ br_1(2); 0;0)
=(k(z)l1(x); k(z)(f2(x) + pbi () + p*bo(z) + -+ + " 'br_1(2)); 0;0) € C.
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On the other hand, ( 2’1 fy(x); R z)€3( x);0 ) € C. Hence,

gs—1(z)

(k(2)01(2); k(@) (fo(a )ﬂ?bl( )+ p2ba(a) + - +p 1 (2)); 050)

¥ —1 xV —
- (m 2(2); P )53( x); 0,0)
z¥ —1
= (k‘(x)ﬁl(x) - m@g(m‘); 0; O;O) € Ker(¥) C C.
Thus (fl(x) +pay(z) + p2az(x) + - +p " La._1( )’k (x) — qu;(i)ﬁg(x) mod p”. 0O

Theorem 3.4. Let the notation be as in Lemma 3.3. Then

Co = (ged(f1(z) + pas(z) + paz(x) +---+pr ap—1 (@), 6 (2), (), () ),
Cs = (ged(fa(x) + pbi(2) + pPba(x) + -+ ' 1br (&), £3(x). (),
C., = (ged(f3(z) + pqi (z) + p*qe() + —1(x),6s(2))),
Cyp = (fa(x) + pg:1(z) + p2go(x) + - +p°~ 1gS, ( )), and also
1 ¥ —1
G = (@ @ 57 @) 6@, 6@, G@)
1 -1
) = @ @+ 7 @) 6w, 6@)
(CA,)L = < il > and

ged((fs(x) + par(z) + -+ p*~1qs—1(2))*, 05(x))
(Cy)*F = ((fa(z) + pga(x) +p’ga(x) + -+ +Ps_1gsf1(9€))*>,

where
ar—1(2)|ar—2(@)|. .. lai(z)[ f1(z)|(z* — 1) mod p,
br—1(2)[br—2(@)[ ... [b1(2)] fo(2)[ (27 — 1) mod p",
@s—1(%)|gs—2(2)] - . - |1 (@)| f3(2)[ (27 — 1) mod p°, and
9s—1(@)|gs—2(@)] ... [g1(@)| fa(2)[(z" — 1) mod p®.

Here, for a polynomial h(x), h*(x) denotes the reciprocal polynomial of h(x).

Proof. Assume that ci(z) € C,. Then there exist cy(z) € Zyr[z]/(zP — 1), c3(z) €
Zy:[2]/{z? — 1) and cs(z) € Zp:[x]/{x" — 1) such that (c1(x);ca(z);cs(x);ca(x)) € C.
It follows that there exist di(z),ds(x), ds(z), da(x) € Zps[x] such that

c(x) = di(x) * (fi(z) + pas () + p*az(z) + - +p' " lar_1(2); 05 0; 0)

s f2(2) + pbi(x) + p?ba(x) + -+ + p" b1 (2); 0;0)
105(2); f3(2) + par (2) + pga(z) + -+ p° 'gs—1(2);0)

105(2); Lo (2); fa(x) + pgr(z) + pPga(x) + -+ + p° ge_1 ().
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Clearly, the equality

ci(@) = di(2) * (f1(2) + par (@) + pPaz(@) + - + " ar_1 (2))
+ da(z) % b1 (x) + ds(x) * la(x) + dy(z) * Ly(2),

implies that ged ( f1(z)+par (z)+p*az(z)+- - -+p"Lar_1(2), l1(x), L2(x), L4(2))|c1 (). Thus
c1(z) € (ged(f1(z) + pay(z) + pPaz(z) + -+ + p"Lar—1(x), 1(x), l2(z), €4(x)) ), and so we
can conclude that

H

Co € (ged(fi(x) + par(z) + pPag(x) + -+ + P Lap_1 (), 2 (), Lo(2), La(2)) ).

On the other hand, there exist pi(z), p2(x), pu3(x), pa(z) € Zyr[z] such that

ged(fi(z) + pai(z) + pPas(z) + -+ p"ar_1(z), l1(2), bo(z), be(z)) =
(@) (fr(x) + par(x) + pPag(x) + -+ p" " lap1(2)) + pa ()1 (2) + ps(x)la(2)

+ pa(2) s ().
Then
(ged(fi(z) + par(z) + pPas(z) + - + " Lar_1(z), b1(2), b2(2), ba());
pi2(x) (f2(x) + pbi () + p*ba(x) + "+Pr Lo 1(2)) + pa(@)l3(x) + pa(a)ls(x)
ps()(f3(x) + pai () + pPga(@) + - + p° o1 (2)) + pa(@)ls(2);
pa(@)(fa(x) + pgr(x) + pPga(@) + -+ p* g1 ()
= () (f1() +pa1 )+ p? az(ﬂf)+---+p “ta,—1(2);0;0;0)
+ p2(z) (4 (2) +pb1( )+ p°be(z) + -+ + " b1 (2);0;0)
+ pa () (€2( x) f3(@) +par (x) + pPaa(@) + -+ p°*gs-1(2);0)
+ pa(@) (La(); £ ( ) 6(2); fa(x) + pgi (@) + pPga(a) + - +p*"gei(x)) C C.

This implies that
(ged(f1(x) + pai(x) + pPag(z) + - 4+ P Lar_1(2); (1(3); L2(2); La(z)) ) C Ca,

and so Co = (ed (/1 (2) + pas () + pPag(e) + -~ + " 2a,1 (2): 6 (2): £a(2):a(2)) ).
Similarly, one can prove the next three claims about generating sets of Cj, C, and C),.
Since C,, is a cyclic code of order p”, by using the theory of dual cyclic codes, we have that
z® —1 >
ged((f1(z) +par(z) + - +p tap1(2) 7 €} (2); G5 (2); 5(2))

(Ca)J_ = <

Similarly, one can prove the next three claims about generating sets of (Cg)*, (C,)* and
(Cy)*. Also, in view of [13, Proposition 3.4], it is easy to see that ged(a(z),b(z))*
ged(a*(z),b*(x)). This completes the proof. d

In the next theorem, we summarize our results about Z,-Z,s-double cyclic codes.
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Theorem 3.5. Let C be a ZyrZys-double cyclic code. Then we can classify C as follows:

(i) C = {((fi(z) + par(z) + p*az(x) + - + p""ta,—1(2);0;0;0)) ), where
ar—1(x)|ar—2(2)]...|a1(z)| f1(z)|(z* —1) mod p".

(it) C = ((t1(2); f2(x) + pb1(x) + p?be(x) + - + p"'b,—1(2); 0;0) ), where
by—1(x)|br— g(m)| b1 (@)| fa(z)|(zP — 1) mod p", and ¢1(z) is a polynomial in Z,-[z].

(iii) C = { (L2(x); l3(x); f3(x) + par(z) + pPga(z) + -+ - + p*"gs—1(2);0) ),
where qs—1(x)|gs—2(x)] ... |q1(z)| f3(x)|(z7 — 1) mod p%, and Eg(x), L3(x) are polyno-
mials in Zyr[x).

(iv) C = ( (a(x); 5(2); bs(2); fa(x) + pg1(2) + P?g2(x) + - +p* Lgs_1(2)) ),
where gs—1(x)|gs—2()|. .. |g1(z)|fa(x)]|(z" — 1) mod p®, and £4(z), E5(;E) are polyno-
mials in Zyr[x] and lg(x) is a polynomial in Zys[z].

(v)

pai(z) + pPas(x )+---+p7'_1ar,1(x);0;0;0),

+ pby(2) + p°ba(x) + -+ p b1 (2);0;0)

,f3( +pqi(z) + p°q(z) + -+ p* g1 (2);0)
x); fa(x) + pgr(x) + pPga(x) + -+ 9" g1 (2)) ),

w
8
(\

[=2]

—

where the generator polynomials are defined in Theorem 3.1.

4 Minimal generating sets

Let C be a ZyrZy--double cyclic code. Then C is also a Zys[r]-module. In this section,
we will determine the minimum generating sets of C' in R, g,y as a Zys [z]-module. These
sets will be used to determine the size of C.

Let C = <go,pgl7 . ,pm_lgm,1> be a cyclic code of length n and g = g9 +pg1 + -+ +
p™~1g,,_1. Since g is a factor of ™ — 1 and, for 4 = 1,...,m — 1, the polynomial g; is a

factor of g;_1, we may define the polynomials §p := Z—L and §; := g‘;l ,m—1.
Define G :=[]", ' §i. Tt is clear that Gy == (H;"Ol gl)g =0 over Zyn[z]/(z" —1).

Theorem 4.1. Let

pay(z) + pPag(x) + - - +p”1ar_1(x);0;0;0) ,

+ pb1(z) + p*ba(x) + -+ +p " 'br—1(2);0;0)

s f3(2) + par(z) + pPga(x) + -+ 4+ P Tgen(2);0)
Ca(@); b5 (x); b (2); fa(x) + pg1(x) + pga(e) + -+ +p° gs1(2)) )



188 Zypr Zps-Double cyclic codes

be a Zyr Lys -double cyclic code with the generator polynomials defined in Theorem 8.1. De-
fine the sets

deg(a)—1

A; = { Hay x) + pai(z) + - ~-+pr_1ar_1(x);0;0;0)}

for nggr—l,and

m=0

deg(b;)—1

Bj = {xm(l:[ by) * (£1(x); fo(x) + pbi(z) + -+ + " b1 (2); 05 0)}

y=0

m=0

k—1 deg(gr)—1
Qr = {xm(H Gy) * (L2(2); b3(2); f3(x) + par(x) + - - +ps_1qsl(93);0)}

m=0

deg(gu)—1
Gy = { Hgy l5(2); l6(2); fa(x) + pgi1 () +~-~+ps_1gs—1($))}

m=0

r—1 r—1 s—1 s—1
s=(Us)u(Us)u(Ue)u(Ue)

i=0 j=0 k=0 u=0

forms a minimal generating set for C as a Zy,t[x]-module. Moreover,

C| = pE:;J(r—i)deg(amz; o (r—j)deg(b;)+3 725 (s—k)deg(dn) +325 25 (s—u)deg(du)

Proof. In view of [3, Theorem 2.5], it is clear that the elements in S are Zps-linearly in-
dependent, because (U:;Ol A, ) (UT ' B; ) : (Ui;é Qk)7 and (UZ;%) Gu)77 are minimal
generating sets for the codes C,, Cg, Cy and Cy, respectively.

Assume that ¢(z) is an arbitrary codeword in C. Then

c(x) = p(z) * (fi(z) +par (@) + pPag(z) + - +p a1 (2);0;0;0)

+d(w) = ((1(2); fa(x) +pbi(2) + p*ba(2) + -+ + " by-1(2); 0 0)
+e(x) * (L2(2); b3(2); f3(2) + par () + pPa2(2) + - +p° ' gs-1(2); 0)
+w(@) x (Ca(@); ls(2); Lo (x); fa(x) + pgr(x) +pPga(x) + - +p° L gs (@),

for some polynomials p(x),d(z),e(x) and w(zx) over Zys. The same argument as in [3,
Theorem 2.5] shows that

,u(:v)*(fl(ac) + pay () + pPag(x) + - 4+ p"Lar_1(2);0;0; 0 <U A; > . (1)
Zyr

D
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So we have to prove the following properties:
d(@) * (u(2); f2(2) + pbi(x) +p°ba(@) + -+ " bp—1(2);0;0) € (S)y
e(x) * (C2(x); 3(x); fa(x) + par () + P*g2(x) + - +p° gs-1(2);0) € (S);
and

w(x) * (Ca(x); b5 (x); Lo (2); fa(x) + pgr(x) + -+ p° " ge1(x)) € (S)y ..

P

If deg(d(x)) < deg (“Jij(;;), then

A() + (1(@); fo() + Pbi () + P2ba(@) + -+ 5" e 1(2):0;0) € (Bo),

Otherwise, we set d(z) := ?:(;;

do(z) 4+ ro(x) with deg(ro(z)) < deg (?:(3) Then,

d(z) * (1(2); f2(x) + pbi(2) + p*ba(x) + -+ p"'br_1(2);0;0) =
2P —1

————do(x) * ((x(x); fa(x) + pbi(x) + p*ba(x) + - - - + p"~'br_1(2); 0;0)
f2()

+ro(z) * (1(2); fa(x) + pbi(x) + p°bo(x) + -+ + " 'br_1(); 0;0)
and so
ro(x) % (1(2); fa(x) + pbr(z) + p°ba(x) + -+ + p' b1 (2); 0;0) € (Bo)y, .-

Thus

2B
Wsﬂ;do(@ s (01(2); fa(@) + pbi (x) + P*bo(x) + -+ p" by (2); 0;0)

- <x;2(:v)1d°(f’3)51($);0;0;0> ,

By (1), we have that (f&;% do(m)él(x);O;O;O) € <U:01 Ai>Z . Then

d(z) * (61(x); fo(x) + pbi () + p°ba(x) + -+ 4+ " 'bp_1(2); 0;0)

189

is an element in <U;;(1) Bj>Z U <U:;(} Ai>z . Thus (2) is established. In the following,

r

P

we prove (3). It must be proved that
e(w) * (C2(2); 63(2); f3(2) + par(x) + pPa2(2) + - + P~ gs1(2);0) € (S)y

To achieve this aim, if deg (e(x)) < deg (3’@:—&;)7 then

e(x) * (L2(x); L3(2); f3(x) + par(z) + P’ @2(®) + -+ + p° ' qs—1(2); 0) € (Qo)y, , -

P

ps
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z7—1 z7—1

Otherwise, we put e(x) := eg(z) <f3(m)) + 7o(z), where deg (ro(z)) < deg (fs(z)) Then

e(x) * (ba(2); l3(2); f3(2) + pqr(2) + PPga() + -+ +p* qs1(2);0) =
xj;&)l) x (La(2); L3 (2); f3(2) + par (z) + Pq2(2) + -+ + p° 'qe—1(2); 0)
+ro(z) * (L2(2); 3(2); f3(2) + par () + PPa2(x) + -+ + p* ' gs—1(2);0)

eo(z)(

and hence

ro(z) * (Lo(2); l3(2); f3(x) + par (z) + P (x) + - +ps—1q571(;¢);0) € (Qo)y . -

P

Thus

e(x) * (0(2); la(2); f3(2) + pgr(x) + pPga(x) + -+ p' g1 (2))

is an element of <UZ;B Qk>Z U<U§;é Bj> U<U:;§ Ai>Z . Now, we just have to

P Lpr P
show that

w(x) * (La(z); b5(x); Lo (2); fa(@) 4 pgr () + p°g2(x) 4+ -+ p° 'gs1(z)) € (S)y . -

P

If deg (w(x)) < deg (}i:@%), then

w(@) * (La(2); 05(2); bo(2); fa(x) + pgr (@) + pg2(2) + - + " gsm1(2)) € (Go)g,

and so c(z) € (S),, .. Otherwise, we put w(z) := wo(x) (%) + 7o(x), where
deg (ro(z)) < deg (”}Z(%) Then

w(x) * (Ca(x); b5 (x); Lo (2); fa(z) + pgr(x) + pPga(x) + - +p° ' gs1(x))
= wo () (33:;(;)1) s (La(2); 5(2); Lo (2); fa(@) + pgr(x) + pPga(m) + -+ + p° ' gemi())
+ro(@) * (La(@); b5 (2); Lo (2); f1(x) + pgr () + pPga(@) + -+ p* gs_i1(z)),

and hence

ro(x) * (La(x); b5 (x); ls(x); fa(x) + pgr (x) + P ga(x) + -+ Tgs_1(x)) € (Go)y . -

P
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Thus

" —1

wo(x) (W) x (Ca(@); 5(2); Lo (2); fa(x) + pgr(x) + pPg2(x) + -+ + p* ' ge1(x))

2 — 1 2 — 1 2 — 1
= (b P itatehn(a) (s tlaun(o)( i)

By (3), we have (54(96)11)0(1;)(%);55(1‘) o()(5 (i)) Ls(z)w (x)(%),O) € <S>Zps. Then

w(x) * (44($)§f5(x)§€6(x); fa(x) + pgi(z) + pPga(x) + - - +p571gs_1(z))

is an element of <S>Zpr U (S)Zps u <S>Z,,s . Thus c(z) € (S)Zps, and so S is a minimal
generating set for C. 0

Example 4.2. (The notation is as in Theorem 4.1.) Let C be a ZoZg-double cyclic code
withp=2,r=1,s=3,aa=9,8=10,7v=2, and n =7, generated by
{(f1(2);0;0;0), (€1 (2); f2(2); 0;0), (b2 (2); €3(2); fs(2) + 2q1 () + 4g2(2); 0),
(Ca(z); b5 (2); Lo ()3 falx )+291( )+ 4g2(x))},

where
fi(z) =2+ 2% +1,
folz) =2 + 23 +2® + 2+ 1,
f3($)=0,
fa(z) = 4+ 223 + 72? + b + 1,
Li(x)=0, fori=1,...,6,
@1 () = qa(x) = 0,g1(x) = 2° + 32 + 22 4+ 7, go(2) = 1.
Hence
. 29 —1 3
deg(a()) - deg(zg a3+ 1) = deg(m - 1) =3,
" a'’ —1 6 5
deg(bo):deg(m4+m3+x2+x+1) deg(z” —2° 4+ 2 —1) =6,
deg(do) = deg(q1) = deg(qgz) = 0,
-1
d 7 :d :d 3 2 —
eg(go) = deg( =55 w5 p—y) = degla” +62” + 52 +7) =3,
zt 4+ 223 + T2 + 5+ 1
deg(g1) =d =d =1
eg(gl) eg( (E3+3$2+2$+7 ) eg(a:—i— ) )
34322+ 2047
deg(gz) = deg(~ e 1+ A ) = deg(2® 4+ 32% 4+ 22 +7) = 3.
We put

(U u(Un)uUe)u(Us)



192 Zypr Zps-Double cyclic codes

Then Ag U By U Gy U G1 UGy forms a minimum generating set for C', where

Ag:={2"(@® — 1) * (2® + 2% +1;0;0;0)}2_,,

By:={2"(a% —2® + 2 — 1) % (0;2* + 2% + 2° + 2+ 1;0;0)}2_,,

Go: = {a'(¢® + 62" + 52+ 7) = (0;0;;0;2* + 42” + 52 + 2 + 3)}7_,

G1 = {(2® + 62® + 52 + 7) % (0;0;; 02" + 4a® + 52% + 2 + 3)},

Gy :={z'(x 4+ 7)(2® + 622 + 5z + 7) x (0;0;;0; 2" + 42> + 52% + = + 3)} 2.
Moreover, |C| = p=i=o (r=i)deg(@a)+3725 (r=i)deg(b,)+ X 2o (s—k)deg(@u)+ 2526 (s=wdeg(du)  fepce

C has 223 codewords and n = 75.

5 Generator polynomials

In this section, we focus on the case where r = 1 and s = 2, and study submodules of
ZipZpy2-double cyclic code. Also, we obtain generator polynomials of this family of codes.

Definition 5.1. In [17], the classical Gray map ¢ : Zy> — 7Y is defined as
¢(9) :90(1,1,...,1)—!—91(0,1,...,]9—1),
where 0 = Oop + 01 € Zy2,0 < 0y,01 < p and $(0) is a vector of length p.
For any x = (v1,22,...,2;) € Zp, y = (Y1,Y2,- -+, Ys) € Zp, 2 = (21,22,...,2) € Zég,
w = (w1, Wa, ..., Wy) € Loy andn =1+ s+ p(t+u), the map
. 7r+s t+ n

S I X I 1]

is defined by
@(1‘; Y; 3 w) = (Ilv ey Ly Y1y -5 Ysy ¢(Zl)a ceey ¢(Zt)a ¢(w1)a ERE ¢(wu))

Clearly the map @ is one-to-one but not surjective, and so, in general, it is not bijective.
Moreover, according to Proposition 2.6, a subset C' of R, ;. is a Z,Z,2-double cyclic code
if and only if C is a Z2[z]-submodule of R, ;.. Also, by a method similar that we used
in Theorems 3.1 and 3.2 together with Lemma 3.3, we have the following result.

Theorem 5.2. Let C be a ZyZy2-double cyclic code. Then
C = ((f1(2);0;0;0), (£1(2); f2(2); 0;0) , (2(x); £3(x); fs(x) + pa(x);0),
(Ca(2); 5(x); Lo (x); f1(x) + pa(x)) ),

where fi(x), fo(x),li(x) € Zp[z], fori=1,...,5, and f3(x), fa(x),ls(x), a(x), q(x) € Zp2|x]
which satisfy the conditions
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Also, we may assume that

deg(t1(x)) < deg(f1(x)), deg(l2(w)) < deg(f1(x)), deg(ls(w)) < deg(f1(x)),

and that
% —1

W&;(m) mod p=.

(f3(x) +pa(z))|
Theorem 5.3. Let

= ((f1(2);0;0;0) , (1 (x); f2(2); 0;0) , (La(); £3(x); f3(x) + pa(x); 0),

be a Z,Zy2-double cyclic code. Then

Cr = (ged(f1(x), £ ( ) (x),&;( )
C’s = (ged(fa(2), f (2))),

= (ged(fs(x >+pa( > 6(2))),
C = (f1(z) + pq(2)),

1 _ v 1
(CT) - <gcd(f1*(x),£’{(x),6;(:@%2(@) >7
1 -1
) = i B® . 6w.6@)
ot = vl and ()" = o

2d((o(@) + pa@)) @) A @y @ @)

where q(z)| fa(z)|(z* — 1) mod p?, fa(z) = f(2)g9(z), q(z) = g(z),2" — 1 = f(z)g(z)h(z)
anld g(a:)|fl( x)g(x)|f(z)g(z)h(x). Here, for a polynomial h(x), h*(x) denotes its reciprocal
polynomia

Proof. The proof similar to that we used to prove Theorem 3.4. 0

In the next theorem, we summarize our results about Z,Z,:-double cyclic codes.
Theorem 5.4. Let C' be a Zy,Z,2-double cyclic code. Then we can classify C as follows:
(i) C = < (f1(x);0;0;0) >, where fi(z)|(z" — 1) mod p.
(i) C = ( ({1(x); f2(x);0;0) ), where fa(z)|(z® — 1) mod p.

(iii) C = ((L2(x); l3(2); f3(x) + pa(x); 0) ), where a(z)|fs(z)|(z" — 1) mod p? and la(),
l3(x) are polynomials in Zy|z].

(iv) C = ((la(); b5(); Lo(x); fa(x) + pq(x)) ), where q(2)|fa(x)|(z* — 1) mod p* and
Ly(z), l5(x) are polynomials in Z,[x] and le(x) is a polynomial in Z,:[z].

(v) C = ((f1(x);0;0;0), (¢1(x); f2(x);0;0) ), where fi(x)|(z" —1) mod p,
fa(z)|(z® — 1) mod p and ¢1(z) is a polynomial in Zy[x].
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(vi) C = ((f1(2);05050), (€2(x); l5(2); f3(2) + pa(x); 0) ), where fi(z)|(z" —
a(z)| f3(x)|(zt — ) mod p? and {3(z),l5(x) are polynomials in Z,[x
(vii) C = ( (f1(2);0;0;0), (L ); b (2); Lo (2); f

q(@)|fa(@)|(z* — 1) mod p* and l4(),
polynomial in Zy[x].

[

(viii) C = ( (b(2); f2(x); 0;0) , (ba2(2); €3(2); f: ($)+pa( );0) ), where fa(z)|(z*~1) mod p,
a(x)| f3(x)|(z* — 1) rnodp2 and {1 (z), lo(z), 3(x) are polynomials in Z,|x).

(ix) C = ( (t1(2); f2(2); 0;0) , (La(2); €5(2); Lo (); falx) + pa()) ), where

fo(@)[(z* = 1) modp, q(@)|fa(x)|(z* —1) mod p* and £1(x),La(), 5(x) are poly-
nomials in Zy|x] and le(x) is a polynomial in Z,:|x|.

(z) C = ((b2(); l3(2); f3(2) + pa(z); 0) , (T( x); s (); bo(x )f4 )+ py(z)) ), where

a(@)| fs(x)|(2* —1) mod p?, q(w)|fa(x)|(z" —1) mod p* and 1 (w), l3(x), la(x), l5(x)
are polynomials in Zy|x] and also g(x) is a polynomial in Zyyz|x].

(i) C = (f1(2);0;0;0), (41 (2); fo(2); 0;0) , (L2 (); £3(2); f
(@)@ = Dmod p.  fo(e)|(@* — Dmod
b1 (), l2(x), l3(x) are polynomials in Z,|z]

(ii) C ((f1(2); 0;0;0), (1(2); fo(2); 0;0) , (La(@); b5 (x); bo(2); fa(x) + pa(2)) ), where
fi(x) |(m’" - 1)m0d p, fo(x)|(x* — D)mod p, q(z)|fs(z)|(z* — 1) mod p? and
0 (), 04(x), l5(x) are polynomials in Zy[z] and also Ls(x) is a polynomial in Z,:|x]

1) mod p,

J
1(z) + pa(x)) ), where fi(z)|(z"~1) mod p,
5(x) are polynomials in Zy[z] and lg(x) is a

3(x) + pa(z);0) ), where
p, a(z)|f3(x)[(z* — 1) mod p* and

(xiii)

= ((f1(2);0;0;0), (fa(2); £3(2); f3(x) + pa(); 0),
(€a(); €5(); bo(2); fa(2) + pa(@)) ),

where fi(x)|(z" —1)mod p, a(x)| fs(x)|(z* —1)mod p?, g(x)|fa(x)|(z" 1) mod p* and
lo(x), ly(x),l5(x) are polynomials in Zy[x] and also le(x) is a polynomial in Zyz[x].

(xiv)

C = ((tr(x); f2(2);0;0) , (ba(); La(x); f3(2) + pa(z); 0),
(Ca(w); b5 (x); Lo (); fa(x) + pa(x)) ),

where fo(2)|(z* — 1)mod p, a(z)|fs(z)|(z* — 1)mod p?, q(x)|fa()|(z"* — 1) mod p?
and l1(x), lo(x), L4(z), b5 (z) are polynomials in Zy|x] and also €s(x) is a polynomial
in Ly |x].

(zv)

:<(f1()000)( ()f2()

where the generator polynomials were defined in Theorem 5.2
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6 Minimal generating sets

Theorem 6.1. Let

C = ((f1(2);0;0;0) , (£1(x); fa(x); 0;0) , (ba(); L3(2); f3(x) + pa();0),
(Ca(x); b5 (x); Lo (); fa(x) + pa(x)) ),

be a Z,Z,>-double cyclic code with the generator polynomials defined in Theorem 8.1 with

deg(fi(z)) = r1, deg(fa(z)) = s1,
deg(f3(r)) = t1, (a(a:)) = ta,
deg( 4(1’)) =wu deg q(z)) = ua,
@) = =L and ho(e) = L1
BT f() ? fa(z)
Define the sets
Si= U (o (h():0:0:0)).
=0
So= U {# % (@) fala): 0,00}
=0
U {a % (ba(); £ (2); fa(w) + pa(x); 0},
Sy = U {a" 5 (h(z)lo(x); hi(z)ls(x); pa(x)hy (x); 0)}

S = U {2 (Ca(); €5(2); bo(2); fa(x) +pg(z))} and

ulfugfl

So=|J {2"* (ha(@)la(2); ho(2)l5(2); ha(w)ls(x); pa(z)ha()) }

=0
Then, S = US_,S; forms a minimal generating set for C as a Z,y2[z]-module. Moreover,

=11, 85—81, t—t1, u—uy,2t1 72 Qui—u2
|C| =P p P .

p p p
Proof. The proof similar to that we used to prove Theorem 4.1. 0

Example 6.2. Let C be Z3Zg-double cyclic code withp = 3,r =2,s =7,t =3, andu = 11,
generated by

{(f1(2);0;0;0), (€1 (2); f2(x); 0;0),(€2(); £3(2); f3() + 3a(x); 0),
(a(); £5(2); L6 (); fa(x) + 3q(x))},

8
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where
filz) =z +2,
folx)=ab + 5 a2t + 23 + 22 2 41,
fa(x) = 2® =5 + 7,
falz) =2 -1,
l(x) = Lla(x) =1,
li(x)=0fori=3,...,6, and
afz) = () = 1.

Now, since f3(x)hi(x) =23 — 1 and fi(x)he(x) = 21t — 1, we have that

hi(z)=xz+5
ho(z) =2 + 2% +a8 42" 428+ 2+t + 23+ o+ 1

and alsory = 1,81 =6,t1 =2,t5 = 0,u; = 1,us = 0.
Thus

{(z 4 2;0;0;0)},
{(l;xG+x5+x4—|—z3+z2—|—z+1;0;0)},
{(

1

S1
Sa
S5 1;0;2* — 52 + 1;0) }
Sy=J{z"* (& +5;0;32 + 15;0)},
=0

9

S5 = U{xi*(O;O;O;aH—Q)},

=0
SG:{(O;O;O;S(xm+x9+x8+x7+x6+x5+x4+x3+x2+:ﬂ+1))}.

Hence

forms a minimum generating set for C. Moreover, C' has 3'° codewords and n = 51.

7 Conclusions

In this paper, we studied the algebraic structure of Z,-Zys-double cyclic codes, where r < s.
These codes can be viewed as Zy-[z]-submodules of the module

Zpr) <a®—1> XLy <2’ 1> xZps/ <2 —1> xLps/ <2"—1>.

Moreover, we study the generator polynomials of Z,rZy,s-double cyclic codes. We also
discuss the p-ary images (Gray images) of Z,Z,>-double cyclic codes.
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