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Abstract
The elements in the hyperoctahedral group 8, can be treated as signed permu-
tations with the natural order --- < -2 < -1 < 0 <1< 2 < ---, or as colored
permutations with the r-order —1 <, —2 <, -+ <, 0 <, 1 <, 2 <, ---. For any

7 € By, let des® () and ides®(7) be the number of descents and inverse descents in
7 under the natural order, respectively, and let desp(w) and idesg(w) be the number
of descents and inverse descents in 7 under the r-order, respectively. Visontai alge-
braically studied the joint distribution of (desB ,ides® ). In this paper, we introduce a
new class of lattice paths on permutation grids that give a combinatorial proof for the
recurrence formula of (des?,ides?) arising from the work of Visontai. And by modify-
ing certain combinatorial structures from the natural order to the r-order, we acquire
a recurrence formula of the joint distribution of (desp,idesp). As a conclusion, we
find that (des®,ides®) and (desp,idesp) are equidistributed over the hyperoctahedral
group.
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1 Introduction

The main purpose of this paper is to introduce a new class of lattice paths that lead us to
find combinatorial approaches to prove recurrence formulas related to the joint distribution
of descents and inverse descents in hyperoctahedral groups. For any positive integer n,
let [n] = {1,2,...,n} and Q, = {0,1,-1,2,-2,...,n,—n}. Following the notations in [1,
Section 2|, we denote by B,, the set of bijections 7 : Q, — ,, such that 7(a) = b implying
m(—a) = —b for any a € Q,,. By this restriction, we always have 7(0) = 0 and we can use
T = mmy T, with m; = 7(i) for i € [n] to indicate elements in 9B,,, where @ stands for
—a for a € [n]. For example, we write 316524 € Bg.

The set B,, is widely known as the hyperoctahedral group, the Cozeter group with type
B (see [4, Section 8.1]), which can be regarded as the set of signed permutations. In
addition, the hyperoctahedral group 8, can be also viewed as the wreath product Z, 1 S,
with r = 2, where &,, is the symmetric group, and Z, is the cyclic group of order r.
The wreath product Z, ! &, can be realized as the r-colored permutation group &, ,,
which allows us to treat elements in 93,, as 2-colored permutations. We refer the reader
to [3, Section 2.1.7] and [11, Section 1.2] to check more information on wreath product and
colored permutations.
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Since the hyperoctahedral group 9, can be realized by signed permutations or colored
permutations, it is necessary to choose a suitable total order on Z when studying statistics
over ‘B,,. The natural order

e 2l C2< (1)
is used when considering B,, as the Coxeter group of type B. And the r-order
1<, —2<, <0<, 1<, 2<, -+~ (2)

is used when considering 9B,, as the 2-colored permutation group, where r stands for the
lexicographic order on the set Zso{—,+} (see [1, Equation (2.1)]). For 7 € B,, and 0 <
1 <n—1, we set mg = 0 and define

Des®(r)={ie[0,n—1] | m >my1} and Desg(r) = {i € [0,n — 1] | m >, mis1},

The indices i in Des” () and Desp(n) are called B-descents and B-descents in , respec-
tively. Without causing confusion, we refer to B-descents and B-descents both as descents
in 7. Let

des®(n) = | Des®(n)| and desp(w) = |Desg(r)|.

The statistics des” and desp record the number of descents in signed permutations (see [14,
Section 13.1]) and colored permutations (see [17, Section 2]), respectively. Actually, in [2,
Page 218], Adin et al. remark that des? and desp are equally distributed over B,,. For
any positive integer n, the %B,,-Eulerian polynomial B, (t) is defined as

Bn(t) — Z tdCSB(ﬂ’) _ Z tdcsB(ﬁ). (3)
T€B, TEB,

As with the classical Eulerian polynomial, the B,,-Eulerian polynomial is proved to be -
positivity, where combinatorial interpretations for the v-coefficients in B, (t) can be found
in [3, Theorem 2.10], [7, Theorem 4.7] and [12, Proposition 4.15].

In this paper, we mainly focus on the joint distribution of descents and inverse descents
on B,,. The indices 7 in the set

iDes”(m) = {i € [0,n — 1] | m; " > 7}

are called inverse B-descents, and in the set
iDesp(m) ={i € [0,n—1] | m; ' >, 74}

are called inverse B-descents. The inverse B-descents and the inverse B-descents are both
regarded as inverse descents in w. Moreover, they are also simply referred as idescents
(see [15]). Denote by

ides? (7) = |iDes? ()], idesp(m) = |iDesp(m)].
For 0 <i,5 <mn, let

B,ij={m €%, | des®(n) =i and ides®(7) = j}
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and by ; = [Bn, |- The generating function of by, ; is called as the type B two-side
Eulerian polynomial (see [18, Section 4.1]):

Bu(s,t) = s* T = N7 G st (4)

TeB, 0<,j<n

The classical two-side Eulerian polynomial A, (s,t) is defined on the symmetric group &,
where one can see [13, Page 167] for details. Thus the polynomial B, (s,t) is a generalization
of A,,(s,t) from the Coxeter group of type A to type B. Starting with an identity of binomial
coefficients given by Petersen to prove [13, Equation (9)], Visontai [18] derived a differential
equation about B, (s,t).

Theorem 1.1 ( [18], Theorem 15). For n > 2,

nB, (s, t) = (2n’st — nst + n) B,_1(s, t)

+ (2nst(1 —s) +s(1 —s)(1 — t))%?n,l(s,t)

0 — (5)
+ (2nst(1 —t) +t(1 —s)(1 — t))at n—1(8,%)
+2st(1—s)(1 —t)=——% ” 5 B,—1(s,t)

0s0t
with initial value By(s,t) =1+ st.

Comparing the coefficients of B,,(s,t) in the two sides of (5), a recurrence of b, ; ; is
obtained.

Theorem 1.2. Forn > 2 and 0 < 14,j < n, we have

Nbpij = +i+j+2ij)bn_1.:,
+(2n—1)i— 20+ 1)(j — 1))bp-1,ij—1
+(2n—1)7 — (25 +1)(i — 1))bp—1,i-1,;
+(@2n? =) +26 -G -+ A =2n)(i+5 —2)bn1.i-1-1,

where 51’0’0 = 51,1’1 =1, 51,071 = 51’1,0 =0 and En,i,j =0 Zf’L <0orj<o.

The geometric representations of permutations [16, Section 1.5] such as matrices, grids,
trees provide us with intuitive perspectives to study the properties of permutations. We
can extend the definition of permutation grids to signed permutation grids by the following
natural way.

Definition 1.3. For any signed permutation m# = w7y ... T, € B, the signed permutation
grid P, of 7 is defined as an n x n grid with the |7;|-th (from the left to the right) square in
the i-th (from the top to the bottom) row filled in if m; > 0, and filled by slashes if w; < 0.

For accuracy, we refer to (i,j) € [n] x [n] and (4,7) € [n + 1] x [n 4 1] as the square
located in the i-th row and the j-th column, and the grid point intersected by the i-th
horizontal line and the j-th vertical line, respectively. For 1 < ¢ < n, we define the sign of
the square by calling (i, —7;) as negative square, and (i, 7;) as positive square. For example,
the signed permutation grid of = = 316524 is given by
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with a negative square (4,5) and a positive square (3, 6), and the grid point (5, 2) addressed
in red.

We introduce certain square pairs and lattice paths with respect to B-descents and
B-idescents in permutation grids, which are described in detail in Section 2. Thus by
characterizing how B-descents and B-idescents are geometrically reflected on the signed
permutation grid, as well as how they change during the growth of an n x n grid to an
(n+1) x (n+1) grid, we give a combinatorial interpretation of Theorem 1.2, which is one
of the main results of this paper.

On the other hand, we come up to study descents and idescents in B,, with r-order. For
0<4,5<n,let

B, ,;={m€B, | desp(r) =1 and idesp(7) = j},

=n,%,J

and b, ; ; = [B,, ; ;|- Modifying the combinatorial objects related to descents and idescents
in s1gned permutation grids from the natural order to the r-order, we derive the following
theorem that gives a recursive formula of b, ; ;, which characterizes the joint distribution

of B-descents and B-idescents over B,,, and is another main result of the paper.

Theorem 1.4. Forn > 2 and 0 <14,5 <n, we have

nby,;; =(n+i+j+2ij)b, 1,
+(2n—1)i— 20+ 1)(j — 1))b, 1,1
+((2n—1)j =27+ )i = 1)by—1,-1,
(207 =) +20 = 1) = 1)+ (L= 20)( 45 = D)o 141501,

where by g0 =0b111 =1, 0101 =0110=0andb,; ;=014 i<0orj<O0.

By Theorems 1.2 and 1.4, we find that b, ; ; shares exactly the same recursive rela-

tion and initial values with b, ; ;. Hence, we see the joint statistics (des”,ides”) and
(desp,idesp) are equally distributed over 9,,, which is a refinement result on the equidis-
tribution property of des? and desp over B,,.

Particularly, the type B two-side Eulerian polynomial (4) can be unified to the two-side
B,,-Eulerian polynomial

Bn( Z sdea (m) tldebB(ﬂ') Z sdebB tldehB(ﬂ')
TEB, TEB,

which is a generalization of 9B,-Eulerian polynomial (3).

The rest of this paper is organized as follows. Section 2 is devoted to investigate geo-
metric properties of B-descents and B-idescents under natural order in signed permutation
grids, especially derive enumerative formulas for certain internal structures of grids. We
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combinatorially prove Theorem 1.2 in Section 3. By modifying the techniques with natural
order to r-order, in Section 4, we study the properties of B-descents and inverse B-descents
in grids, which is served as the preparation for combinatorial proof of Theorem 1.4. In
Section 5, we make some further remarks.

2 Lattice paths related to B-descents and B-idescents

In this section, we begin by introducing the notations of relevant operations that are fre-
quently used, then investigate the changes of B-descents and B-idescents during the growth
processes from n x n signed permutation grids to (n 4+ 1) x (n 4 1) ones.

2.1 Inserting operations on signed permutation grids

Let 7 € B, and 4,j € [n + 1], then the inserting operation ¢(; jy is defined as ¢, j)(7) =
o € B,+1 such that for k € [n+ 1],

Js k=i,

sgn(mp—1) (|1 + 1), k> and |mr_1] > J,
Ok =14 Tk-1, k> and |mr_1] < 4,

sgn () (75| + 1), k <iand || > 4,

Tk k <iand |mg| < 4,

and the inserting operation @, ;) is defined as ¢(i)j)(7r) = 0 =€ B, such that for k €
[n+ 1],

7 k=1,
sgn(mp—1)(|me—1| +1), k>iand |mp_1| > j,
Ok =194 Tk-1, k> and |mr_1] < 4,
sgn () (75| + 1), k <iand |mg| > j,
Tk k <iand |mg| < 7,

where sgn is the signum function. From the graphic view, the operations ¢(; ;) and D)
inserting a positive square and a negative square, respectively, at the grid point (, j), while
preserve the relative positions of the original filled squares. For example, if 7 = 316524,
then the grids of ¢ (3 5)(m) = 3157624 and B4 3)(7) = 4173625 are given as follows.

P, Py o () Pg, o

Conversely, for any signed permutation o € 98,11 with a filled square (i, j) in its grid
P,, by deleting the i-th row and the j-th column of squares from the grid, we obtain a new
grid P,. This process can be described as deleting the positive square (i,7) if o; = j, or
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the negative square (i, ) if o; = j from the grid P,, and denoted by the deleting operations
go&lﬁ or @Zilj). More precisely, we have 7 = (p(;lj)(a) with ¢; = j, or ™ = E&lﬁ(a) with
o; = j, such that for k € [n],

Ok, k <iand o < j,
o sgn(ox)(|ok| — 1), k <iand o > j+1,
A k>4 and op41 < 7,

sgn(og+1)(|ok+1] — 1), k>iand o1 > 5+ 1.

These two deleting operations can be roughly viewed as the inverse of the inserting opera-
tions ¢(; j) and P, ;, since T = gozilj.)(a) if and only if o = ¢ jy(7) , and 7 = ¢<_i1j> (o) if

and only if o = ¢<i1j>(7r).

2.2 Descent types of square pairs and d-types of grid points

According to the different forms of B-descents and B-idescents, we group the pairs of filled
squares in adjacent rows or adjacent columns into eight different types.

Since the filled squares in the signed permutation grid are positive or negative , there
are four different pairs of filled squares in adjacent rows as des-pairs can form B-descents,
which are called desi -pair, des’ -pair, dest -pair and des” -pair as follows.

desi—pair des’; -pair des™-pair des”-pair

For 7 = mmy ... T, € B, with my = 0, an index i € [0,n — 1] is defined to be a B-ascent
if mj < miy1, or a B-iascent if T, b < 7ri_+11. Thus the other four pairs of filled squares
in adjacent rows as asc-pairs form B-ascents, which are called as asci—pair, ascy -pair,
asct -pair and ascZ -pair.

+ . — . + . — .
asc] -pair asc’ -pair asc_ -pair asc_-pair

It can be directly seen that among the eight different pairs of filled squares in adjacent
columns, four of them as ides-pairs form B-idescents, and the remanning four as iasc-pairs
form B-iascents.

. + . . — . . + . . — .
ides | -pair ides  -pair ides™-pair ides_-pair
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. + . . — . . + . . — .
1asc_ -pailr 1asC_ -pailr lasC_-palr lasC_-palr

Furthermore, since 7wy = 0 for any m € 98,,, the filled squares in the first row or column of
the grid P, are classified into the following four different types as des™ -square, asc™-square,
ides™ -square and iasct-square.

4

des™-square ascT-square ides™-square iascT-square

Definition 2.1. Let w € 9B,, and P, be its grid, then for 1 <i,j < n+ 1, the grid point
(i,) is of d*-type (p,q) and denoted by d* (i, ) = (p,q) if

(des” (1,5 (7)), ides” (.5 (1)) — (des” (), ides” (7)) = (p, 9),

where p and q are called as the d;—type and the df-type, and denoted by dz(i,j) =p and
df (i, ) = q, respectively.

Definition 2.2. Let w € 9B,, and P, be its grid, then for 1 <i,j < n+ 1, the grid point
(1,7) is of d”-type (p,q) and denoted by d™(i,j) = (p,q) if

(des” (B, ) () des” (B, () — (cdes” (), des” () = (1),

where p and q are called as the d; -type and the d;-type, and denoted by d; (i,5) = p and
d; (i,7) = q, respectively.

We call d™-type and d~-type, d;—type and d; -type, d;f-type and d; -type collectively as
d-type, dp-type, d,-type, respectively, and use the superscripts + and — to distinguish the
signs of the corresponding type. We see from the following propositions that the distribution
of dp-types is affected by des-pairs and asc-pairs, and the distribution of d,-types is affected
by ides-pairs and iasc-pairs.

Proposition 2.3. The dj,-types of the grid points on the middle horizontal line of des-pairs
and asc-pairs are indicated in the figure below, where the numbers above are d,‘f -types, and
the numbers below are d;, -types.

0 1m0 1 1m0 1|0 0 00 0
U o ERZE R B ZE NZE
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Lm0 1L 00 0 lggl 1L 1l
T Or 3 97 307 1 T@y 1

+ . — . + . - .
asc, -pair asc -pair asc_-pair asc_-pair

Proposition 2.4. The d,-types of the grid points on the middle vertical line of ides-pairs
and iasc-pairs are indicated in the figure below, where the numbers on the left are d; -types,
and the numbers on the right are d -types.

1|} 1
J

/
Ly

0
0o
ides | -pair

. + . . — . . + . . — .
tasc -pair tasc -pair asc_-pair asc_-pair

The validity of the above two propositions can be directly checked by taking operations
¢(i,j) and P, ;) at corresponding grid points (,7). Using the same analysis with mo = 0,
we obtain the next proposition that describes the distributions of dj,-types and d,-types of
grid points on the grid border.

Proposition 2.5. The dy-types of the grid points on the top and bottom boundaries of
the grid are indicated in the figure below, where the numbers above are d:-types, and the
numbers below are d, -types.

b o0 e g
D~ e e

0 1

top boundary bottom boundary

And the d,-types of the grid points on the left and right boundaries of the grid are indicated
in the figure below, where the numbers on the left are d -types, and the numbers on the
right are d -types.
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left boundary right boundary

Combining Propositions 2.3-2.5, we get all possible values of d-types, and the d-types
of the four corners of filled squares.

Proposition 2.6. Let m € B,, and P, be its grid, then all possible d™-types or d™ -types of
each grid point are only (0,0), (1,0),(0,1) and (1,1).

Proposition 2.7. Let w € B, and P, be its grid, then for 1 <i,j <n, we have
dt(i,j) =d"(i+1,j+1)=(0,0) and d"(i,j+1)=d"(i+1,5)=(1,1),
if (i,7) is a positive square in Py, and
d(i,5)=d (i+1,7+1)=(1,1) and d (i,j+1)=d (i+1,75)=(0,0).

if (i,7) is a negative square in Py, as shown below.

(0,0, 4(1,1) (1,1) (0,0
(L1 10,0) (0,0 :(1,1)
dT -types on a positive square d~ -types on a negative square

Thanks to the above proposition, we arrive at more general conclusions that describe
the circumstances under which the dp-types or d,-types on the same horizontal or vertical
grid line change.

Proposition 2.8. Let w € B,, and P, be its grid, then for any two grid points (i,71) and
(4, j2) on the i-th horizontal grid line with 1 <i<n+1 and 1 < j; < jo <n+ 1, we have

(a) d;f(z',jl) + d;(i,jz) if and only if there exists exactly one positive square (i',j') satis-
fyingi—1<4 <iandj <j <ja,

(b) d, (i,j1) # d,, (4, J2) if and only if there exists exactly one negative square (i',j') satis-
fying i —1 <4 < i and j; < j < jo.

Proposition 2.9. Let w € B, and P, be its grid, then for any two grid points (i1,j) and
(i2,7) on the j-th vertical grid line with 1 < j <n+1 and 1 <i; < iz <n+ 1, we have

(a) df(i1,7) # dF (i, 5) if and only if there exists exactly one positive square (i',j') satis-
fying j — 1< 35" <j and iy <i' <,

(b) d (i1,7) # d; (i2,7) if and only if there exists exactly one negative square (i',j') satis-
fying j —1<j"<j and iy <i' <is.
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2.3 Lattice paths in signed permutations grids

As a preparation for counting the number of grid points of certain d-types, we connect
grid points with the same dj,-type p or d,-type ¢ for p,q € {0,1} by specific rules to build
pr-paths or g,-paths.

Definition 2.10. Let w € B, and P, be its grid, then for p,q € {0,1},

(a) the pZ—paths (reps. py -paths) are established by connecting grid points of d;-types
(resp. d, -types) p only along horizontal grid lines, and then connecting these segments
of length less than n by diagonal lines only if they touch the same filled square;

(b) the g -paths (reps. q, -paths) are established by connecting grid points of df -types
(resp. d, -types) q only along vertical grid lines, and then connecting these segments of
length less than n by diagonal lines only if they touch the same filled square.

We refer p;f—paths and p, -paths collectively as pj-paths, and refer ¢, -paths and g, -
paths collectively as g,-paths. By the construction above, we know that for any grid point,
it must be on exactly one pZ—path7 one p, -path, one ¢ -path and one ¢ -path.

Example 2.11. The following figures present each one of pk-path in the permutation grid
of m = 316524, where p € {0,1}, z € {h,v} and x € {+,—}.

1} -path 0} -path 1, -path 0, -path

The above example also present the walking trends of these pp-paths and the g,-paths
for p,q € {0,1}.

Theorem 2.12. Let 7 € B,,, then in the grid Py,

(a) each O;-path (resp. 1Z-path) goes from the left boundary to the right boundary along
the horizontal grid lines except for carrying out a southeast (resp. northeast) step when
encountering a positive square;

(b) each 0} -path (resp. 1} -path) goes from the top boundary to the bottom boundary along
the vertical grid lines except for carrying out a southeast (resp. southwest) step when
encountering a positive square;

(¢) each 0, -path (resp. 1, -path) goes from the left boundary to the right boundary along
the horizontal grid lines except for carrying out a northeast (resp. southeast) step when
encountering a negative square;



X. Gao, F. Z. K. Li, L. Wan, J. Y. X. Yang 129

(d) each O -path (resp. 1 -path) goes from the top boundary to the bottom boundary along
the vertical grid lines except for carrying out a southwest (resp. southeast) step when
encountering a negative square.

Proof. By Propositions 2.8 and 2.9, we note that the dj-types (resp. d,-types) on the same
horizontal (resp. vertical) grid line change from 0 to 1 or from 1 to 0 only when it touches
a filled square of the same sign. Thus in constructing processes in Definition 2.10, after
connecting the grid points of the same dj-type or d,-type by horizontal or vertical grid
lines, those dj-segments or d,-segments of length less than n + 1 must touch filled squares
with the same sign as the dj-type or d,-type.

Hence, for p,q € {0, 1}, connecting the py-segments or g,-segments by diagonal lines in
the filled square of the same sign as py, or ¢, is equivalent to that the p,-path or the ¢,-path
taking a diagonal step when it meets that square, and the direction of this diagonal step is
completely determined by Proposition 2.7. |

Based on the above observations, for p,q € {0,1}, the numbers of B-descents and B-
idescents can be utilized to count the numbers of p,-paths and g¢,-paths, respectively.

Theorem 2.13. Let m € B,,, then in the grid Py,
(a) the number of O -paths is des® (7) + 1,

(b) the number of 0, -paths is des® (m),

(¢) the number of 17} -paths is n — des®(n),

(d) the number of 1, -paths is n — des® (1) 4 1;
and

(e) the number of 07 -paths is ides® (1) 4+ 1,

(f) the number of 05 -paths is ides® (),

(9) the number of 13 -paths is n — ides® (7),

(h) the number of 17 -paths is n — ides” (1) + 1.

Proof. By Theorem 2.12, for p,q € {0,1}, the number of p,-paths equals the number of
grid points (¢,1) of dp-type p for 1 < i < n 4+ 1, and the number of g,-paths equals the
number of grid points (1, j) of d,-type g for 1 <j <n + 1.

We first assume 7; > 0 for all 1 < ¢ < n. Hence in the grid Py, there are only four types
of pairs of filled squares: desi—pair, asci-pair, idesi—pair and iasci-pair7 which are counted
by des®(7), n — 1 — des®(n), ides® (n) and n — 1 — ides” (), respectively.

It follows from Proposition 2.3 that for 2 < i < n, the numbers of grid points (i,1)
with df (i,1) = 0, dy (i,1) = 0, d; (i,1) = 1 and d; (i,1) = 1 are des”(r), des®(m),
n—1—des?(7) and n — 1 — des® (), respectively. Since m; > 0 and 7, > 0, by Proposition
2.5, we have djf (1,1) =0, d; (1,1) = 1, d;f (n+1,1) = L and d, (n+1,1) = 1. Therefore, for
1 <4 <n+ 1, the number of grid points (i,1) with d} (i,1) = 0, dj, (i,1) = 0, d;f (i,1) = 1
and d;, (i,1) = 1 are des” () + 1, des” (), n — des” () and n + 1 — des” (), respectively.
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On the other side, by Proposition 2.4, for 2 < j < n, the number of grid points (1, ) with
df(1,5) =0, d;(1,7) = 0, df (1,5) = 1 and d; (1,5) = 1 are given by ides” (r), ides® (7,
n — 1 —ides®(n) and n — 1 — ides” (7), respectively. Note that d; (1,1) =0, d; (1,1) = 1,
df(1,n+1) =1 and d, (1,n+ 1) = 1 by Proposition 2.5. Thus, for 1 < j < n + 1, the
number of grid points (1,7) with d}(1,7) =0, d, (1,7) =0, df(1,7) =1 and d, (1,j) =1
are ides” (1) + 1, ides® (), n — ides” (r) and n + 1 — ides” (), respectively. So the theorem
holds provided all filled squares in the grid P, are positive.

To complete the proof, we are about to show that the quantitative relationships between
pn-paths and B-descents, and between q,-paths and B-idescents, remain unchanged after
any positive square is replaced by a negative square in Py.

Let (i,7) with 1 < 4,5 < n be the replaced square and ' be the signed permutation
after the replacement. In particular, when the positive square (i, j) is replaced, the effect
is limited to the neighborhood formed by itself and the squares on its adjacent rows or
columns, which corresponds to the 16 cases listed below. We only offer a detailed proof for
Case 1, while the validity of the remaining cases can be also checked.

The symbols in the following proof are explained as: the filled squares in P, and Py

indicate the square (i, j) before and after the substitution; the blank squares in P, and Py
indicate the filled squares with undefined signs that remain unchanged after the substitution;
the numbers a/b indicates the djf -type (vesp. dj-type) a and d; -type (resp. d-type) b
of the corresponding grid point on the first column (resp. row); #p: and #p}’ denote
the numbers of p%-paths in P, and P/, respectively, where p € {0,1}, = € {h,v} and
x e {+, -}
Case 1: |m;—1| < m; < |mi41| for 2 < 4 < m —1. By Proposition 2.3, although the signs
of m;—1 and ;41 are not known, the squares (i — 1, |m;—1|) and (i, 7;) in P, always changes
from an asc-pair to a des-pair in P,/ but preserve the dZ—type and d, -type of the grid point
(7,1), and the descent type of the pair (i, 7;) and (i + 1,|m;41|) remains the same but the
d -type and d, -type of (i + 1,1) both change from 1 to 0.

p/p ¢ P/ ¢
1/1 0/0 4
Pﬂ- P‘n”
square pairs mi—1 > 0/mip1 >0 mi1 < 0/mip1 <0
i—1,|mi_1 1, asct-pair — desT-pair asc_ -pair — des_-pair
s , +pb p +pb p
1,7y, (1 + 1, |mie ascT-pair — asc-pair desT-pair — des”-pair
+ + +

Thus, we obtain the desired change in the quantitative relationships, which are des® (n') =
des? (1) 4+ 1, and

BOF = HOF +1, #07 = H0; +1, #17 = #1F — 1, #1; = #1; — 1.

Case 2: |mjq1| <7 < |mi—q| for2<i<n—1.
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0/0 4
p/p 4

1/1 4
P/ 4

square pairs

Ti—1 > O/7Ti+1 >0

Ti—1 < 0/7Ti+1 <0

<i - 1a |7ri*1‘>7 <i’7ri>

desi—pair — des  -pair

ascT-pair — asc_-pair

<i77ri>7 <Z + 13 |7ri+1|>

des?-pair — ascT-pair

des’;-pair — asc”-pair

After replacing the positive square (i, 7;) by a negative square, we have des® (r') = des® (m)—
1, and

HOL = #0F =1, #0, = #0, — 1, #17 = #17 +1, #1, = #1, + 1.

Case 3: |mi—1| < m; and |mqq| < mfor 2<i<n—1.

/P4
q/q 4

p/p 4
q/q

Py

square pairs

Ti—1 > O/7Ti+1 >0

Ti—1 < 0/7Ti+1 <0

<i - 1a |7Ti*1‘>7 <i’7ri>

+ . + .
asc-pair — des’ -pair

asc, -pair — des_-pair

<i77ri>’ <Z + 1’ |7ri+1|>

desi—pair — ascT -pair

desy-pair — asc”-pair

and

After replacing the positive square (i, 7;) by a negative square, we have des® (n') = des? (m),

#0+ = #0F, #0; = #0;, #17 = #15, #1; = #1;.

Case 4: 7; < |mj—1]| and m; < |mi41| for 2< i <n —1.

0/0 ¢
1/1 4

1/1 ¢
0/0 4

square pairs

Ti—1 > 0/7Ti+1 >0

i < 0/’/Ti+1 <0

<i -1, |7ri—1‘>7 <i77ri>

desi-pair — des, -pair

ascT-pair — asc”-pair

<i77ri>7 <Z + 1a |7Ti+1|>

+ . — .
asC_ -palr — asC -pailr

dest-pair — des”-pair
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After replacing the positive square (i, ;) by a negative square, we have des? (z") = des® (),
and
/ _/ _ / _/ —
#OZ = #02_7 #Oh = #Oh s #12 = #127 #1h = #1h .

Case 5: |mij41| < m; for ¢ = 1.

e o

Pr Pr
square (pair) my >0 ‘ Ty <0
(1,71) asct-square — des™-square
(1,m1), (2,|m2]) desT-pair — asc’-pair ‘ des -pair — asc_-pair

After replacing the positive square (i, ;) by a negative square, we have des® (7') = des® (),
and
/ _/ _ / _/ —
#0; = #027 #Oh = #Oh s #1: = #1;7 #1h = #1h .

Case 6: |m;| < w41 for ¢ = 1.

i M — oo - —

P, P
square (pair) 79 >0 ‘ T < 0
(1,71) ascT-square — des™-square
(1,71), (2, |ma|) asci—pair — ascy -pair ‘ dest-pair — des”-pair

After replacing the positive square (i, 7;) by a negative square, we have dESB(’/TI) = des® (m)+
1, and

HOE = #0 +1, #0, = #0, + 1, #17 = #17 — 1, #1, = #1, — 1.

Case 7: |mi_1| < m; for i = n.

i f U 0 b

square pair Tn_1 >0 o1 <0
(n—1,|mp-1|), (n,m) asc-pair — des®-pair asc-pair — des_-pair
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After replacing the positive square (i, ;) by a negative square, we have des” (') = des®” (7)+
1, and
#0 = #07 + 1, #0; = #07 +1, #17 = #1+ -1, #1; = #1; — 1.

Case 8: m; < |m;i—1]| for i = n.

0/0 ¢ ------ --- 1/1 ¢-----+ ---

AR o U e m—
P,

square pair Tn_1 >0 M1 <0

(n—1,|mp—1|), (n,m) desi—pair — des -pair asc’-pair — asc_-pair

After replacing the positive square (i, ;) by a negative square, we have des® (n') = des® (m),
and
/ _/ _ / _/ —
#OZ = #OZ7 #Oh = #Oh ) #1: = #127 #1h = #1h .

-1 -1 -1 ,
Case 9: |m, | <m;” <|m;;[for2<j<n-1

p/p 1/1 p/p 0/0
| |
I I
I I I I
I I I I
1 1 1 1
1 1
1 1
Pﬂ- Pﬂ"
square pairs 7rj:11 > 0/71']-_+11 >0 F{jl < 0/7rj_+11 <0
<|7r;_11|,j - 1), <7T;1,j> iascT-pair — ides®-pair | iasc}-pair — ides_-pair
(w7 ', 5), (m741,54+1) | iasci-pair — iasc}-pair | ides’-pair — ides”-pair

After replacing the positive square <7T]-_1, j) by a negative square, we have ides® (r") =
ides” (1) + 1, and

#0+ = #0F + 1, #0, = #07 +1, #17 = #17 —1, #1; =#1; — L.
Case 10: |7rg__:1| < 71']._1 < |7rJ__11| for2<j<n-1.

0/0 p/p 1/1 p/p
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- - -
square pairs 7 > 0/m ) >0 T <0/m, <0

<|7rjill|,j 1), (mw fl,j) ides] -pair — ides] -pair iascT-pair — iasc”-pair

<7rj_1,j>, (| Lli+1) idesT-pair — iascT-pair | ides]-pair — iascZ-pair

1

After replacing the positive square (7; ",j) by a negative square, we have ides® (7' ) =

j
ides® () — 1, and

#0+ = 0+ — 1, #07 = #0; — 1, #17 = #17 +1, #1; = #1; + 1.

Case 11: |11'J+1|<7rj_1and|7r |<7r1for2<g<n—1

/P a/q /P a/q

square pairs > O/7T 11 >0 < 0/7T 1 <0
<|W;}1|,j -1y, <7T;1,j> iasc+ pair — ides?-pair iaustr pair — ides_-pair
a0, () d + 1 idesT-pair — iasct-pair ides, -pair — iasc_-pair
J J+1 + +

After replacing the positive square <7T]-_1, j) by a negative square, we have ides® (r") =
ides” (), and

#0F = #0F, #0;" = #0;, #17 = #17, #1, = #1,.

Case 12: m; <|7r3+1|and7r < | for2<j<n-1.

0/0 1/1

square pairs i L> O/7r 1 >0 7rj__11 < 0/7Tj__,:1 <0

<|7Tj:11|,j 1), (m -_1,j> ideSJr pair — ides] -pair iascT-pair — iasc”-pair

(w;17j>, (|7 +1\ j+ 1 fascf-pair — iasc}-pair | ides’-pair — ides”-pair
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After replacing the positive square <7T;17 J) by a negative square, we have ides® ()

ides” (), and

#0+ = #0F, #07 = #0,, #17 = #1F, #17" = #1;.

-1 -1 .
Case 13: ;" < |m; | for j =1.

0/1 1/1 0/1 0/0
: :
I I
jo P
square (pair) >0 ‘ Tt <0
<7Tf17 1) iascT-square — ides™-square
<7r1_1, 1), <|7T2_1\7 2) iasci—pair — lasc] -pair ‘ idest-pair — ides”-pair

After replacing the positive square (77]71, J) by a negative square, we have ides® (r") =

ides® () + 1, and
#0+ = #0F +1, #07 = #0; + 1, #17 = #17 —1, #1; = #1; — 1.

—1 —1 .
Case 14: |m; | <m; " for j =1.

0/1 p/p 0/1 p/p
| |
Pﬂ— Pﬂ./
square (pair) >0 ‘ <0
(m',1) iascT-square — ides™-square
<7r1_1, 1), <|7r2_1\, 2) idesi—pair — iascT-pair ‘ ides’ -pair — iasc_-pair

After replacing the positive square <7T]-_1, 4) by a negative square, we have ides® ()
ides® (m), and

#0F = #0F, #07" = #07, #17 = #1F, #17" = #15.

v

Case 15: 7'l'j_1 < |7rJ__11| for j = n.
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0/0 1/1 1/1 0/0
| |
I I
1 1
Pr P
square pair >0 .t <0
(Im 2 lin = 1), (7t n) | idesT-pair — ides -pair | iascf-pair — iasc-pair

After replacing the positive square <7Tj_1, j) by a negative square, we have ides® (n') =
ides® (), and

#0+ = #0F, #0, = #0,, #1F =#1F, #1, = #1;.

Case 16: |7rg__11| < 71'3-_1 for j =n.

p/p 1/1 p/p 0/0

P P

square pair W;il >0 W,:il <0

(Imy],n = 1), (77t n) | iasci-pair — idesT-pair | iascy-pair — ides”-pair

After replacing the positive square <7T;17 Jj) by a negative square, we have ides® (r') =
ides? (1) 4+ 1, and
#07 = #07 + 1, #0; = #0; +1, #1F = #1F —1, #1; = #1; — 1.

Therefore, by induction, we complete the proof. |

2.4 Enumerations of grid points of certain d-types

For m € B,,, let n(n) be the number of negative elements in w7y - - - m,. With the help of
Theorems 2.12 and 2.13, we obtain the number of grid points of given d™-type or d™-type
in the grid P, by des®(x), ides® (n) and n(x).

Theorem 2.14. Let w € B,,, then in the grid Py, there are
(a) ((des®(n) + 1)(ides® (1) + 1) — n(x) + n) grid points of d*-type(0,0),
(b) ((ides®(m) 4+ 1)(n — des®(n)) + n(xw) — n) grid points of d*-type (1,0),

(¢) ((des® () +1)(n — ides® (7)) + n(7) — n) grid points of d*-type (0,1),



X. Gao, F. Z. K. Li, L. Wan, J. Y. X. Yang 137

(d) ((n — des®(m))(n — ides® (n)) — n(x) + n) grid points of d*-type (1,1);
and

(¢) (des® () ides® (m) + n(r)) grid points of d~-type(0,0),

(f) (ides” (m)(n — des®(7) + 1) = n(w)) grid points of d™-type (1,0),

(9) (des®(m)(n —ides® (7) + 1) — n(n)) grid points of d~-type (0,1),

(h) ((n — des®(m) + 1)(n — ides® (x) + 1) + n(x)) grid points of d~-type (1,1).

Proof. By Definition 2.10, for p, q € {0, 1}, a grid point is of d™-type (resp d~-type) (p,q)
if and only if it is an intersection of a ph -path (resp. pj, -path) and a ¢; -path (resp. g -
path). Note that the numbers of positive and negative squares in the grid P, are (n—n(mw))
and n(7), respectively. Referring to Example 2.15, we will have a clearer picture of the
proof that follows.

Since there are (des?(m) +1) 0, -paths and (ides® (7) + 1) 0;-paths in P, by Theorem
2.13, the 0 -paths and 0;f-paths meet each other (des”(7) 4 1)(ides” () + 1) times. By
noticing that both OZ—paths and 07 -paths take a southeast step when they encounter a
positive square by Theorem 2.12, we see that the number of intersections formed by OZ—
paths and 0} -paths at grid points is actually (n — n(m)), the number of positive squares,
more than the number of times they meet. Thus we prove the statement (a). In terms
of the counting formulas in Theorem 2.13, and similar analyses but replacing OZ—paths
with 1) -paths, 0, -paths and 1, -paths respectively, and replacing 0; -paths with 1.} -paths,
0, -paths and 1; -paths correspondingly, we can prove statements (d), (¢) and (h).

To see the number of grid points of d™-type (1,0), we notice that if a 1Z—path and a 0} -
path meet in a positive square, their intersection is in the interior of the square instead of on
the grid point, because by Theorem 2.12, the IZ—path and the 0; -path take the northeast
and southeast steps, respectively, inside the square. Thus, the number of intersections on
grid points formed by 1,41'—paths and 07 -paths is (n—n(7)) less than the number of times they
meet. By Theorem 2.13, such intersections are counted by ((ides®(7) 4+ 1)(n — des®()) +
n(mw)—n), which verifies statement (b). By replacing the 1;—paths in the above proof process
with Ot—paths, 1, -paths, 0, -paths, and the 0, -paths with 1, -paths, 0, -paths, 1, -paths,
respectively, and using the related quantities in Theorem 2.13, we can prove statements (c),
(), (g), respectively. |

Example 2.15. Let 7 = 24315 € Bj5 with des®(7) = 2, ides®(7) = 2 and n(x) = 2,
the following diagrams present the d*-type and d~ -type of each grid point in the grid Py
by Theorem 2.14, where #d?p7q) denote the number of grid points of d*-type (p,q) for x €

{+,-} and p,q € {0,1}.
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3 The recurrence of B-descents and B-idescents on ‘B,

To give a combinatorial proof for the four-term recurrence (6) of b, ; ; given in Theorem
1.2, we first introduce some sets of ordered pairs. Let

Cr.ij={(0,k)| o €By,jand 1 <k<n},
and recall that
Boij={0€B,| des®(0) =i and ides® (o) = j}.
Thus we have |C,, ; j| = nby i j, which is equal to the left side of (6). Let

DY = {(r,(r,)) | 7 € Buiy and d°(r,5) = (p, ) in Pr} ®)

n,%,J

4
with * € {+,—} and p,q € {0,1}. Clearly, for any given 1 < i, j < n, the eight sets DST;?; ,

p0O~ pODT O HLOT HL0)T DT and DY , are pairwise dis-

nij 0 Pnig-1 Pnig-1 Pni-1g0 P-4 Pni-1-1 nyi—1,j—
joint, and by Theorem 2.14, we see

DO WD = (i 4+ 20y,

fo;l),;jfl " fofl),;jfl‘ = (2n—1)i— (2i+1)(G = 1))bp_1.551,

DYDY | = (@0 = 0 = 2+ 1) = 1)) 1i-1,

Dnl,’ll);,l,j,l W fo,’ll),;l,j,l‘ =(@2n*=n)+2(i—1)G -1+ 1 =2n)(+j —2))bn-1,-15-1,

where [# indicates the union of pairwise disjoint sets. Hence the cardinality of the set
Dyp—1,i,; defined as

_ (pa)" (Pa)~
Dn-1,ij = Lﬂ Dy ipi—a¥Pn Tipj—q
p,q€{0,1}

is equal to the right side of (6).
Combinatorial Proof of Theorem 1.2. We shall establish a bijection between D,,_; ; ; and
Cn,i,; by employing the inserting operation ¢; ;) or P, In particular, define

V((m, (r;s))) = (o,7)
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for any pair (m, (r,s)) € Dp—1,;,j, where

Orsy(m), if (7, (r,s)) €

@(r,s)(ﬂ-)’ if (7‘(, (Tv S)) €

for p,q € {0,1}.
By the construction as given in (8), for

n _
((m.(r.9) € DY s g U DY
we have m € Bj,_1,i—p j—q. and the grid point (r,s) is of d*-type or d~-type (p,q), which
implies
(des((p(r,s) (71-))7ides((p(r7s) (ﬂ-))) - (deS(#),ideS(ﬂ')) = (p7 q)a
or

(des(Py,) (7)), 1des (. ) (7)) — (des(m), ides()) = (p, q)

by Definitions 2.1 and 2.2 of d-types. Thus we obtain ¢ € B,,; ;, and (0,7) € Cy 5 ;-

On the other hand, for any pair (o,7) € C,; ;, notice that the signed permutation o
has i descents and j idescents. Then deleting the square (r,|o.|) in the grid P, by the
operation ‘P<_r,1cm if o, > 0 and @;T’l_or) if o, < 0, we obtain a signed permutation 7 that
must belong the set B,, ;_,, j_, for some p, g € {0,1} by Proposition 2.6. Moreover, the grid
point (7, |o,|) in the grid P, must have d*-type (p,q) if o, > 0 or d”-type (p,q) if o, < 0.
Thus, we deduce

i}
(m, (r,|ov])) eDPY,_ . wDPY.

and the inverse of W is given as

U= ((o,7)) = (m, (1, |ov])

for any pair (o,7) € Cy; 5, where

__ { 90(_{00(0)’ ?f or >0, (10)
<,0<T’7(TT>(0)7 it o, < 0.
Therefore, with the combination of (9) and (10), we get the desired bijection
V: Dp1,j < Cnij
which completes the proof of Theorem 1.2. |

Example 3.1. For o = 32514 € §573,2, as shown below, for 1 < r <5, we have
U0, 1) = (2413,(1,3)) € pg?é?gi U Y(0,2) = (2413,(2,2)) € DY) |
U Y(0,3) = (3214, (3,5)) € D{3) . U Y(0,4) = (2143, (4,1)) € ijg’}f,

U1 (0,5) = (2341, (5,4)) € D) .
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o€ Bsso r=1 r=2 r=3 r=4 r=25

0 |

EEZE 2 12 ) ﬁ

32514 2413 2413 3214 2143 2341

4 The recurrence of B-descents and B-idescents on ‘B,

In the subsequent contexts, the definitions and the terminologies is under the r-order, except
for special mentions. Since techniques used in the proof are similar to the previous sections,
we shall omit most of the detailed process and instead give the corresponding conclusion
directly.

We still start by investigating the des-pairs, asc-pairs, and d-types. Comparing to the
natural order (1), we note that the only difference is pair of the two negative squares. Thus,
the following are the eight types of des-pairs and asc-pairs under the r-order.

desi—pair des’ -pair des™-pair des”-pair

+ . — . + . — .
asc] -pair asc] -pair asc_ -pair asc_-pair

And the following are the eight types of ides-pairs and iasc-pairs.

. + . . — . . + . . — .
ides | -pair ides  -pair ides™ -pair ides_-pair

. + . . — . . + . . — .
lasC -pailr 1asC -pair laSC_-palr laSC_-palr
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By changing only des® to desp in Definitions 2.1 and 2.2, we get the definitions and
related notations of oif—types7 df-types and d*-types under the r-order. The following
propositions describe the distributions of the df—types and d-types on the grid lines.

Proposition 4.1. The dy-types of the grid points on the middle horizontal line of des-
pairs and asc-pairs in the grid are indicated in the figure below, where the numbers above
are d;-types, and the numbers below are d, -types.

0 1|0 1 1m0 1m0 0 0 0p0
Uy o0 o491 1 0 047 Nz
desi-pazr desy -pair des™ -pair des_ -pair
N o LU Opp0 1 0 lp L gl 1
U i o4 THT ZE
asci -pair ascy -pair asct -pair asc_-pair

Proposition 4.2. The d,-types of the grid points on the middle vertical line of ides-pairs
and iasc-pairs in the grid are indicated in the figure below, where the numbers on the left
are df -types, and the numbers on the right are d, -types.

i [
01 j:| 0 1 }Zo
o
] ]
0o 01
zdesi -pair ides] -pair
I [
e qiE
] %
of[}1 01} o
] ]
L[} 1 1{|lo
1 U/
z'asci -pair 1ascy -pair

1 /
1]} o 0{}o
&) 7
01} o 0{[}1
oA
0|} 1 0{[j 0
idesT -pair ides_ -pair
f /
0}t L[} 1
[ Z
Ll Lo
U Z)
1{[}o 1|1
iascT -pair 1asc_-pair

Proposition 4.3. The d;-types of the grid points on the top and bottom boundaries of the
grid Py are indicated in the figure below, where the numbers above are dZ—types, and the

numbers below are d, -types.

U o0
BN K2

dp-types on the top boundary

dp-types on the bottom boundary
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And the d,-types of the grid points on the left and right boundaries of the grid are indicated
in the figure below, where the numbers on the left are d -types, and the numbers on the
right are d -types.

0{}1 0{}0 | }1 (’)J}l
oo -

dy-types on the left boundary dy-types on the right boundary

Combining Propositions 4.1, 4.2 and 4.3, we see the d-types of the four corners of the
filled squares in the permutation grid have fixed values.

Proposition 4.4. Let m € 9B, and P, be its grid, then for 1 <i,j <n, we have
dt(i,j)=d*(i+1,74+1)=(0,0) and d¥(i,j+1)=d (i +1,5) =(1,1),
if {i,7) is a positive square in Py, and
d=(i,j)=d (i+1,7+1)=(0,0) and d (i,j+1)=d (i+1,5)=(1,1).

and if (i,j) is a negative square in Py.

(o,o)i 5(1,1) (0,0), 5(1,1)

(L, 1(0,0) (1,1 10,0
1 1 1 1
d-types on a positive square d~ -types on a negative square

Consistent with Definition 2.10, for p,q € {0,1}, we can construct pf—paths and qvi—
paths based on d}jf—types and d*-types under the r-order.

Example 4.5. The figures below present each one of pk-paths in the permutation grid of
7 = 316524, where p € {0,1},x € {h,v} and * € {+,—}.

1f-path 07 -path L, -path0,; -path

1, -path _
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These paths defined by d-types under the r-order also exhibit similar behavior as those

defined under the natural order when they encounter filled squares as described in Theorem
2.12.

Theorem 4.6. Let m € B,,, then in the signed permutation grid Py,

(a)

(b)

(c)

(d)

each O;—path (resp. 1Z—path) goes from the left boundary to the right boundary along
the horizontal grid lines except for carrying out a southeast (resp. mortheast) step when
encountering a positive square;

each 0F -path (resp. 1} -path) goes from the top boundary to the bottom boundary along
the vertical grid lines except for carrying out a southeast (resp. southwest) step when
encountering a positive square;

each 0, -path (resp. 1, -path) goes from the left boundary to the right boundary along
the horizontal grid lines except for carrying out a southeast (resp. northeast) step when
encountering a negative square;

each 0, -path (resp. 1, -path) goes from the top boundary to the bottom boundary along
the vertical grid lines except for carrying out a southeast (resp. southwest) step when
encountering a negative square.

Following the proof of Theorem 2.13 but dealing with more complicated cases, we give

the counting formulas for the paths in terms of desp(7) and idesp(7) with any given = € 9B,,.

Theorem 4.7. Let m € B, then in the signed permutation grid Py,

(a)
(b)
(c)
(d)

the number of 0; -paths is desp(m) + 1,
the number of 0, -paths is desp(m),
the number of 1} -paths is n — desp (),

the number of 1, -paths is n — desp(mw) + 1;

and

(e)
(f)
(9)
(h)

the number of 0f -paths is idesp () + 1,

the number of 0, -paths is idesp(m),

the number of 1,F -paths is n — idesp(m),

the number of 1, -paths is n — idesp () + 1.

By Theorems 4.6 and 4.7, in any grid Py, we can use the statistics desp(w), idesp(m)

and n(7) to determine the number of grid points of given d™-type or d~-type.

Theorem 4.8. Let m € B,,, then in the grid Py, there are

(a)
(b)

((desp(m) + 1)(idesp(m) + 1) — n(w) + n) grid points of d*-type(0,0),

((idesp(m) + 1)(n — desp(m)) + n(w) —n) grid points of d*-type (1,0),
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(¢) ((desp(m) + 1)(n — idesp(m)) + n(w) —n) grid points of d*-type (0,1),

(d) ((n —desp(m))(n —idesg (7)) — n(w) + n) grid points of d*-type (1,1);
and

(e) (dess(m)idesyp () + () grid points of d™type(0,0),

(1) (desp(m)(n — desp(m) + 1) — n(x)) grid points of d~-type (1,0),

(9) (desp(m)(n —idesp(m) +1) — n(m)) grid points of d” -type (0,1),

(h) ((n—desp(m) + 1)(n —idesg(m) + 1) + n(m)) grid points of d~-type (1,1).

Example 4.9. Let 7 = 43125 € B; with desp(m) = 2, idesg(m) = 3 and n(w) = 2, then
the following diagrams show the d*-type and d~-type of each grid point, where #d*(p,q)
denote the number of grid points with d*-type (p,q) for x € {+,—} and p,q € {0,1}.

)@

77

: 5 572
#d7(0,0) = 14 #d*(1,0) =10 #dt(0,1) =4 #dt(1,1) =8

1
1:%

1

0

#d(1,1) =15

We now present the combinatorial proof of Theorem 1.4. Note that some symbols in
the proof of Theorem 1.2 are reused , but keep in mind that the objects involved in these
symbols are defined under the r-order.

Combinatorial Proof of Theorem 1.4. We have

B

=n,v,J

={o0 € B, | desg(c) =1 and idesg(c) = j}

and define
Cnvivj = {(07 k) | S ﬁn,i,j and 1 S k S ’n,}
whose cardinality [Cy, i ;| = nb,, ; ; is the left side of (7). For x € {+,—} and p,q € {0,1},
let
D’Elpjbqj) = {(7T7 (r,s))| meB and d*(r,s) = (p,q) in Pﬂ}.

Then it follows from Theorem 4.8 that the cardinality of the set

n,%,J

Dprij = H_J pea)* W DPD

n—1,i—p,j—q n—1i—p,j—q
p,q€{0,1}
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equals the right side of (7). Define
¥((m,(r,8))) = (o,7),
where for p,q € {0,1},

<p(r,s)(77), if (77'7 (’/“7 s)) c D(P:q)+

n—1,i—p,j—q

g =
@(r,s)(ﬂ')a if (7‘(, (T7 5)) € ID7(Lp—7ql),i—p,j—q :
Clearly W is a bijection between D, _1 ;; and Cy, ; j, which completes the proof. |

Example 4.10. For o = 32514 € By 33, as shown below, for 1 <r <5, we have

Ul(o,1) = (2413, (1,3)) € DS, U(0,2) = (2413,(2,2)) € DY),

U Y(0,3) = (3214,(3,5)) € DY, W l(0,4) = (2133, (4,1)) € DI |

U (0,5) = (3241, (5,4)) € D% .

0 € Bs 33 r=1 r=2 r=3 r=4 r=25
1
1
o
% 1 1o 0
32514 2413 2413 3214 2143 3241

5 Further remark

Since the symmetric group &,, is a subgroup of B,,, actually, our combinatorial proofs in
Theorems 1.2 and 1.4 also induce a intuitive way to understand the following recurrence
formula related to the joint distribution descents and inverse descents on &, (see [13,

Eq.(10)]),
TLAn,i’j :(Zj +n— ]-)Anfl,i,j —+ (1 —n +](’n +1-— i))Anfl’ifl,j
+ (1 —n+in+1—j)An 14,1 (11)
+ (Tl -1+ (n +1-— z)(n +1- j))An—l,i—l,j—h
where A, ;; is the number of the permutations in &,, with (i — 1) descents and (j — 1)

idescents for 1 < 4, j < n. The formula was first obtained by Carlitz, Roselle, and Scoville [5]
when they studied the generating function of A, ; ;,

Ap (s, t) = Z gdes(w)+1yides(w)+1 — Z Ap st

weS, i,j=1
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By the model of balls in boxes, Petersen [13] gave an expansion formula of WS)”*AIW

and used it to reprove (11). We mention that their methods are algebraic or semicombina~
torial, and a pure combinatorial proof for (11) is presented in [9].

With the help of quasisymmetric functions, Moustakas [10] derived a recurrence formula
of B-descents over involutions in B, and Cao-Liu [6] obtained a recurrence formula of B-
descents over fixed-point free involutions in B,,. Since the descents are coincidence with the
idescents in involutions, in [8], by utilizing the enumerative results of lattice paths in signed
permutations grids, we not only give bijective proofs of these two formulas of Moustakas
and Cao-Liu, but also determine the recursive formulas of B-descents over involutions and
fixed-point free involutions in 9B, respectively.

Notice that by reversing only all the negative elements in signed permutations, we can
directly see that des” and desp are equally distributed over B,,. Thus we are curious how to
find a straightforward bijection to prove the equidistribution property of (desB ,ides® ) and
(desp,idesp), or to get further refinements of the equidistribution property by involving
other statistics such as major indices, descent sets, and so on.
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