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Abstract

In this note we show that the minimum distance of a linear code equals one plus
the smallest shift in the first step of the minimal graded free resolution of the Orlik-
Terao algebra (i.e., the initial degree of the Orlik-Terao ideal) constructed from any
parity-check matrix of the linear code. We move forward with this connection and we
prove that the second generalized Hamming weight equals one or two plus the smallest
shift at second step in the minimal graded free resolution of the same algebra. Via a
couple of examples we show that this ambivalence is the best result one can get if one
uses Orlik-Terao algebras to characterize the second generalized Hamming weight.
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1 Introduction

The minimum distance d of a linear code C is the most important parameter associated to
C because it controls the error-correction capabilities of C. Unfortunately, in general d is
very difficult to calculate; by [23], computing d is NP-complete.

Since the early development of what now are known as Algebraic Geometric codes, and
all their commutative algebraic relatives (Reed-Solomon codes, Reed-Muller codes, affine
variety codes, evaluation codes, etc.), there has been a growing interest into understanding
and maybe even identifying the minimum distance with some other algebraic invariants,
some more classical than the others. Furthermore, with the beginning of using Grébner
bases to error-correct corrupted message received (see [1], [3]), the attention turned almost
entirely towards studying ideals in rings of polynomials in several variables with coefficients
in a field.

One of the algebraic invariants that we mentioned above is the initial degree (some
authors call it, the a-invariant) of a positively graded finitely generated module over a
standard graded Noetherian ring; this number captures the minimum degree of a nonzero
element of the graded module. [10] explored this connection in details, as follows: in
[4], and further developed in [22], the minimum distance can be calculated recursively by
investigating the heights of several ideals constructed from a generator matrix of the linear
code. It turns out that one can hide this recursive calculation by computing the initial
degree of the Fitting module of C (see [10, Theorem 2.1]), or of the associated graded
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module corresponding to some filtration that occurs for the case of binary linear codes (see
[10, Theorem 3.7]). In the same article, the initial degree of apolar algebras (i.e., inverse
systems) of hyperplane arrangements gives a lower bound for the minimum distance ([10,
Proposition 3.9]), and lastly, there is some connection between the minimum distance, the
initial degree, and the linear strand of the Orlik-Terao algebra of the line arrangement
constructed from a generator matrix of any dimension 3 linear code ([10, Proposition 3.9]).

It was not an artificial stretch to look at the Orlik-Terao algebra of a hyperplane ar-
rangement, except that [10] looked at the wrong hyperplane arrangement. In this note
we will correct this point of view by looking at the Orlik-Terao algebra of the hyperplane
arrangement defined by the linear forms dual to the columns of a parity-check matrix of C
(instead of a generator matrix of C).

In general, the Orlik-Terao algebra is relatively new in the field of commutative algebra
(see [20], [21], or [19]; in other references it is called “the algebra of the reciprocal plane”),
and because of its features trying to mimic the celebrated Orlik-Solomon algebra, it seems to
be specific only to the theory of hyperplane arrangements. But, by using [11, Theorem 2.4],
this algebra is identified with the fiber cone (a.k.a. the special fiber) of an ideal associated to
this hyperplane arrangement. This later graded algebra is a familiar presence in algebraic
geometry and commutative algebra, since it is in direct connection to the famous “resolution
of singularities” and “blowups”. Using this isomorphism, the interested reader can translate
all the results in this paper in fiber cone/special fiber terminology.

The point of view mentioned above, and presented in this note, comes as an immediate
consequence of the characterization of the generalized Hamming weights using a parity-check
matrix. The most important article who looked at this characterization but in connection
to a different graded algebra, the Stanley-Reisner ring of the matroid of the parity-check
matrix, is [14]. This algebra is, in spirit, more combinatorial than algebraic, but is much
simpler to define and to work with: the Stanley-Reisner ideal is monomial and square-free.
Because of this, using [13, Theorem 5.1], the main result [14, Theorem 4.2] proves that for
any 1 < r < k, where k is the dimension of the linear code, the r-th generalized Hamming
weight equals the smallest shift occurring at the r-th steps (i.e., r-th homological degree)
in the minimal graded free resolution of the Stanley-Reisner ring of the matroid associated
to a parity-check matrix of the code. On the same idea, the very recent work [6] shows that
the generalized Hamming weights can be identified with the smallest degree of a square-free
monomial in the corresponding symbolic powers of the same Stanley-Reisner ideal.

Unfortunately, the graded Betti numbers of the Orlik-Terao ideal are not known to ben-
efit of a direct correspondence with the underlying combinatorics. It is relatively immediate
to see that the initial degree of the Orlik-Terao ideal equals the minimum distance minus
one (see, Theorem 2.4). But once we move further into the minimal graded free resolution,
it becomes quite challenging to understand the syzygies of this ideal. Two main reasons for
this are that these ideals are not combinatorial (see [19, Example 1.4]), nor they are mono-
mial (nor binomial), so they do not benefit from some computational advantages (such as
monomial/binomial Grobner bases) that will produce somewhat “standard” free resolutions
(see, for example, Taylor free resolution of a monomial ideal: [7, Exercise 17.11]). One other
disadvantage is that, to our knowledge, only a couple of articles turned their attention to-
wards studying the free resolutions of Orlik-Terao ideals, in general: [19, Section 3] presents
some results concerning combinatorial first syzygies, and, the more elusive, [11, Section 4.3]
where the handling of syzygies of the Rees ideal (hence, of the Orlik-Terao ideal) is hidden
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behind some powerful homological techniques and results. As we will see later, even if
we pass to the initial ideals of Orlik-Terao ideals, which are the Stanley-Reisner ideals of
broken-circuit complexes, the graded Betti numbers depend on the monomial ordering of
the variables (see Example 3.2). For r = 2, in Theorem 3.3 we show that we can place
d2(C) between t + 1 and t + 2, where ¢ is the smallest shift occurring at second step in
the minimal graded free resolution of the Orlik-Terao ideal of A(Ct). Unfortunately, we
cannot do better than these inequalities: Examples 3.1 and 3.4 show that both bounds can
be attained. In Remark 3.5 we discuss briefly about higher generalized Hamming weights,
and we conclude with a conjecture about a lower bound of these.

We started this article with the goal of identifying the generalized Hamming weights
with homological invariants of yet another (commutative) algebra, based on the promising
such result concerning the minimum distance. In the end, we came to the conclusion
that despite a very strong connection with the Stanley-Reisner algebras of two similar
simplicial complexes constructed from the circuits of the same hyperplane arrangement, the
shifts in the minimal graded free resolution of the Orlik-Terao algebra of that hyperplane
arrangement have an unclear behaviour that needs to unravel.

We end the introduction by mentioning [17], where the similar concept of initial degree,
but of a non-homogeneous ideal, comes in direct connection with the minimum distance. In
[17, Proposition 2], the error-capability of the linear code C plus one equals the minimum
degree of an element of a Grobner basis of some binomial ideal. This ideal is constructed
from a generator matrix of C, and takes into account the multiplication table of the base
field.

2 Minimum distance and initial degree of Orlik-Terao
ideals

2.1 Linear codes

Let K be any field, and let n be a positive integer. A linear code C is a linear subspace of
K”™. n is the length of C, and k := dimg(C) is the dimension of C.

For any vector w € K", the weight of w, denoted wt(w), is the number of nonzero
entries in w. The minimum distance of C is the integer:

d = d(C) := min{wt(c)|c € C\ {0}}.

n, k, and d are called the parameters of C, and C is called an [n, k, d]-linear code.

A generator matriz of C is any k X n matrix whose rows form a basis for C. If G is such
a matrix, then any element ¢ of C (called codeword) is a linear combination of the rows of
G, so ¢ = v(, for some v € K*. Using simple linear algebra we obtain that the transpose
of any such c is in the kernel of an (n — k) x n matrix, called parity-check matriz of C. Also,
a code is called non-degenerate if any generator matrix G doesn’t have a zero column.

If C* denotes the orthogonal dual of C in K®, then C* is an [n,n — k, d(C*)]-linear code,
called the dual code of C, and it has a generator matrix H, where H is a parity-check matrix
of C.

Remark 2.1. Let C be an [n,k,d]-linear code with a generator matriz G. We have the
following properties:
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(i) If G is in standard form, i.e., G = [I|P], then H := [—=PT|I,_] is a parity-check
matriz of C. By the row reduction algorithm, and possibly after a permutation of the
columns of G (which produces a generator matriz of an equivalent code to C; none-
the-less, this “new” linear code has the same parameters as C), any matriz G can be
brought to standard form.

(i) H has a column consisting all of zeros iff P has a row consisting all of zeros iff d = 1.
This is saying that C* is non-degenerate iff d > 2.

2.1.1 Generalized Hamming weights

Let C be an [n, k, d]-linear code. Let D C C be a subcode, which is just a linear subspace of
C. The support of D is

Supp(D) = {i|3(z1,...,z,) € D with x; # 0}.

Let m(D) := |Supp(D)| be the cardinality of the support of D.
If c=(c1,...,cn) € C is a codeword, similarly define the support of ¢ to be supp(c) :=

{ile; # O}

For any r = 1,...,k, the r-th generalized Hamming weight of C is the positive number
d.(C) := i D).
r(C) Dgcgilﬁb:rm( )

By convention, dy(C) = 0.

By [24, Theorem 2], we have the following crucial result. Let C be an [n, k]-linear code
with parity check matrix H. If [n] := {1,...,n} and 7 € [n], denote by H; the i-th column
of H. Let 1 <r <k be an integer. Then

d.(C) = Irrcli[n]{m ||I] — dimg Spang{H; |i € I} > r}.
Remark 2.2. We have the following.

(i) d1(C) equals the minimum distance d of C; this is because all subcodes of C of dimension
1 are the linear spans (i.e., scalar multiples) of the nonzero codewords of C.

(i) C has minimum distance d if and only if d is the mazimum integer such that any d—1
columns of any parity-check matriz of C are linearly independent.

(iii) The version of Wei’s formula that uses a generator matriz G of an [n, k]-linear code
C instead, is the following: d,.(C) equals n minus the mazimum number of columns of
G that span a k — 1 dimensional vector subspace of KF.
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2.2 Hyperplane arrangements

Let G be a k x n matrix with entries in a field K; and suppose it doesn’t have any column
consisting entirely of zeroes. Let R := K[z1,..., x| denote the graded ring of polynomials
with the standard grading given by the degree; the zero polynomial has any degree.

To the 4-th column [ay 4, ..., ak,i]T of G' we associate the dual linear form {; :== a1 ;21 +
-+« + ayzr € R. Then, for each i = 1,...,n consider the hyperplane H; := V({;) C K*;
this way we obtain a (multi) hyperplane arrangement. The prefix “multi” (that we will
omit writing it) is justified by the possibility that maybe some of the columns of G are
proportional.

Suppose now that G is a generator matrix of an [n, k, d]-linear code C. Denote with A(C)
the hyperplane arrangement constructed from G as we described above. This construction
is reversible (modulo, “monomial equivalence of linear codes”): starting with a hyperplane
arrangement of n hyperplanes in K* and of rank k, by recording the coefficients of each
defining linear form, one can form a k X n matrix of rank k£ that can be thought of as a
generator matrix of a linear code; this matrix is sometimes called the coefficients matriz of
the hyperplane arrangement. If one permutes or rescales the columns of a matrix, on obtains
the same hyperplane arrangement if we think of this matrix as the coefficients matrix, and
one obtains different, yet equivalent, linear codes if we think of this matrix as a generator
matrix.

Any hyperplane arrangement, or its coefficients matrix, comes with a matroid, and the
connections between the combinatorics of this matroid and the properties of the associated
linear code are very strong; see [15] for extended details.

2.2.1 The Orlik-Terao algebra

Let A(C) be the hyperplane arrangement associated to any generator matrix of an [n, k, d]-
linear code C. Suppose we fixed the linear forms ¢; € R. Let S := K[y, ..., y,] and consider
the ring epimorphism

v: 8= R, y(yi) =4, 1 <i<n.

The kernel of v, denoted here F(C), is an ideal of S, minimally generated by n — k linear
forms in S. This is often called the relation space of A(C). The matrix of the coefficients
of the standard basis of F(C) is an (n — k) X n matrix which is the generating matrix of the
dual code C* of C.

Now let us define the ring epimorphism

The Orlik-Terao algebra is OT(C) := K[y1, ..., yn]|/ ker(¢). ker(¢) is called the Orlik-Terao
ideal, and it is denoted IOT(C).

In these pages we will look at the Orlik-Terao algebra of A(C*). If d = 1, then by
Remark 2.1 (ii), any generator matrix of C*+ will have a column consisting all of zeros. In
this case we cannot construct the Orlik-Terao algebra since there is no hyperplane dual to
the zero vector.

Remark 2.3. With the above notations we have the following.
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(i) It is well known (see [20, 21, 19]) that IOT(C) is generated by
Naryi, + -+ auys,) == Z%‘yil iy Yias
j=1

where a1y;, + -+ - + ay¥i,,a; # 0 is an element in the relations space F(C).

(it) If the generator matriz is G = [a;;],1 < i < k,1 < j < n, then [5, Proposition 2.6]
implies that the Orlik-Terao ideal can be obtained as the colon ideal IOT(C) = J :
(y1 -+ yn)>™, where J is generated by the mazimal minors of the following matriz

a11Y1 - Q1nYn
1Yt - QknYn
1 .. 1

(i1i) [18, Theorem 4] shows that the generators obtained at (i) from circuits in the matroid
of a generator matriz of C form a universal Grobner basis for IOT(C). With this,
the initial ideal of IOT(C) equals the Stanley-Reisner ideal of the “broken-circuit com-
plex”, which is similar to the Stanley-Reisner ideal considered in [14]. For example,
if {1,2,3} is a circuit of the matroid (i.e., the first, second, and third columns of
the matriz are linearly dependent), then y1y2ys is an element of the Stanley-Reisner
ideal of the matroid simplicial complex. But also {1,2}, {1,3} and {2,3} are broken
circuits, and depending on the chosen ordering of the variables, y1y2, or y1ys3, or ya2ys
belong to the Stanley-Reisner ideal of the corresponding broken-circuit complez.

The initial degree of a finitely generated graded module M = &;>¢M; over any positively
graded ring, denoted «(M), is the smallest ¢ for which M; # 0; in other words, it is the
smallest degree of a generator of M. Sometimes, this is called the a-invariant. With this
definition we have the following

Theorem 2.4. Let C be an [n, k,d]-linear code such that d > 2. Then
d = a(IOT(Ch)) + 1.

Proof. Let H be a parity-check matrix of C. By Remark 2.2 (ii), any d — 1 columns of H
are linearly independent, and there exist d columns of H that are linearly dependent.

Using [14] or [15] language, the matroid of H (or the hyperplane arrangement A(C*)) has
the smallest circuit being of size d. This circuit comes from a dependency a1 4;, +- - -+aql;, =
0,a; # 0 among d defining linear forms for A(C1), and this dependency corresponds to the
element D := ayy;, + -+ + aqyi, € F(C1).

Immediately we have 9(D) is an element of degree d—1 of IOT(C1). But, by Remark 2.3
(i), this ideal is generated by 0 of dependencies corresponding to dependent sets, and since
there are no smaller size dependent sets of the matroid of H, we have a(IOT(C1)) = d — 1.
O
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Example 2.5. For all the calculations in this example, we are using [12].
Let C be a linear code over F3 with generator matrix

100 1 1 11
G=|01 00110
001 00 21
The corresponding parity-check matrix is
2001000
2200100
= 221 0010
2 0 2 00 01

The defining linear forms of A(C*) in R = F3[w1, 29,73, 24] are
/) = 2($1 + X2 + 3 +$4),£2 = 2(.132 —|—$3),€3 = x3+ 2.134,&1 = $1,£5 = -7727£6 = $3,€7 = Zy4.

Let S :=F3[y1,...,y7]. Then, by using Remark 2.3 (i), the Orlik-Terao ideal IOT(C*)
has generators

O(ys — Yo + Y7) = Y3Ye — Y3y7 + Yeyr,

(2 + Y5 + Y6) = Y25 + Y296 + YsY6,

O(Y1 — Y2 + ya + y7) = Y1y2ys + Y1Y2yr — Y1Yayr + Y2yay7,

O(y2 + Y3 + Ys + y7) := Y2Y3ys + Y2Ysyr + Y2Ysy7 + Y3ysyr,

and some elements of degree four which are boundaries of relations corresponding to any

linear dependency of five defining linear forms; A(Ct) has rank 7 — 3 = 4, so any five of
the defining linear forms are linearly dependent. Also note that

Oy2 +ys +ys + y7) = (Y3 + y7)0(y2 + ys + y6) — (Y2 + y5)0(y3 — y6 + y7),

so this element will not show up in the set of minimal generators.
It is clear that «(IOT(C1)) = 2, and therefore the minimum distance of C isd =2+1 =
3.

3 Second generalized Hamming weight and syzygies of
Orlik-Terao ideals

3.1 Minimal graded free resolution

Let I be a homogeneous ideal of S = K[y, ..., y,], the standard graded ring of polynomials
in variables y1,...,y, with coefficients in a field K.
Let

05F, ... P F, % F S F =9 %% 5/ 50

be the minimal graded free resolution of S/I, as a graded S-module. For each 0 <i < p, we
have F; = @;5(—4)%+(5/D) as a graded free S-module. The numbers 3; ;(S/I) are called
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graded Betti numbers, and for each 7, except for finitely many, all §; ;(S/I) are zero; if i = 0,
we have o 0(S/I) = 1 and By;(S/I) = 0, for all j # 0. The length of the minimal free
resolution is called the projective dimension, i.e., p = pdimg(S/I).

For 1 < i < p, we say that F; sits at step i in the free resolution of S/I (or, sits in i-th
homological degree of S/I), and an element of ker(¢;—1) C F; is called an (i — 1)-th syzygy
of I.

For each 1 < i < p, denote

ti(I) := min{j|; ;(S/I) # 0}.

Note that ¢1(I) = «a(I). Because of the minimality of the free resolution, we have that
the sequence of these minimal shifts, ¢1(1),...,t,(I), is strictly increasing and ¢1(I) > 0.
Similarly, one can define the sequence of maximal shifts, T1(I), ..., T,(I). Clearly T;(I) >
t;(I), fori=1,...,p.

The value max{T;(I) —ili = 1,...,p} is the (Castelnuovo-Mumford) regularity, denoted
reg(S/I).

The importance of the minimal and maximal shifts in the free resolution is transparent
in the famous Multiplicity Conjecture (due to Herzog, Huneke and Srinivasan):* if S/I is
Cohen-Macaulay (i.e., pdimg(S/I) = ht(I) = p), then

Pt P Ti(I
1:1'2( ) Sdeg(.[) S 7,:1'1( )
p: b

In this section we will focus on to(I).

Example 3.1. Let us investigate Example 2.5 a bit further. The circuits of the matroid of
the matriz H are
{3,6,7},{2,5,6},{1,2,4,7},{2,3,5,7},{1,2,3,4,5},{1,2,3,4, 6},
{1,3,4,5,6},{1,3,4,5,7},{1,4,5,6,7},

and the minimal graded free resolution of the Stanley-Reisner ring S/I is

0— S™(=7) = S?(=5) @ S™3(—6) — S*(—3) ® S*(—4) @ S°(-5) = S — S/I — 0.

Here, S = Klyi,...,y7] and I is generated by the square-free monomials H yi, for any C
eC
circuit in the above list.
By [14, Theorem 4.2], the generalized Hamming weights of C are the smallest shifts at
each step in the resolution:

d,(C) = 3,d5(C) = 5,d3(C) = 7.

On the other hand, the minimal graded free resolution of the Orlik-Terao algebra OT(C*)
18

IThis conjecture was proved completely in [8]. For a good survey of prior results that checked the validity
of the conjecture in special cases, and for a summary of other discussions on this topic, we recommend [9].
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0— S3(—6) — S(—4) @ S5(—5) — S*(—2) ® S(-3) ® S(—4) = S — OT(Ct) — 0.

Observe that for r =1,2,3,
t(I0T(CH)) + 1 = d,.(C).

A standard technique to study any homogeneous ideal is to turn the attention towards
its initial ideal. The initial ideals of Orlik-Terao ideals are Stanley-Reisner ideals of the
corresponding broken-circuit complexes (see, [18]), and they were successfully used in some
of the proofs in [19]. But, as we will see in the next example, they cannot help to calculating

da(C).

Example 3.2. We will look again at Examples 2.5 and 8.1. In [12], the default monomial
order is the graded reverse lexicographic order. We will use the same, but we will order the
variables of S differently each case.

Above we listed the basis of all circuits, and to obtain the broken-circuits, we have to
remove the “smallest” element under a fized ordering of {1,...,7} from each circuit.

o [f we order the variables y1 > ya > ys > ya > Y5 > Yg > Yz, then this ideal is

I = (y3Ye, Y2Ys, Y1Y2Y4, Y1YaYsY6, Y1Y3Y4Y6),

with S/I having the minimal graded free resolution
0— S3(—6) = S*(—4) @ S°(=5) — S*(=2) ® S(-3) ® S*(—4) = S = S/I; = 0.
o If we order the variables y1 > ya2 > ys > ya > Ys > Y7 > Ys, then this ideal is

Iy == (y3Ys, Y2Ys: Y2Y3Y7, Y1Y2Y4, Y1YaY6 Y7, Y1Y3YaY7) s

with S/Iy having the minimal graded free resolution
0 — S3(—6) — S(=3)®S?*(—4)®S°(—5) — S*(—2)®S*(-3)dS?*(—4) — S — S/I, — 0.

As we can see, to(I1) = 4 and to(Iz) = 3, obviously different numbers.
As a side note, in terms of Hilbert series (and functions) of the corresponding algebras,
by [16], we have equality throughout:

HS(OT(Ct),s) = HS(S/I1,s) = HS(S/I5,s).

Furthermore, it is worth mentioning that, in general, the Hilbert series of the Orlik-Terao
algebra equals the Poincaré polynomial of the hyperplane arrangement evaluated at s/(1—s);
see [21] (for K a field of characteristic 0) and [2] (for any field K). In our example,
1+ 35 + 452 + 353
HS(OT(C),s) =
( ( )7 S) (1 . 5)4

Theorem 3.3. Let C be an [n, k,d]-linear code, with d > 2. Then, the second generalized
Hamming weight satisfies

t2(IOT(CH)) 4+ 1 < do(C) < to(IOT(CH)) + 2.
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Proof. Let H be a parity-check matrix of C; this is an (n — k) X n matrix of rank n — k.
From Section 2.1.1, we have

d>(C) = Irrcu[g]{|l| ||I| — dimg Spang{H; |i € I} > 2}.

For convenience, we denote Hy := Spang{H; |i € I}, for any I C [n]. Also, we will drop
the subscript K.

Let m = dy(C). If m = 2, then, since 1 < d = di(C) < do(C) = m, forces d = 1;
contradiction. So m > 3.

After some reordering of the columns of H, suppose J = {1,...,m} has the property

Since m is minimum, for any ¢ € J we have |J \ {i}| — dim(H j\;3) < 1, which gives
|J| = dim(H j\ ;1) < 2. From 2 < |J| —dim(H ;) < 2 4 dim(H p\ (43) — dim(H ), we obtain
dim(Hy) = dim(H j\;1), for all 4 € J. So dim(H p\ r;3) < m —2, and since |J\ {i}| = m —1,
we obtain that J \ {i} is a dependent set for every i € J.

Consider ¢ = 1, and let C be a maximal size circuit in J\ {1}. Suppose C; = {2,..., s},
for some s < m. Let Cy be a maximal size circuit in J \ {2}. Since Cy € Cy and Cy € Cb,
we have two cases:

(i) C1NCq # (. In this case, we suppose Cy = {1,3,...,34+u,s+1,...,s+v}, for some
I<u<s—3and 0<v<m-—s.

(ii) CLNCy = 0.
Case (i). Suppose the dependency of Cy is
Dy == azy2 +y3 + agys + - - + asys,
with a; € K\ {0}, and the dependency of Cj is

Dy :=b1y1 +y3 +bays + - - + b31wY31u T bsr1Ysy1 + -+ bsgoYsto,

with bj S K\ {O}
Then, after some possible reordering of the columns of H, we can assume that D3 :=
Dy — Dy becomes the linear dependency that corresponds to a circuit in J \ {3}:

*bly1+a2y2+(at*bt)yt+' ' '+(a3+u*b3+u)y3+u+a4+uy4+u+' : '+asys*bs+1ys+17' : '7bs+vys+v7

for some 4 <t < 3 4+ u, with a; # b;.
We will use the following convenient notation: if D := ¢;, y;, +- - -+¢;, ¥, is a dependency
corresponding to a circuit, then we can write

With this, if in the expression D3 = Dy — Dy we formally replace y; with its reciprocal
1/y;, we obtain
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oDs) _ ODy) 9(Ds)
Y1Yy2ye - Ys+o Y2 Ys Y193 - - Ys+ulYs+1 - Ys+o
Clearing denominators we obtain the 1-syzygy

Y3 Y—10(D3) — Y1Ys41 - Ys+00(D1) + YoYatu - - - ysO(D2) =0,

of degree s+ v — 1. If it happens that 9(D3) = P10(D;) + P,0(D2), for some P, P, € S of
the appropriate degrees (i.e., the syzygy above is trivial), then we immediately obtain the
non-trivial 1-syzygy on the minimal generators (D) and 9(Ds):

(Ys - Y—1P1 — Y1Yst1 - Ys10)0(D1) + (Y3 - Ye—1P2 + YoYagu - - - Ys)0(D2) = 0,

which, after some possible simplifications has degree < s +v — 1.
From both cases we conclude

tr(IOT(CH) <s+v—-1<s+(m—s)—1=m—1=dyC) — 1.

Case (ii). Suppose |Ca] = —1 <m —1. Since |C1| =s—1<m—1,and C;NCy =0,
then (s — 1)+ (s’ = 1) <m.

If Dy is the dependency of C; and Dj is the dependency of Cs, then 9(D;) € IOT(C*)
is of degree s — 2 and 9(D3) € IOT(C?) is of degree s’ — 2. The Koszul syzygy

d(D2) - 9(Dy) = 9(Dy) - 9(D2) =0
produces a 1-syzygy of IOT(C*) of degree (s — 2) + (s’ — 2). This implies
t(IOT(CH)) <s+s —4<m—2=dy(C) —2.
Both cases above give the inequality

t2(IOT(CH)) + 1 < do(C).

For the other inequality, first denote ¢ := t5(IOT(C*)). Suppose there is a 1-syzygy of
degree t on some minimal generators d(E1),...,d(E;) of the Orlik-Terao ideal of C*:

(x) PLO(EY) + -+ - + PsO(Es) = 0,

with Py, ..., Ps nonzero homogeneous polynomials in S, and such that deg(P;)+deg(9(E;)) =
t,foralli=1,...,s.

Each E; is the minimal dependency corresponding to a circuit J; of size | J;| = deg(9(E;))+
1, which we will denote with e;.

Claim: For i # j, since J; and J; are distinct circuits, then |J; U Ja| > da(C).
Proof of Claim: We have |.J;| — dim(H,) > 1 and |.J;| — dim(H ;) > 1. So,

‘Ji @] Jj‘ + |Ji N Jj| = ‘Ji| + |Jj| + 2+ dim(HJi) + dim(HJj>.
Since dim(H j,) 4 dim(H ;) > dim(H y,us,) + dim(H ,n7,), we then have

|J; U Jj| — dim(HJiujj) >2—(]J;N Jj| — dim(HJian)).
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But J;NJ; € J; and J; N J; € Jj, and so, J; N J; is either the empty set or it is an
independent set. In either case, we have |J; N J;| = dim(H j,ny,), and therefore,

|J; U Jj| — dim(H y,04,) > 2.
From Wei’s formula (see Section 2.1.1), we have |J; U J;| > d2(C).
If M € S is a monomial, then define the support of M to be
supp(M) := {i|y; divides M}.

Let us go back to the syzygy (x). Suppose J; = {1,...,e1}. Suppose we picked a
monomial order on S with y; > -+ > y,. Then, the leading monomial of P;d(FE;),
which is Mijy; -+ ye,—1, in order to get cancelled, it must occur as some monomial in
the expressions of at least one of P,d(E2),...,Ps0(Es). Say it shows up in P,d(E2). Sup-

pose Jo = {i1,...,4c,}, and suppose that this monomial is May;, - - s, iy for some
vedl,...,ea}.
We have

(1ud2)\{er, i} C (Ji\{e1})U(J2\{iv}) € supp(M1y1 -+ Ye, —1) = supp(Mayi, -+ ¥i, -+ Vi, )-
This gives
[J1U T2 =2 < [(J1UJ2) \ {er, i} < [supp(Miys -+ Ye,—1)| < deg(Miys -+« yey,—1) = 1.
Therefore, from Claim above we have the inequality

d2(C) <t +2.

Example 3.4. If in Example 3.1 we showed that the lower bound is attained, in this example
we show that the upper bound is attained.
Let C be the linear code over a field K, of characteristic not 2, with a parity-check matrix

1 00 1 1 0
H=|101 0 -1 0 1
0 01 0 -1 -1

Some of the circuits are
{1’ 27 4}7 {17 37 5}7 {47 57 6}7 {27 37 6}7

with corresponding dependencies:

Dy :=—-y1 +y2+ya, Do = —y1 +y3s + ys, D3 1= ya — Y5 + Y6, D1 := —y2 + y3 + Y-

The corresponding elements in the Orlik-Terao ideal are
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(D1) = —YoYs+y1ya + Y192

(D2) = —y3ys +vy1ys + Y193
d(D3) = Ysys — YaYs + Yays

(Ds) = —ysYs + Y2¥6 + y2ys3-

In fact, one can check that they minimally generate this ideal.
It is not hard to check that on these elements we have a linear syzygy:

(=y3 — y5)9(D1) + (y2 + y4)9(D2) + (—y2 + y3)9(D3) + (—ya + y5)9(D4) = 0.

So we have t2(1I0T(C1)) = 3.
Now we compute dy(C). A generator matriz for C = (C+)* is

-1 1 01 00
G=|-1 01010
0 -1 1001
From Remark 2.2 (iii), we have d3(C) equals 6 minus the mazimum number of columns of
G that span a 3 —2 =1 vector space: d2(C) =6 —1=25.

Hence, for this example,
do(C) = to(IOT(C)) + 2.

Remark 3.5. Regarding the higher generalized Hamming weights, we have a bit more
information only about the last weight, di(C).

By [18], the Orlik-Terao algebra OT(Ct) is Cohen-Macaulay of projective dimension
pdimg(OT(C1)) = ht(IOT(C1)) = k.

Also because of the Cohen-Macaulay property, we have reg(OT(C*)) = T, (10T (C*)) —k.

At the same time, by [11, Propositions 1.2 and 2.7], we have reg(OT(C*)) =n —k —c,
where ¢ > 1 is the number of components of A(C*+). Therefore,

n = Tp(IOT(C*)) + ¢ > t,(IOT(CY)) +c.
The dual version of [14, Corollary 4.3] says that, if C is an [n, k,d]-linear code, then
dp(C) =n — ¢,

where ¢ is the number of zero columns in a parity-check matriz of C (i.e., the number of
loops in the matroid of C*). Since we assumed that d > 2, we have { = 0. Everything
together leads to

d(C) > tx(TIOT(CH)) + c.

A relevant example is the following. Let C be the linear code over a field K, of charac-
teristic not 2, with a parity-check matrix

100 0 -1 0 0
0100 -1 0 0
i = 0010 0 -11
0 0 01 0 -1 0
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The defining linear forms for A(C*) are x1, %9, x3, x4, —(21+22), —(v3+24), 24 € Klz1,. .., 74];
it is clear that there are ¢ = 2 components.

The circuits of H are {1,2,5},{3,4,6},{3,7},{4,6,7} that will give the minimal gener-
ators of IOT(C*) € S :=K[y1,...,y7]:

Y2Ys + Y1Ys + Y1Y2, YalYe + Y3Ye + Y3y, Y7 — Y3.
With these generators we obtain the minimal graded free resolution:
0— S(=5) = S?(=3)® S(—4) — S(—1) ® §*(-2) = S — OT(Ct) — 0.
We have
t1I0T(CH)) = 1,t2(I0T(CH)) = 3,t3(I0T(CH)) = 5 = T3(I0T(CH)).

The Stanley-Reisner ideal of H is I = (y1Y2Ys, Y3YalYs, Y3y, Yaley7), and if we use this
to compute the generalized Hamming weights of C we obtain:

d1(C) =2 =t;(I0T(CY)) 4+ 1,ds(C) = 4 = t,(IOT(CL)) + 1,d3(C) = 7 = t3(IOT(C)) + 2.

At this moment, we can only conjecture that if C is an [n,k,d]-linear code with d > 2,
then, for any 1 <r <k, we have

d.(C) > t,(I0T(CY)) + 1.

Acknowledgement I am grateful to the anonymous referee for important comments and
suggestions.
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