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Abstract

The central objective of this work is to establish a new transcendence criterion for
non quadratic p-adic numbers by using their Ruban continued fractions. By taking a
pair (a, a/) of p-adic numbers and under certain combinatorial conditions, we prove
that one of o and o is transcendental or both are quadratic.
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1 Introduction

The notion of a continued fraction was introduced in multiple research works of several
mathematicians in order to provide results on the transcendence of a real number and to
approximate it by rationals. As far as this issue is concerned, we have numerous results.
In particular, Maillet [15], in 1906, provided illustrative examples of transcendental con-
tinued fractions with bounded partial quotients. Another result was found by Baker (8],
who proved equally that there are many continued fractions with bounded partial quotient
which converge to transcendental numbers. Motivated and inspired by Baker’s finding and
using the Subspace theorem [20], Adamczewski and Bugeaud [1] made further important
discoveries in this direction. Subsequently, they gave in [2] a criterion about palindromic
continued fractions and proved that if the sequence of partial quotients of an irrational num-
ber « begins with arbitrary long palindromes, then « is either quadratic or transcendental.
Next in [3], Adamczewski and Bugeaud established an extension of this criterion. Relying
on the Schmidt Subspace Theorem [20], they studied a pair («,a’) of real numbers and
proved, under certain conditions on their continued fraction expansion, that either one of
« and o is transcendental, or both are in the same real quadratic field. Before introducing
the result of Adamczewski and Bugeaud in [3], we present some practical properties of the
terminology from combinatorics on words.

Let A denote a countable set. The length of a finite word W on the alphabet A, that is the
number of letters composing W, is denoted by |W|. The reverse word of W = a; ...a, is
the word W = a,, . ..a;. We say that, W is a palindrome if and only if W = W. We identify
any sequence a = (an)p>1 of elements from A with the infinite word a1 as...an, . ...

Theorem 1. ([3/, Th. 1.4)

Let @ = (an)n>1 and a ' = (a},)n>1 be two sequences of positive integers. Set

a =[0;a1,as,...], o =[0;a},db,..].
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We assume that there exist two sequences of finite words (Uy,)p>1 and (Vi)n>1 with the
alphabet Z>( such that:
i) for every n > 1, the word V,, is a prefiz of the word a;
ii) for every n > 1, the word U,V is a prefiz of the word a', where V,, is the reverse
word of Vy;
|Un|

1i1) the sequence (
) Vi

iv) the sequence (|Vy|)n>1 1s increasing.

) 18 upper bounded;
n>1

Pn

Let us now denote (
dn

) the sequence of convergents to o' and let us assume that the
n>1

N >

sequence (g7 )n>1 s bounded. Then, either one of o and o' is transcendental, or both are
in the same real quadratic field.

Recently, in 2013, Y. Bugeaud [9] has developed a transcendence criterion for quasi-palindromic
continued fractions by using the subspace theorem.

The theory of real continued fractions has been generalized for the field of p-adic numbers
Qp. The first idea in this way appeared in [14]. Later, an improvement was made by
Schneider [21] who set forward a first definition for a p-adic continued fraction expansion.
Two years later, Ruban gave in [18] a different, a simpler and a more similar algorithm to the
real case. However, contrarily to the real case, these two algorithms provide finite or periodic
continued fractions for rational numbers. In this respect, Wang [22] and Laohakosol [12]
proved independently that a p-adic number « is rational if and only if its Ruban continued
fraction is finite or ultimately periodic with all partial quotients in their period is equal
to (p — p~!). Furthermore, for the quadratic p-adic numbers, Ooto [16] confirmed that an
analogue of Lagrange’s theorem does not exist. Moreover, Capuano, Veneziano and Zannier
[10] reported an effective condition to detect the periodicity of p-adic numbers. Using the
properties of Ruban’s continued fraction and motivated by the same type of research in the
real case, multiple authors reported pertinent discoveries. In 2017, inspired by a Baker’s
result, Ooto [16] gave a criterion of transcendence for quasi-periodic continued fractions in
the field of p-adic numbers. This result was based on a theorem of Ridout [17]. Motivated by
a result of Adamczewski and Bugeaud [3], the authors obtained in [7, 6] new transcendence
criteria for p-adic continued fractions. They proved that some palindromic and quasi-
palindromic p-adic continued fractions, under some conditions, converge to transcendental
numbers. Subsequently, the authors asserted in [4] that quasi-periodic p-adic continued
fractions converge to transcendental numbers (under some additional conditions).

As far as this paper is concerned, a new criterion of transcendence for Ruban p-adic
continued fractions is given with which an analogous of Theorem 1 stated above is proved
by using the p-adic version of the Schmidt Subspace Theorem, introduced by Schlickewei
[19]. In fact, elements of a sequence of Ruban continued fraction are rationals in

1
Z |- N(0,p) and not integers like elements of a sequence of real continued fractions. Unlike

the real case, the p-adic version of the Subspace Theorem combines archimedean and non-
archimedean absolute values.

The current work is organized as follows: In Section 2, we recall some notation and
results for Ruban continued fractions in Q,,, and we equally identify certain basic proper-
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ties which are necessary in our work. Our results of transcendence of p-adic numbers are
displayed in Section 3. Subsequently, in Section 4 we provide proofs for our main theorems
as well as for some necessary lemmas.

2 Ruban continued fractions

Let p be a prime number. The field of p-adic numbers, Q,, is the completion of Q with
respect to the p-adic absolute value | |, normalized such that |p|, = p~!. As such it is
analogous to the field of real numbers with respect to the usual absolute value | |». It is
worth noting that Q, is also the fraction field of the p-adic integers ring Z, where:

+oo
Zp = {ZCZP’LJ ¢ € {Oaapl}}a
=0

and so,

“+oo
Qp{Zcipi;|ci€{O,...,pl}; kGZ}.

i=k

Recall that the p-adic absolute value | |, over Q, is defined for any a € Q,:

lal, = 0 for a = 0;
A = p~(@) for a # 0,

where v, is the p-adic valuation: v, : Q, — Z U {400},

400, ifa=0,
+oo

vpla) = inf{i / ¢; #0}, if a= Zcipi where ¢; € {0,...,p— 1}.
i=k
400 )
For every p-adic number o = Z c;p'. Set the p-adic floor part of « as:
i=k
[a] . b_kp_k + b_k+1p_k+1 +...+ b_lp_l + bo, if k>0
P70, otherwise

and {a}, = bip + bap? + ...+ b,p™ + ... as the fractional part of a.
We write ag = [@,. If @ # [a],, then « can be written in the form :

a:aozao+;,
1

with o € Q, and |aa|, > p. If a1 # [0a]p, then oy can be written as:

= —|— -,
aq [0‘1]1) o
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1

with ap € Qp. If @, # [avp]p, We continue by writing o, = [a,], +
[e778S]

g, = [o)p, we

stop this process.
Finally, every p-adic number « has a unique Ruban continued fraction in the following form:

1
a = [aglp + T = [ag,a1,a2,...,0n-1,0n, .. ]p.
aqly +
[ l]p . 1
4+ T
[an—1]p + 1
ap + —
1
where a, = [og]p, and o = —— , for all k > 1.
Q-1 — k-1
Now, for an infinite Ruban continued fraction o = [ag, a1, ...]p, we define some positive

rational numbers p,, g, by using the following recurrence equations:

p-1=1, po=ao, ¢-1=0, g =1
Dn = QnPpn—1 + Pn—-2, Gqn = AnGn—-1 + gn—2, for any n > 1.

The Ruban continued fraction has several similar properties with the real continued

fractions. Notably, Pn s called the n*convergent of a and we have this following
n
proposition.

Proposition 1. [16]

a-bn <|qn|;2and lim 2% = o
nlp n—=00 ({n

3 Results

Throughout this section, for a given bounded sequence (a;);>1 € Qlix, we denote

A4+ VAZ+4
A =max{a;,i > 1} and B = B(A) = %

Our first result in this section is the following theorem which gives a new criterion of
transcendence for Ruban continued fractions.

Theorem 2. Let p be a prime number such that p > B3 and let a = [0;ay,az,...,a;,.. Jp
be a p-adic number represented as a Ruban continued fractions, where the sequence (a;)i>1

T
is not ultimately periodic and {—vy(a;)}i>12 is bounded. Let (n) be the sequence of
B Sn n>1
convergents of Ruban continued fraction expansion of a. If there exist a non-zero integer

quadruple (a,b,c,d) and an infinite set N of distinct positive integers such that
asp_1+brp_1+cs,+dr,=0,VnecN, (3.1)

then « is either quadratic or transcendental.



L. Dammak, M. Hbaib, S. Miladi 83

Our next statement deals with a class of continued fractions satisfying the following
condition denoted by (x),,.
Let a = (a;);>1 and a’ = (a;);>1 be two sequences of elements from A, that we identify
with the infinite words a; as ... and a) as, .. ., respectively. We assert that the pair (a,a’)
satisfies Condition (x),, if there exist two sequences of finite words (Up)n>1 and (V3,)n>1
such that:

(i) for every n > 1, the word V,, is a prefix of the word a;
(ii) for every n > 1, the word U,, V,, is a prefix of the word a;

|Un|

Vi

1
(iii) the sequence ( > is upper bounded by w > 5
n>1

(iv) the sequence (|V,|)n>1 is increasing.

Theorem 3. Let p be a prime number. Let o = [0;a1,a2,...,a;,...], and
o = [0; all, aIQ, ceey a;, ...]p be two p-adic numbers represented as two Ruban continued frac-
tions, where a = (a;)i>1 and @ = (a;)i>1 are two sequences not ultimately periodic and

satisfying Condition (x),,. Assume that {—v,(a;)}i>1 is bounded. If
P > BQw+2,
then either one of a and o' is transcendental or both are in the same quadratic field .

Remark 1. In the case where |U,| = 0, we obtain Theorem 3.1 in [5]. Applying Theorem
3 with a = a we recover Theorem 3.4 in [5].

Corollary 1. Let p be a prime number such that p > 5. Let o = [0;a1,02,...,0;,...]p
and o = [0; all,a;, ey a;, ...]p be two p-adic numbers represented as two Ruban continued
fractions, where a = (a;)i>1 and @' = (a;)i>1 are two sequences not ultimately periodic such
that {—vp(a;)}is1 is bounded. Assume that a and @ satisfy Condition (x),,.

If A =1, then either one of a and o’ is transcendental or both are in the same quadratic
field.

Corollary 2. Let p be a prime number such that p > B3. Let (a;)i>1 be a sequence of
1

rational numbers in Z {] N(0,p) not ultimately periodic such that {—v,(a;)}i>1 is bounded.
D >

Assume that there exist (ng)i>1, (Mk)k>1 and (Tg)k>1, three sequences of positive integers
where (1) g>1 s bounded and suppose that the sequence (a;);>1 satisfies:

Onptj = Onp+hrp+j Zp—p ' for 1<j<r, and 1<h<) —1,

and k41 > ng + Agrg for every k > 1. If

) A
lim sup LS 2,
k—+o0o0 Mk

then the p-adic number [0; a1, az, ...], s either quadratic or transcendental.
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The proof of our theorems are mainly based on the p-adic version of the Schmidt Sub-
space Theorem, established by Schlickewei [19].
Let n > 2 be an integer, and let x = (x1, ..., &, ) be an n-tuple of rational numbers. Set
[X|oo = {max|z;|;1 <i<n} and |x|, = {max|z;|p;1 < i <n}.

Theorem 4. [19] Let p be a prime number, and let L1 oo, . .., L oo be m linearly indepen-
dent forms in the variable x and with algebraic real coefficients. Let L1y, ..., Ly, be m
linearly independent forms with algebraic p-adic coefficients and with the same variable x.
Let € > 0 be a real number. Then, the set of solutions x € Z™ of the inequality :

m

TT0Li e () oo Lisp (30)]p) < x|

i=1
18 contained in the union of a finite number of proper subspaces of Q™.

In addition to this theorem, we need equally certain auxiliary results, which are outlined
below.

Lemma 1. [22] Let a = [0,a1,a9,...], be a p-adic number represented as a Ruban con-

tinued fraction with == is its n™® convergent. Then, we have:
n

lgnlp =la1...anlp, Vn>1, (3.2)
|Dnlp = lao ... anlp Yn>1, ifag #0 (3.3)
pilp =1, |pulp =laz...anlp Yn>2, ifag =0,
gnlp <lan+1lp and |pnlp < |pnilp- (3.4)
Lemma 2. [16] Let a = [0,a1,az,...], and @' = [0,a},as,,...], be two p-adic numbers

represented as two Ruban continued fractions having the same first (n+1) partial quotients.
Then,

! —
oo — ' < [l

Lemma 3. [16] Let o = [0, a1, a2, - . .]p be a p-adic number represented as a Ruban continued

fraction and let Prpe its nt" convergent. Then,
n

dn—1
- = [O7an7an—1,-..,a1]p.
an
Lemma 4. [5] Let o = [ag, a1, a2, . . .], be a p-adic number represented as a Ruban continued

fraction such that Pn is its n'"convergent. Let A = max{a;;i € N}. Then, we get the
dn
following inequalities:

<

n =

<A+VM+4yl p<<A+VN+4
—n ) st

n+1
> , forall n>0.
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4  Proofs of results

Proof of Theorem 2: We suppose that « is a p-adic algebraic number (over Q). By
assumption, there exist a nonzero integer quadruple (a,b,c,d) and an infinite set A of
distinct positive integers such that

aSp_1+brp_1+cs,+dr,=0VneN. (4.1)

First, note that (a,b) # (0,0), since otherwise dividing (4.1) by ¢, and letting n tend to
infinity along A" would imply that « is rational. Similarly, (¢, d) # (0,0). Now without loss
of generality, we can assume that a # 0 and so we define three independent linear forms
with algebraic real coefficients.

Li7OO(X1,X27X3) = Xi, for 1 S ) S 3,
We also consider three independent linear forms with algebraic p-adic coefficients:

Ll,p(Xl,Xg,Xg) = (Oég + 1)X1 + Oéng + O(%Xg,,
Lo p(X1, X2, X3) = aXy — X3,
L3 (X1, X2, X3) = Xy,
Notice that r, and s, for n > 1 are rational. From this perspective, we set
M,, = max(|r,|p, |snlp) (in our case M, = |sulp), Ry = rn M, and S, = s, M,. So,
M,,R,,S, € N. In order to apply Theorem 4, we consider the product of the linear forms
given before at the integer points

X = (X13X27X3) = (Rn—17Sn7Rn)'

We obtain from (4.1):
|L1,p(X)‘p = |Mn|P|asnfl - rn71|p~

r
Since (n> is the n'" convergent of & and from Proposition 1, we get:
n>1

Sn
| M|
[ L1p(X)p < |7p (4.2)
3n71|p
From Proposition 1 and (4.2), it follows that
3 3 3
M, n— M,
e 43)
el |Snlplsn—1lp |Snlp

From Lemma 2 we have |s,|, = |a1 ... an|p and since |ag|, > p for all k > 1, then we obtain
[sn]p > p™. Therefore, from (4.3), we get

3 3
| M|
H |Lz,p(X)‘p < L.

n
i=1 p

On the other hand, we have:

3

H |LZ,OO(X)|00 = |Mn|§o|rn715n71n o0
i=1
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Referring to inequalities recorded in Lemma 4, we get:

3
H |Li,OO(X)|oo < |Mn‘ioBgn

i=1

This easily implies that for any € > 0 we have:
3
‘X|Zo H ‘Li,OO(X)‘oo = |MS+E‘OOB(3+E)TL-
i=1

As {—vp(a;)}i>1 is bounded, there exists 6 € N* such that —v,(a;) < 0 for all ¢ > 1. This
yields |M,|o < p?". Therefore, for any ¢ > 0 we get the following inequality:

3
X5 TTZs 00 (X)loo| Lip (X)) <

i=1

|ME|OOB(3+5)7L BB+e)n
I < .
pr - p(lfﬁs)n

Choosing ¢ = 5% for & large enough and based on the fact that p > B3, we get
2 1

[T0ZG 00 () oo Li (X)) < e
. X5
i=1

Thus, according to Theorem 4, the points (R, —1, Sy, R,,) lie in a finite number of proper
subspaces of Q3, which implies the existence of a non-zero integer triplet (w1, 2, z3) and
an infinite subset N7 of N of distinct positive integers such that

z1R,_1 + 228, + 23R, =0,Vn € Nl.

From this equation, we have
T1Tp—1 + T8, + x37, = 0. (4.4)

We suppose that z;1 # 0. At this stage of analysis, combining (4.1) and (4.4) we see that
there exists a nonzero element (y1,y2,y3,y4) € Q* such that

Tn—1 = Y15n + Y2T'n and Sn—1 = Y3Sn + YaTn, Vn € Nl-
Letting n tend to infinity along N7, we obtain

1+ Yo
o= 2L 927

. 4.5
Ys + yacx (4.5)

So « is quadratic.
Proof of Theorem 3: Using the same notation as in the statement of Theorem 3, we
let (Uy)n>1 and (V,,),>1 denote the sequences satisfying Condition (x),,. We suppose now
that a and o are two p-adic algebraic numbers of degree > 2. For n > 1, set v, = |V,,| and
up = |Up|. Let <p”

) be the sequence of convergents of a. By assumption, we have
n/ n>1

Po,+un
toty = [Oa Un Vn]pa
Qv +un
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and according to Lemma 3, we get:

q'Un‘an*]- — [O, VnUn]p
q?)n,+un

It is clear that « and Jontun—1 have the same first (v,, + 1) partial quotients. Therefore,
Qu,+un,

from Lemma 2, we get:

‘qu,-‘run |P . (46)

Qo+t @ = Qo —1lp < 2
|q'Un|p

When v, = +00, we have |gy, |, = +00; which implies that:

lim Lntun=l _ (in Q). (4.7)

n=+00  Qy, tuy,

Since (m) is the sequence of convergents of o' and from Proposition 1, we get the
dn n>1

following inequalities:

7 _ !’ _
Qo+, @ = Dot lp < Qo+, p1 and  [Gu, 4u,—10 — Doy tu,—1lp < |QU"+un—1|p1-

(4.8)

Let us consider now the following four independent linear forms with algebraic real coeffi-
cients :

Li7OO(X1,X27X3,X4) = Xi, for 1 S ) S 47
Additionally, we consider the following four independent linear forms with algebraic p-adic
coefficients:

Ly p(X1, Xo, X3,Xy) = a;X1 — Xo,

Lo (X1, X2, X3, Xy4) = a Xi —Xs,

L3 p(X1, X2, X3, X4) = o Xo — Xy,

Lyp(X1, X2, X3, Xy4) = Xy

It is well known that p,, and g, are rational for each positif integer n. Set
M, = max(|pn|p, |gn|p) (in our case M,, = |qnlp), Pn = pn My, and @Q,, = ¢, M,,. Clearly,
My, P,, Q, € N. Set

X = (X17X25X37X4) = (Qvn—&-un? Qvn+un—17PUn+un’ PUn+un—1)'

From (4.6) and (4.8), we get immediately:

|Mvn+un |;1)

, (4.9)
gun 2

4
H |Li,p(X)|p <
i=1
From Lemma 2, we have |q,, |, = |a}] ...a} |,. As |a}|, > p for all k > 1, then |g,, [, > p*".
We conclude from (4.9), the following inequality:

4 4
M,
I 1Lin(X)l, < Montunly ”’;i“""’
Z:1 p n
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On the other hand, we have

4

H |Liso0 (X) oo = [Muytun |56l Gon+un Qon-tun—1 Pop-tun Pontun—1loo-
i=1

From Lemma 4, we get:

4
[T 1L e (X)loe < My, o, [4 B0,
i=1

This easily implies that for any € > 0 we have:
4
X[ [T 1Eioe (X)loo < [MyTE,, oo B e (449),
i=1
With respect to the condition {—v,(a;)}s>1 is bounded, we see that it exists m € N* such
that —Z/p(a;) < m for all ¢ > 1, which implies that |M, i, ]c < p(vntun) - Rinally, we get
the following inequality :
X% [T 00 (X) oo | L p (X)) < 2ot

i=1

OOB(vn,+un)(4+E) B4+e)(vntun)

p2vn - p27}n_m€(vn+un) ’ vg > O.

The assumption (iv) of Condition (x),, yields that u, + v, < w v, with w' = w + 1.
Furthermore, we obtain:

4 B(4+€)‘*’/ Un
|X|Zo H('Li,OO(X)|OO|Li7p(X)|p) B R
i=1

p27mw'5

Hence, by taking ¢ = ﬁ for m large enough and by using the fact that p > B?**2, we get

4

1
il:[l(lLi,oo(X)loolLi,p(X)b) S XE

Applying Theorem 4 we see that the points (Q, ... @y, tu,—1>Poptuns Poytu,—1) lie in
a finite number of proper subspaces of Q*. This implies the existence of a non-zero integer
quadruple (y1, Y2, y3,y4) and an infinite set Ny of distinet positive integers such that

Y1 Qq),,L+un + Y2 Qv”J,»u,,Lfl + y3P’U"+u” + y4P1)n+un71 = Oa Vn € NQ-
From this equation, we have

Y1Qup+un T Y2Qu,+un—1 T Y3Pvp+u, + Y4Dvy+up,—1 = 07 (410)

From (4.10) and Theorem 2, we conclude that o' is quadratic.
Dividing (4.10) by ¢y, +u, and letting n tend to infinity along N>, we obtain from (4.7) that

Y1 + Y20+ Yz + yaaa = 0. (4.11)
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Furthermore, referring to (4.11), we get

o = LT (4.12)

Ys + yac

Since o is quadratic, we conclude from (4.12) that « is also quadratic.

Proof of Corollary 1. If A =1, then B = ¢ with ¢ being the golden ratio. Moreover, if
p > 5, then p > ¢3. Applying Theorem 3 we get statement of corollary.

Proof of Corollary 2. The fact that (74)x>1 is a bounded sequence implies that there
exist 7 € N and an infinite set K of positif integers such that:

Vke K, rp,=n

Additionally, using the assumption that {—v,(a;)};>1 is bounded, there exists an infinite
set K’ C K such that

Upytj =b; ,V1<j<nandVk e K'

Now the result can be obtained by applying Theorem 3 with a being the purely periodic
sequence of period b, ...b; and &/ = [0; a1, as, .. .Jp.
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