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Abstract

In this article, we study the uniqueness problem for the generalized Gauss maps of
minimal surfaces (with the same base) immersed in Rn+1 which have the same inverse
image of some hypersurfaces in a projective subvariety V ⊂ Pn(C). As we know, this
is the first time the unicity of generalized Gauss maps on minimal surfaces sharing
hypersurfaces in a projective varieties is studied. Our results generalize and improve
the previous results in this field.
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1 Introduction and main results

Let x1 : S1 → Rn+1 and x2 : S2 → Rn+1 be two oriented non-flat minimal surfaces immersed
in Rn+1 and let G1 : S1 → Pn(C) and G2 : S2 → Pn(C) be their generalized Gauss maps.
Assume that there is a conformal diffeomorphism Φ of S1 onto S2 and the Gauss map of
the minimal surface x2 ◦ Φ : S1 → Pn(C) is given by G2 ◦ Φ. Then f1 = G1, f

2 = G2 ◦ Φ
are two nonconstant holomorphic maps from S1 into Pn(C). In 1993, Fujimoto obtained
the following result.

Theorem A (cf. [4, Theorem 1.2]). Under the notation be as above, let H1, . . . , Hq be q
hyperplanes of Pn(C) in general position such that

(a) (f1)−1(Hj) = (f2)−1(Hj) for every j,

(b) f1 = f2 on
⋃q
j=1(f

1)−1(Hj) \K for a compact subset K of S1.

Then we have necessarily f1 = f2

(1) if q > (n + 1)2 + n(n+1)
2 for the case where S1 is complete and has infinite total

curvature or

(2) if q ≥ (n + 1)2 + n(n+1)
2 for the case where K = ø and S1 and S2 are both complete

and have finite total curvature.
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In 2017, J. Park and M. Ru [8] considered the case where f1 and f2 are linearly nonde-

generate with an addition assumption that
⋂k
j=1(f

1)−1(Hij ) = ø for every 1 ≤ i1 < · · · <
ik ≤ q (k ≥ 2).

Recently, in [11], the author initially studied the modified defect relation for the Gauss
map of a minimal surface into a projective variety with hypersurfaces in subgeneral position.
Motivated by the methods of [10, 11], in this paper, we will generalize the above mentioned
results to the cases where Gauss maps into a projective subvariety of Pn(C) have the same
inverse image for some hypersurfaces in subgeneral position.

In order to state our results, we recall the following. Let S be an open complete Riemann
surface in Rn+1. Let f be a holomorphic map from S into an ℓ-dimension projective
subvariety V of Pn(C) and let Q be a hypersurface in Pn(C) of degree d. By νQ(f) we denote
the pull-back of the divisor Q by f . Let F = (f0, . . . , fn) be a reduced representation of
f . Assume that, the hypersurface Q has a defining polynomial, denoted again by the same
notation Q (throughout this paper) if there is no confusion, given by

Q(x0, . . . , xn) =
∑
I∈Td

aIx
I ,

where Td = {(i0, . . . , in) ∈ Zn+1
+ ; i0 + · · · + in = d}, aI ∈ C are not all zero for I ∈ Td and

xI = xi00 . . . x
in
n for each i = (i0, . . . , in). We set

Q(F ) =
∑
I∈Td

aIf
I ,

where f I = f i00 . . . f inn for each I ∈ Td. Throughout this paper, for each given hypersurface
Q we assume that ∥Q∥ = (

∑
I∈Td

|aI |2)1/2 = 1.
Denote by I(V ) the ideal of homogeneous polynomials in C[x0, ..., xn] defining V and

by C[x0, ..., xn]d the vector space of all homogeneous polynomials in C[x0, ..., xn] of degree
d including the zero polynomial. Define

Id(V ) :=
C[x0, ..., xn]d

I(V ) ∩ C[x0, ..., xn]d
and HV (d) := dim Id(V ).

Denote by [D] the equivalent class in Id(V ) of the element D ∈ C[x0, ..., xn]d.
For the variety V of Pn(C) such that f(S) ⊂ V , we say that f is nondegenerate over

Id(V ) if there is no [Q] ∈ Id(V ) \ {0} such that Q(F ) ≡ 0.
Let Q1, ..., Qq (q ≥ N + 1) be q hypersurfaces in Pn(C). The hypersurfaces Q1, ..., Qq

are said to be in N -subgeneral position with respect to V if

V ∩

N+1⋂
j=1

Qij

 = ∅ ∀ 1 ≤ i1 < · · · < iN+1 ≤ q.

Our first main result is stated as follows.

Theorem 1.1. Let V be an ℓ-dimension projective subvariety of Pn(C). Let S1, S2 be non-
flat minimal surfaces immersed in Rn+1 with the Gauss maps G1, G2 into V , respectively.
Assume that there is a conformal diffeomorphism Φ of S1 onto S2. Let f

1 = G1, f
2 = G2◦Φ.

Let Q1, . . . , Qq be q hypersurfaces of Pn(C) in N−subgeneral position with respect to V ,
d = lcm(degQ1, . . . , degQq) and let k be a positive integer such that:
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(a) (f1)−1(Qj) = (f2)−1(Qj) for every j ∈ {1, . . . , q},

(b)
⋂k
j=0(f

1)−1(Qij ) = ø for every 1 ≤ i0 < · · · < ik ≤ q,

(c) f1 = f2 on
⋃q
j=1(f

1)−1(Qj).

Suppose that f1 is nondegenerate over Id(V ). If S1 is complete and

q >
2N − ℓ+ 1

ℓ+ 1

(
M + 1 +

2(σM − σM−min{k,ℓ})

d
+
M(M + 1)

2d

)
where M = Hd(V ) − 1, σp = p(p+1)

2 for every p ≥ 0 and σp = 0 for every p ≤ 0, then
f1 ≡ f2.

Remark 1: If V is the smallest linear subspace of Pn(C) containing f1(S) and Q1, . . . , Qq
are hyperplanes of Pn(C) in general position, then V = Pℓ(C) ⊂ Pn(C), d = 1, N = n,M =
ℓ. Therefore, from Theorem 1.1, f1 = f2 if

q >
2n− ℓ+ 1

ℓ+ 1

(
ℓ+ 1 +

3ℓ(ℓ+ 1)

2

)
=

(2n− ℓ+ 1)(3ℓ+ 2)

2
.

This condition is always fulfilled if q > (n+1)(3n+2)
2 = (n + 1)2 + n(n+1)

2 (without any
condition on f1(S)). Then this theorem gives an improvement for Theorem A(1).

Theorem 1.2. Let V be an ℓ−dimension projective subvariety of Pn(C). Let S1, S2 be non-
flat minimal surfaces in Rn+1 with the Gauss maps G1, G2 into V , respectively. Assume
that there is a conformal diffeomorphism Φ of S1 onto S2. Let f1 = G1, f

2 = G2 ◦ Φ. Let
Q1, . . . , Qq be q hypersurfaces (not containing V ) of Pn(C) in N−subgeneral position with
respect to V , d = lcm(degQ1, . . . , degQq) and let k be a positive integer such that:

(a) (f1)−1(Qj) = (f2)−1(Qj) for every j ∈ {1, . . . , q},

(b)
⋂k
j=0(f

1)−1(Qij ) = ø for every 1 ≤ i0 < · · · < ik ≤ q,

(c) f1 = f2 on
⋃q
j=1(f

1)−1(Qj).

If f1 is nondegenerate over Id(V ), S1 is complete, q ≥ 2Mk + 2k and

q >
2N − ℓ+ 1

ℓ+ 1

(
M + 1 +

2Mkq

(q + 2(M − 1)k)d
+
M(M + 1)

2d

)
then there is

[
q
2

]
indices i1, . . . , i[q/2] ∈ {1, . . . , q} such that

Qi1(F
1)

Qi1(F
2)

= · · · =
Qi[q/2](F

1)

Qi[q/2](F
2)

for any two representations F 1, F 2 of f1, f2, respectively.

Remark 2: In the above theorem, suppose that V = Pn(C), Q1, . . . , Qq are hyperplanes
of Pn(C) in general position. Then d = 1, M = N = ℓ = n. Therefore, from the above
theorem, f1 = f2 if q ≥ 2nk + 2k and

q > n+ 1 +
2nkq

q + 2nk − 2k
+
n(n+ 1)

2
.

Therefore, this result implies the previous result of J. Park and M. Ru in [8].



64 On generalized Gauss maps of minimal surfaces sharing hypersurfaces

2 Main lemmas

Let V be ℓ-dimension subvariety of Pn(C). Let d be a positive integer. Throughout this
section and Section 3, we fix a C-ordered basis V = ([v0], . . . , [vM ]) of Id(V ), where vi ∈ Hd

and M = HV (d)− 1.
Let S be an open Riemann surface and let z is a conformal coordinate. Let f be a

holomorphic map of S into V , which is nondegenerate over Id(V ). Suppose that F =
(f0, . . . , fn) is a reduced representation of f . We set

F = (v0(F ), . . . , vM (F ))

and
Fp := F (0) ∧ F (1) ∧ · · · ∧ F (p) : S →

∧
p+1

CM+1

for 0 ≤ p ≤M , where

• F (0) := F = (v0(F ), . . . , vM (F )),

• F (l) = F (l) :=
(
v0(F )

(l), . . . , vM (F )(l)
)
for each l = 0, 1, . . . , p,

• vi(F )
(l) (i = 0, . . . ,M) is the lth- derivatives of vi(F ) taken with respect to z.

The norm of Fp is given by

|Fp| :=

 ∑
0≤i0<i1<···<ip≤M

∣∣W (vi0(F ), . . . , vip(F ))
∣∣21/2

,

where
W (vi0(F ), . . . , vip(F )) := det

(
vij (F )

(l)
)
0≤l,j≤p

.

Denote by ⟨, ⟩ the canonical hermitian product on
∧k+1 CM+1 (0 ≤ k ≤ M). For two

vectors A ∈
∧k+1 CM+1 (0 ≤ k ≤ M) and B ∈

∧p+1 CM+1 (0 ≤ p ≤ k), there is one and

only one vector C ∈
∧k−p CM+1 satisfying

⟨C,D⟩ = ⟨A,B ∧D⟩ ∀D ∈
k−p∧

CM+1.

The vector C is called the interior product of A and B, and denoted by A ∨B.
Now, for a hypersurface Q of degree d in Pn(C), we have

[Q] =

M∑
i=0

ai[vi].

Hence, we associate Q with the vector (a0, . . . , aM ) ∈ CM+1 and define Fp(Q) = Fp ∨H.
Then, we may see that

F0(Q) = a0v0(F ) + · · ·+ aMvM (F ) = Q(F ),

|Fp(Q)| =

 ∑
0≤i1<···<ip≤M

∑
l ̸=i1,...,ip

al
∣∣W (vl(F ), vi1(F ), . . . , vip(F ))

∣∣21/2

.
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For 0 ≤ p ≤M , the pth-contact function of f for Q is defined by

φp(Q) :=
|Fp(Q)|2

|Fp|2
.

Lemma 2.1 (cf. [9, Lemma 3]). Let Q1, ..., Qq be q (q > 2N−ℓ+1) hypersurfaces of Pn(C)
in N -subgeneral position with respect to V of the same degree d. Then, there are positive
rational constants ωi (1 ≤ i ≤ q) satisfying the following:

i) 0 < ωi ≤ 1 ∀i ∈ {1, ..., q},
ii) Setting ω̃ = maxj∈Q ωj, one gets

∑q
j=1 ωj = ω̃(q − 2N + ℓ− 1) + ℓ+ 1.

iii)
ℓ+ 1

2N − ℓ+ 1
≤ ω̃ ≤ ℓ

N
.

iv) For each R ⊂ {1, ..., q} with ♯R = N + 1, then
∑
i∈R ωi ≤ ℓ+ 1.

v) Let Ei ≥ 1 (1 ≤ i ≤ q) be arbitrarily given numbers. For each R ⊂ {1, ..., q} with
♯R = N + 1, there is a subset Ro ⊂ R such that ♯Ro = rank{[Qi]}i∈Ro = ℓ+ 1 and∏

i∈R
Eωi
i ≤

∏
i∈Ro

Ei.

The following theorem is due to the author in recent works [11, 12, 13].

Theorem 2.2 (cf. [11, Theorem 3.3],[12, Theorem 3.5],[13, Theorem 2.7]). Let the nota-
tions be as above and let ω̃ be the constant defined in the Lemma 2.1 with respect to the
hypersurfaces Q1, . . . , Qq. Then, for every ϵ > 0, there exist a positive number δ (> 1) and
C, depending only on ϵ and Qj such that

ddc log

∏M−1
p=0 |Fp|2ϵ∏

1≤j≤q,0≤p≤M−1 log
2ωj (δ/φp(Qj))

≥ C

(
|F0|2(ω̃(q−(2N−k+1))−M+k)|FM |2∏q

j=1(|F0(Qj)|2
∏M−1
p=0 log2(δ/φp(Qj)))ωj

) 2
M(M+1)

ddc|z|2.

Theorem 2.3 (cf. [5, Proposition 2.5.7]). Set τm =
∑m
p=1 σm for each integer m. We have

ddc log(|F0|2 · · · |FM−1|2) ≥
τM
σM

(
|F0|2 · · · |FM |2

|F0|2σM+1

)1/τM

ddc|z|2.

Theorem 2.4. Let the notations be as above and let the assumption be as in Lemma 2.1,
we have

νF 1
M

≥
q∑
j=1

ωjνQj(F ) − (σM − σM−min{k,ℓ})ν
[1]∏q

j=1Qj(F )
.

Proof. For a point a ∈
⋃q
j=1(f

1)−1(Qj), since {Qj}qj=1 is in N -subgeneral position with

respect to V , there are at most N indices j such that Qj(F
1)(a) = 0. Then, there is a

subset R ⊂ {1, . . . , q} with ♯R = N +1 such that Qj(F
1)(a) ̸= 0 ∀j ̸∈ R. Applying Lemma

2.1, there exists a subset R0 ⊂ R with ♯Ro = ℓ + 1 such that rankC{[Qj ]; j ∈ Ro} = ℓ + 1
and

q∑
j=1

ωjνQj(F )(a) =
∑
j∈R

ωjνQj(F 1)(a) ≤
∑
j∈Ro

νQj(F 1)(a).
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We set k′ = min{k, ℓ}. Since there are at most k′ indices j ∈ Ro such that Qj(F
1)(a) = 0,

we also may assume further that Ro = {1, . . . , ℓ+ 1}, Qj(F 1)(a) ̸= 0 for all j > k′, j ∈ Ro.
By the basis property of the wronskian, we have

νF 1
M
(a) ≥ min

α


k′∑
j=1

max{0, νQj(f1)(a)− (M − α(j))}

 ≥
k′∑
j=1

νQj(f1)(a)− (σM − σM−k′),

where the minimum is taken over all bijections α : {1, . . . , k′} → {0, . . . , k′ − 1}. Thus

νF 1
M

≥
q∑
j=1

ωjνQj(F ) − (σM − σM−min{k,ℓ})ν
[1]∏q

j=1Qj(F )
.

The theorem is proved.

Lemma 2.5 (Generalized Schwarz’s Lemma [1]). Let v be a non-negative real-valued con-
tinuous subharmonic function on ∆(R) = {z ∈ C; |z| < R}. If v satisfies the inequality
∆log v ≥ v2 in the sense of distribution, then

v(z) ≤ 2R

R2 − |z|2
.

3 Holomorphic curves from complex discs into projec-
tive varieties

Lemma 3.1. Let V be an ℓ-dimension projective subvariety of Pn(C). Let Q1, . . . , Qq be
q hypersurfaces of Pn(C) in N−subgeneral position with respect to V and let d be the least
common multiple of degQ1, . . . , degQq. Let f1, . . . , fm be m holomorphic maps from ∆(R)
into V (1 ≤ m ≤ n + 1), which are nondegenerate over Id(V ). Assume that there exists a
holomorphic function h on ∆(R) satisfying

λνh +

m∑
i=1

νF i
M

≥
m∑
i=1

q∑
j=1

ωjνQj(F i) and |h| ≤
m∏
i=1

∥F i∥ρ,

where F i = (F i0, . . . , F
i
n) is a reduced representation of f i (1 ≤ i ≤ m), λ and ρ are

non-negative numbers. Then for an arbitrarily given ϵ satisfying

γ =

q∑
j=1

ωj −M − 1− λρ

d
> ϵ

(
σM+1 +

ρ

d

)
.

the pseudo-metric dτ2 = η2/m|dz|2, where

η =

|h|λ+ϵ
m∏
i=1

|F i0|γ−ϵ(σM+1+
ρ
d )|F iM |

∏M
p=0 |F ip|ϵ∏q

j=1

(
|Qj(F i)| ·

∏M−1
p=1 log(δi/φip(Qj))

)ωj

 1
σM+ϵτM

and δi is the number satisfying the conclusion of Theorem 2.2 with respect to the map f i,
is continuous and has strictly negative curvature.
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Here and throughout this paper, F ip and φip are defined with respect to the map f i. For

simplicity, we sometimes write
∏
i,j and

∏
j,p for

∏m
i=1

∏q
j=1 and

∏q
j=1

∏M−1
p=1 , respectively.

Proof. We see that the function η is continuous at every point z with
∏
i,j Qj(F

i)(z) ̸= 0.

For a point z0 ∈ ∆(R) such that
∏
i,j Qj(F

i)(z0) = 0, we have

νη(z0) ≥
1

σM + ϵτM

λνh(z0) + m∑
i=1

νF i
M
(z0)−

m∑
i=1

q∑
j=1

ωjνQj(F i)(z0)

 ≥ 0.

This implies that dτ2 is a continuous pseudo-metric on ∆(R).
We now prove that dτ2 has strictly negative curvature on ∆(R). Again, we have

m∑
i=1

ddc log
|F iM |1+ϵ∏q

j=1 |Qj(F )|ωj
+ (λ+ ϵ)ddc log |h| ≥ 0.

Let Ω be the Fubini-Study form of Pn(C) and denote by Ωfi the pull-back of Ω by the map
f i (1 ≤ i ≤ m). By Theorems 2.2 and 2.3, we have

ddc log η1/m ≥
γ − ϵ(σM+1 +

ρ
d )

m(σM + ϵτM )
d

m∑
i=1

Ωfi

+
ϵ

4m(σM + ϵτM )

m∑
i=1

ddc log
(
|F i0|2 · · · |F iM−1|2

)
+

1

2m(σM + ϵτM )

m∑
i=1

ddc log

∏M−1
p=0 |F ip|2(

ϵ
2 )∏M−1

p=0 log2ωj (δi/φip(Qj))

≥ ϵτM
4mσM (σM + ϵτM )

m∑
i=1

(
|F i0|2 · · · |F iM |2

|F i0|2σM+1

) 1
τM

ddc|z|2

+ C0

m∑
i=1

(
|F i0|2(ω̃(q−2N+k−1)−M+k)|F iM |2∏q

j=1(|Qj(F i)|2
∏M−1
p=0 log2(δi/φip(Qj)))

ωj

) 1
σM

ddc|z|2

≥ ϵτM
4σM (σM + ϵτM )

(
m∏
i=1

|F i0|2 · · · |F iM |2

|F i0|2σM+1

) 1
mτM

ddc|z|2

+mC0

(
m∏
i=1

|F i0|2(ω̃(q−2N+k−1)−M+k)|F iM |2∏q
j=1(|Qj(F i)|2

∏M−1
p=0 log2(δi/φip(Qj)))

ωj

) 1
mσM

ddc|z|2

≥ C1

 m∏
i=1

|F i0|ω̃(q−2N+k−1)−M+k−ϵσM+1 |F iM |
∏M
p=0 |F ip|ϵ∏q

j=1

(
|Qj(F i)|

∏M−1
p=0 log(δi/φip(Qj))

)ωj

 2
m(σM+ϵτM )

ddc|z|2

(1)

for some positive constants C0, C1, where the last inequality comes from Hölder’s inequality.
On the other hand, we have |h| ≤

∏m
i=1 ∥F i∥ρ ≤

∏m
i=1 |F i0|

ρ
d and

m∏
i=1

|F i0|ω̃(q−2N+k−1)−M+k−ϵσM+1 ≥ |h|λ+ϵ
m∏
i=1

|F i0|γ−ϵ(σM+1+
ρ
d ).
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This implies that ∆ log η2/m ≥ C2η
2/m for some positive constant C2. Therefore, dτ2 has

strictly negative curvature.

Lemma 3.2. Let the notations and the assumption be as in Lemma 3.1. Then for an
arbitrarily given ϵ satisfying

γ =

q∑
j=1

ωj −M − 1− λρ

d
> ϵ(σM+1 +

ρ

d
),

there exists a positive constant C, depending only on ϵ,Qj (1 ≤ j ≤ q), such that(
|h|λ+ϵ

m∏
i=1

|F i0|γ−ϵ(σM+1+
ρ
d )|F iM |1+ϵ

∏
j,p |F ip(Qj)|ϵ/q∏q

j=1 |Qj(F i)|ωj

)1/m

≤ C

(
2R

R2 − |z|2

)σM+ϵτM

.

Proof. As in the proof of Lemma 3.1, we have

ddc log η1/m ≤ C2η
2/mddc|z|2.

According to Lemma 2.5, this implies that

η1/m ≤ C3
2R

R2 − |z|2
,

for some positive constant C3. Then we have|h|λ+ϵ
m∏
i=1

|F i0|γ−ϵ(σM+1+
ρ
d )|F iM |

∏M
p=0 |F ip|ϵ∏q

j=1

(
|Qj(F i)| ·

∏M−1
p=1 log(δi/φip(Qj))

)ωj

 1
m(σM+ϵτM )

≤ C3
2R

R2 − |z|2
.

It follows that|h|λ+ϵ
m∏
i=1

|F i0|γ−ϵ(σM+1+
ρ
d )|F iM |1+ϵ

∏i
j,p |F ip(Qj)|

ϵ
q∏q

j=1

(
|Qj(F i)|

∏M−1
p=0 (φip(Qj))

ϵ
2q log(δi/φip(Qj))

)ωj

 1
m(σM+ϵτM )

≤ C3
2R

R2 − |z|2
.

Note that the function x
ϵ
q logω

(
δ

x2

)
(ω > 0, 0 < x ≤ 1) is bounded. Then we have

(
|h|λ+ϵ

m∏
i=1

|F i0|γ−ϵ(σM+1+
ρ
d )|F iM |1+ϵ

∏
j,p |F ip(Qj)|ϵ/q∏q

j=1 |Qj(F i)|ωj

) 1
m(σM+ϵτM )

≤ C4
2R

R2 − |z|2
,

for a positive constant C4. The lemma is proved.

Lemma 3.3 (cf. [5, Lemma 1.6.7]). Let dσ2 be a conformal flat metric on an open Riemann
surface S. Then for every point p ∈ S, there is a holomorphic and locally biholomorphic
map Φ of a disk ∆(R0) onto an open neighborhood of p with Φ(0) = p such that Φ is a local
isometric, namely the pull-back Φ∗(dσ2) is equal to the standard (flat) metric on ∆(R0),
and for some point a0 with |a0| = 1, the curve Φ(0, R0a0) is divergent in S (i.e., for any
compact set K ⊂ S, there exists an s0 < R0 such that Φ(0, s0a0) does not intersect K).
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Theorem 3.4. Let S be an open Riemann surface and V be an ℓ-dimension projective
subvariety of Pn(C). Let f1, . . . , fm be m holomorphic curves from S into V (1 ≤ m ≤ n).
Let Q1, . . . , Qq be q hypersurfaces of Pn(C) in N−subgeneral position with respect to V and
d = lcm(degQ1, . . . , degQq). Assume that each fi is nondegenerate over Id(V ), there exists
a holomorphic function h on S satisfying

λνh +

m∑
i=1

νF i
M

≥
m∑
i=1

q∑
j=1

ωjνQj(F i) and |h| ≤
m∏
i=1

∥F i∥ρ,

where F i = (F i0, . . . , F
i
n) is a reduced representation of f i (1 ≤ i ≤ m) and the metric

ds2 = 2|ξ|2/m ·

(
m∏
i=1

∥F i∥

)2/m

|dz2|,

where ξ is a nowhere zero holomorphic function, is complete on S. Then we have

q ≤ 2N − ℓ+ 1

ℓ+ 1

(
M + 1 +

λρ

d
+
M(M + 1)

2d

)
.

Proof. If there are some hypersurfaces Qj such that V ⊂ Qj , for instance they all are
Qq−r+1, . . . , Qq (0 ≤ r ≤ N − ℓ+ 1), then by setting N ′ = N − r, q′ = q − r we have

2N − ℓ+ 1

ℓ+ 1

(
M + 1 +

λρ

d
+
M(M + 1)

2d

)
− q

≥ 2N ′ − ℓ+ 1

ℓ+ 1

(
M + 1 +

λρ

d
+
M(M + 1)

2d

)
− q′

and Q1, . . . , Qq−r are in N ′-subgeneral position with respect to V . Then, without loss of
generality, we may assume that V ̸⊂ Qj for all j = 1, . . . , q.

We fix a C-ordered basis V = ([v0], . . . , [vM ]) of Id(V ) as in the Section 3. By replacing

Qi with Q
d/ degQi

i (1 ≤ i ≤ q) if necessary, we may assume that all Qi (1 ≤ i ≤ q) are of
the same degree d. Suppose that

[Qj ] =

M∑
i=0

aji[vi],

where
∑M
i=0 |aji|2 = 1.

Since f i (1 ≤ i ≤ m) is nondegenerate over Id(V ), the contact functions satisfy

F ip(Qj) ̸≡ 0, ∀1 ≤ j ≤ q, 0 ≤ p ≤M.

Then, for each j, p (1 ≤ j ≤ q, 0 ≤ p ≤ M), we may choose i1, . . . , ip with 0 ≤ i1 < · · · <
ip ≤M such that

ψ(F i)jp =
∑

s ̸=i1,...,ip

ajsW (vs(F
i), vi1(F

i), . . . , vip(F
i)) ̸≡ 0.
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We note that ψ(F i)j0 = F i0(Qj) = Qj(F
i) and ψ(F i)jM = F iM .

Suppose contrarily that

q >
2N − ℓ+ 1

ℓ+ 1

(
M + 1 +

λρ

d
+
M(M + 1)

2d

)
.

From Theorem 2.1, we have

(q − 2N + ℓ− 1)ω̃ =

q∑
j=1

ωj − ℓ− 1; ω̃ ≥ ωj > 0 and ω̃ ≥ ℓ+ 1

2N − ℓ+ 1
.

Therefore,

q∑
j=1

ωj −M − 1− λρ

d
≥ ω̃(q − 2N + ℓ− 1)−M + ℓ− λρ

d

≥ ℓ+ 1

2N − ℓ+ 1
(q − 2N + ℓ− 1)−M + ℓ− λρ

d

=
ℓ+ 1

2N − ℓ+ 1

(
q −

(2N + ℓ− 1)(M + 1 + λρ
d )

ℓ+ 1

)

>
ℓ+ 1

2N − ℓ+ 1
· (2N + ℓ− 1)M(M + 1)

2d(ℓ+ 1)
=
σM
d
.

(2)

Then, we can choose a rational number ϵ (> 0) such that

d(
∑q
j=1 ωj −M − 1− λρ

d )− σM

d(σM+1 +
ρ
d ) + τM

> ϵ >
d(
∑q
j=1 ωj −M − 1− λρ

d )− σM
1
mq + d(σM+1 +

ρ
d ) + τM

.

We define the following numbers

β := d

 q∑
j=1

ωj −M − 1− λρ

d
− ϵ
(
σM+1 +

ρ

d

) > σM + ϵτM ,

ρ :=
1

β
(σM + ϵτM ),

ρ∗ :=
1

(1− ρ)β
=

1

d(
∑q
j=1 ωj −M − 1− λρ

d )− σM − ϵ(dσM+1 + ρ+ τM )
.

It is clear that 0 < ρ < 1 and ϵρ∗

mq > 1.
We consider a set

S′ = {a ∈ S;ψ(F i)jp(a) ̸= 0, h(a) ̸= 0 ∀1 ≤ i ≤ m; j = 1, . . . , q; p = 0, . . . ,M}

and define a new pseudo-metric on S′ as follows

dτ2 = |ξ|
2(1+βρρ∗)

m

(
1

|h|λ+ϵ
m∏
i=1

∏q
j=1 |Qj(F i)|ωj

|F iM |1+ϵ
∏
j,p |ψ(F i)jp|

ϵ
q

) 2ρ∗
m

|dz|2.
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Since Qj(F
i), F iM , ψ(F

i)jp (1 ≤ j ≤ q) and h are all holomorphic functions on S′, dτ2

is flat on S′. We now show that dτ2 is complete on S′.
Indeed, suppose contrarily that S′ is not complete with dτ2, there is a divergent curve

γ : [0, 1) → S′ with finite length. Then, as t→ 1 there are only two cases: either γ(t) tends
to a point a with

(h

q∏
j=1

M∏
p=0

ψ(F i)jp)(a) = 0

or else γ(t) tends to the boundary of S.
For the first case, by Theorem 2.4, we have

νdτ (a) ≤ −
( m∑
i=1

νF i
M
(a)−

m∑
i=1

q∑
j=1

ωjνQj(F i)(a) + λνh(a)

+
(
ϵ

m∑
i=1

νF i
M
(a) + ϵνh(a) +

ϵ

q

m∑
i=1

∑
j,p

νψ(F i)jp(a)
))ρ∗

m

≤ − ϵρ
∗

m

(
m∑
i=1

νF i
M
(a) + νh(a)

)
− ϵρ∗

mq

m∑
i=1

∑
j,p

νψ(F i)jp(a) ≤ − ϵρ
∗

mq
.

Then, there is a positive constant C such that

|dτ | ≥ C

|z − a|
ϵρ∗
mq

|dz|

in a neighborhood of a. Then we get

Ldτ (γ) =

∫ 1

0

∥γ′(t)∥τdt =
∫
γ

dτ ≥
∫
γ

C

|z − a|
ϵρ∗
mq

|dz| = +∞

(γ(t) tends to a as t→ 1). This is a contradiction. Then, the second case must occur, i.e.,
γ(t) tends to the boundary of S as t→ 1.

Take a disk ∆ (in the metric induced by dτ2) around γ(0). Since dτ is flat, by Lemma
3.3, ∆ is isometric to an ordinary disk in the plane. Let Φ : ∆(r) = {|ω| < r} → ∆ be
this isometric with Φ(0) = γ(0). Extend Φ as a local isometric into S′ to a the largest disk
possible ∆(R) = {|ω| < R}, and denoted again by Φ this extension (for simplicity, we may
consider Φ as the exponential map). Since Φ cannot be extended to a larger disk, it must
be hold that the image of Φ goes to the boundary of S′. But, this image cannot go to points

z0 of S with h(z0)
∏m
i=1

(
F iM (z0)

∏
j,p ψ(F

i)jp|(z0)
)
= 0, since we have already shown that

γ(0) is infinitely far away in the metric dτ2 with respect to these points. Then the image
of Φ must go to the boundary S. Hence, by again Lemma 3.3, there exists a point w0 with
|w0| = R so that Γ = Φ(0, w0) is a divergent curve on S.

Our goal now is to show that Γ has finite length in the original metric ds2 on S, con-
tradicting the completeness of S. Let gi := f i ◦ Φ : ∆(R) → V ⊂ Pn(C) be a holomorphic
map which is nondegenerate over Id(V ). Then gi have a reduced representation

Gi = (gi0, . . . , g
i
n),
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where gij = f ij ◦ Φ (1 ≤ i ≤ m, 0 ≤ j ≤ n). Hence, we have:

Φ∗ds2 = 2|ξ ◦ Φ|2/m
m∏
i=1

∥F i ◦ Φ∥2/m|Φ∗dz|2

= 2|ξ ◦ Φ|2/m
(

m∏
i=1

∥Gi∥2/m
)∣∣∣∣d(z ◦ Φ)dw

∣∣∣∣2 |dw|2,
GiM = (F i ◦ Φ)M = F iM ◦ Φ ·

(
d(z ◦ Φ)
dw

)σM

,

ψ(Gi)jp = ψ(F i ◦ Φ)jp = ψ(F i)jp ·
(
d(z ◦ Φ)
dw

)σp

, (0 ≤ p ≤M).

On the other hand, since Φ is locally isometric,

|dw| = |Φ∗dτ |

= |ξ ◦ Φ|
1+βρρ∗

m

(
1

|h ◦ Φ|λ+ϵ
m∏
i=1

∏
j |Qj(F i) ◦ Φ|ωj

|F iM ◦ Φ|1+ϵ
∏
j,p |ψ(F i)jp ◦ Φ|ϵ/q

)ρ∗/m ∣∣∣∣d(z ◦ Φ)dw

∣∣∣∣ · |dw|
= |ξ ◦ Φ|

1+βρρ∗
m

(
1

|h ◦ Φ|λ+ϵ
m∏
i=1

∏
j |Qj(Gi)|ωj

|GiM |1+ϵ
∏
j,p |ψ(Gi)jp|ϵ/q

)ρ∗/m ∣∣∣∣d(z ◦ Φ)dw

∣∣∣∣1+βρρ∗ · |dw|

(because 1 + ρ∗(σM + ϵτM ) = 1 + βρρ∗). This implies that

∣∣∣∣d(z ◦ Φ)dw

∣∣∣∣ = |ξ ◦ Φ|− 1
m

(
|h ◦ Φ|λ+ϵ

m∏
i=1

|GiM |1+ϵ
∏
j,p |ψ(Gi)jp|ϵ/q∏

j |Qj(Gi)|ωj

) ρ∗
m(1+βρρ∗)

≤ |ξ ◦ Φ|− 1
m

(
|h ◦ Φ|λ+ϵ

m∏
i=1

|GiM |1+ϵ
∏
j,p |Gip(Qj)|ϵ/q∏

j |Qj(Gi)|ωj

) ρ∗
m(1+βρρ∗)

= |ξ ◦ Φ|− 1
m

(
|h ◦ Φ|λ+ϵ

m∏
i=1

|GiM |1+ϵ
∏
j,p |Gip(Qj)|ϵ/q∏q

j |Qj(Gi)|ωj

) 1
mβ

.

Hence, we have

Φ∗ds ≤
√
2

m∏
i=1

∥Gi∥ 1
m

(
|h ◦ Φ|λ+ϵ

m∏
i=1

|GiM |1+ϵ
∏
j,p |Gip(Qj)|ϵ/q∏q

j=1 |Qj(Gi)|ωj

) 1
mβ

|dw|

=
√
2

(
|h ◦ Φ|λ+ϵ

m∏
i=1

∥Gi∥l|GiM |1+ϵ
∏
j,p |Gip(Qj)|ϵ/q∏q

j=1 |Qj(Gi)|ωj

) 1
mβ

|dw|

≤ C1

(
|h ◦ Φ|λ+ϵ

m∏
i=1

|Gi0|
l
d |GiM |1+ϵ

∏
j,p |Gip(Qj)|ϵ/q∏q

j=1 |Qj(Gi)|ωj

) 1
mβ

|dw|.
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with a positive constant C1. We note that β
d =

∑q
j=1 ωj −M − 1 − λρ

d − ϵ
(
σM+1 +

ρ
d

)
.

Then the inequality (2) yields that the conditions of Lemma 2.5 are satisfied. Then, by
applying Lemma 2.5, we have

Φ∗ds ≤ C2

(
2R

R2 − |w|2

)ρ
|dw|

for some positive constant C2. Also, we have that 0 < ρ < 1. Then

Lds2(Γ) ≤
∫
Γ

ds =

∫
0,w0

Φ∗ds ≤ C2 ·
∫ R

0

(
2R

R2 − |w|2

)ρ
|dw| < +∞.

This contradicts the assumption of completeness of S with respect to ds2. Thus, dτ2 is
complete on S′.

Then, we note that the metric dτ2 on S′ is flat. Then by a theorem of Huber (cf. [2,
Theorem 13, p.61]), the fact that S′ has finite total curvature (with respect to dτ2) implies
that S′ is finitely connected. This means that there is a compact subregion of S′ whose
complement is the union of a finite number of doubly-connected regions. Therefore, the
functions |h|

∏M
p=0

∏q
j=1 |ψ(Gz)jp| must have only a finite number of zeros, and the original

surface S is finitely connected. Due to Osserman (cf. [7, Theorem 2.1]), each annular ends
of S′, and hence of S, is conformally equivalent to a punctured disk. Thus, the Riemann
surface S must be conformally equivalent to a compact surface S punctured at a finite
number of points P1, . . . , Pr. Then, there are disjoint neighborhoods Ui of Pi (1 ≤ i ≤ r)
in S and biholomorphic maps ϕi : Ui → ∆ with ϕi(Pi) = 0. Note that, the Poincare-metric

on ∆∗ = ∆ \ {0} is given by dσ2
∆∗ =

4|dw|2

|w|2 log2 |w|2
, where w is the complex coordinate on

∆.

As we known that the universal covering surface of S is biholomorphic to C or a disk in
C. If the universal covering of S is biholomorphic to C (denote by Φ̃ : C → S this universal
covering mapping), then from the assumption that

λνh +

m∑
i=1

νF i
M

≥
m∑
i=1

q∑
j=1

ωjνQj(F i) and |h| ≤
m∏
i=1

∥F i∥ρ,

we have

λρ

m∑
i=1

Tfi◦Φ̃

q∑
j=1

N(r, νh◦Φ̃) ≥
m∑
i=1

 q∑
j=1

ωjN(r, νQj(F i◦Φ̃))−N(r, νF i
M◦Φ)

 ,

where Tf (r) is the characteristic function of the mapping f : C → Pn(C) and N(r, ν) is the
counting function of the divisor ν on C (see [9] for the definitions). Using the second main
theorem (Theorem 1.1 in [9]), we have

∥ λρ
m∑
i=1

Tfi◦Φ̃ ≥
m∑
i=1

(

q∑
j=1

N [M ](r, νQj(F i◦Φ̃)) ≥
(
q − (2N − ℓ+ 1)(M + 1)

ℓ+ 1

) m∑
i=1

Tfi◦Φ̃.
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Here, the symbol “∥” means the inequalities hold for all r ∈ [1,+∞) outside a finite Borel
measure set E. Letting r → +∞ (r ̸∈ E), we get

λρ ≥ q − (2N − ℓ+ 1)(M + 1)

ℓ+ 1

and arrive at a contradiction.
Then, we only consider the case where the universal covering surface of S is biholo-

morphic to the unit disk ∆ in C. Let Φ̃ : ∆ → S be this holomorphic universal covering.
Consider the following metric

dτ̃2 = η2|dz|2,
where

η =

(
|h|λ+ϵ

m∏
i=1

|F i0|γ−ϵ(σM+1+
ρ
d )|F iM |1+ϵ

∏
j,p |F ip(Qj)|ϵ/q∏q

j=1 |Qj(F i)|ωj

) 1
m(σM+ϵτM )

.

It is obvious that dτ̃2 is continuous on S \
⋃q
j=1(f

i)−1(Qj). Take a point a such that∏q
j=1Qj(F

i)(a) = 0. From the assumption, we have

dτ̃(a) ≥ 1

m(σM + ϵτM )

(
λνh(a) +

m∑
i=1

νF i
M
(a)−

m∑
i=1

q∑
j=1

ωjνQj(F i)(a)

)
≥ 0.

Therefore dτ̃ is continuous at a. This yields that dτ̃ is a continuous pseudo-metric on S.
Now, from Lemma 3.1, we see that dτ2 has strictly negative curvature on S Hence, by the
decreasing distance property, we have

Φ∗dτ2 ≤ dσ2
∆ ≤ C3 · (Φ ◦ ϕ−1

i )∗dσ2
∆∗ (1 ≤ i ≤ r)

for some positive constant C3. This implies that∫
Ui

Ωdτ2 ≤
∫
Φ−1(Ui)

Φ∗Ωσ2
∆
≤ l0C3

∫
∆∗

Ωdσ2
∆∗

<∞.

where l0 is the number of the sheets of the covering Φ. Then, it yields that∫
S

Ωdτ2 ≤
∫
S\

∪r
i=1 Ui

Ωdτ2 + l0C3r

∫
∆∗

Ωdσ2
∆∗

<∞.

Now, denote by ds2 the original metric on S. Similar as (1), we have

ddc log η ≥
γ − ϵ(σM+1 +

ρ
d )

σM + ϵτM

d

m

m∑
i=1

Ωfi .

Then there is a subharmonic function v such that

λ2|dz|2 = ev|ξ| 2
m

(
m∏
i=1

∥F i∥2
γ−ϵ(σM+1+

ρ
d
)

m(σM+ϵτM )

)
|dz|2

= ev

(
m∏
i=1

∥F i∥2
γ−σM−ϵτM+1
m(σM+ϵτM )

)
|ξ| 2

m

(
m∏
i=1

∥F i∥ 2
m

)
|dz|2

= ewds2
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for a subharmonic function w on S. Since S is complete with respect to ds2, applying a
result of S. T. Yau [14] and L. Karp [6] we have∫

S

Ωdτ2 =

∫
S

ewΩds2 = +∞.

This contradiction completes the proof of the theorem.

4 Uniqueness theorems for Gauss maps

In this section, we will prove main theorems of this paper. Firstly, we prove the following.

Lemma 4.1. Let S be an open Riemann surface and V be a ℓ-dimension projective subva-
riety of Pn(C). Let Q1, . . . , Qq be q hypersurfaces of Pn(C) in N−subgeneral position with
respect to V and d = lcm(degQ1, . . . , degQq). Let f1, f2 be holomorphic maps from S into
V such that

(1)
⋂k
j=0(f

1)−1(Qij ) = ∅ for every 1 ≤ j0 < · · · < jk ≤ q,

(2) f1 = f2 on
⋃q
j=1

(
(f1)−1(Qj) ∪ (f2)−1(Qj)

)
.

If f1 is nondegenerate over Id(V ), S is complete with a metric ds2 = |ξ|2∥F 1∥2|dz2|, where
ξ is a non-vanishing holomorphic function, z is a conformal coordinate on S, F 1 is a reduced
presentation of f1, and

q >
2N − ℓ+ 1

ℓ+ 1

(
M + 1 + σM − σM−min{k,ℓ} +

M(M + 1)

2d

)
then f2 is nondegenerate over Id(V ).

Proof. Let F i = (f i0, . . . , f
i
n) be reduce representations of f i (i = 1, 2). Suppose contrarily

that f2 is degenerate over Id(V ). Then there exists a hypersurface Q of degree d such that
V ̸⊂ Q, Q(F 2) ≡ 0. By the assumption that f1 is nondegenerate over Id(V ), we have
Q(F 1) ̸≡ 0. Since f1 = f2 on

⋃q
i=1Qi, we have Q(F 1) = 0 on

⋃q
i=1(f

1)−1Qi. Therefore,
setting k′ = min{k, ℓ} and h = Q(F 1), from Theorem 2.4 we have

(σM − σM−k′)νh(a) + νF 1
M
(a) ≥

k′∑
j=1

νQj(F 1)(a) ≥
q∑
j=1

ωjνQj(F 1)(a).

Also, it is clear that |h| ≤ ∥F 1∥d. Applying Theorem 3.4, we have

q ≥ 2N − ℓ+ 1

ℓ+ 1

(
M + 1 + σM − σM−k′ +

M(M + 1)

2d

)
.

This contradiction completes the proof of the lemma.
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Proof of Theorem 1.1. Without loss of generality, we may assume that degQj = d for all
1 ≤ j ≤ q. We may suppose that f1(S) ̸⊂ Qj for all j ∈ {1, . . . , q} (otherwise f1 = f2). Let
z be a conformal coordinate on S1 and F i = (f i0, . . . , f

i
n) be the reduce representation of

f i for each i ∈ {1, 2}. Since Φ is a conformal diffeomorphism, there exists a non-vanishing
holomorphic function ξ such that ds2 = ∥F 1∥2|dz2| = |ξ|2∥F 2∥2|dz2|. We have ds2 is
complete on S1. Also, from the proof of Lemma 4.1, we see that f2(S1) ⊂ V and f2 is
nondegenerate over Id(V ).

Suppose contrarily that f1 ̸≡ f2. Then there exists 0 ≤ i < j ≤ n such that

h := f1i f
2
j − f j1f

2
i ̸≡ 0.

It is clear that νh ≥ ν
[1]∏q

j=1Qj(F i)
for each i ∈ {1, 2}.

From Theorem 2.4, we have

2(σM − σM−min{k,ℓ})νh +

2∑
i=1

νF i
M

≥
2∑
i=1

q∑
j=1

νQj(F i).

Note that |h| ≤ ∥F 1∥ · ∥F 2∥. By applying Theorem 3.4, we have

q ≤ 2N − ℓ+ 1

ℓ+ 1

(
M + 1 +

2(σM − σM−min{k,ℓ})

d
+
M(M + 1)

2d

)
.

This contradiction completes the proof of the theorem.

Proof of Theorem 1.2. Let z be a conformal coordinate on S1 and F i be the reduce rep-
resentation of f i for each i ∈ {1, 2}. Since Φ is a conformal diffeomorphism, there exists
a non-vanishing holomorphic function ξ such that ds2 = ∥F 1∥2|dz2| = |ξ|2∥F 2∥2|dz2| =
|ξ| · ∥F 1∥ · ∥F 2∥|dz2|. Note that, ds2 is complete on S1.

Suppose contrarily that the theorem does not hold. Consider the simple graph G with
the set of vertices {1, . . . , q} and the set of edges consisting of all pairs {i, j} such that
Qi(F

1)Qj(F
2)−Qj(F

1)Qi(F
2) ̸≡ 0. The supposition implies that the order of each vertex

does not exceed [q/2]. Then, by Dirac’s theorem, there is a Hamilton cycle i1, . . . , iq, iq+1,
where iq+1 = i1. We set uj := ij+1 if j < q and uq := i1. Then we have

h :=

q∏
j=1

(Qij (F
1)Quj (F

2)−Quj (F
1)Qij (F

2)) ̸≡ 0.

It is clear that |h| ≤ ∥F 1∥dq∥F 2∥dq.
For each point a ∈

⋃q
j=1(f

1)−1(Qj), take a subset I1 ⊂ {1, . . . , q} such that ♯I = N +1

and Qj(F
1)(a) ̸= 0 for every j ̸∈ I1. Then there is a subset I2 ⊂ I1 such that ♯I2 =

rankC{[Qj ]; j ∈ I2} = ℓ+ 1 and∑
i∈I2

(νQi(F 1)(a) + νQi(F 2)(a)) ≥
∑
i∈I1

ωi(νQi(F 1)(a) + νQi(F 2)(a)).
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Then, there exists a subset I ⊂ I2 such that ♯I = t and Qj(F
1)(a) ̸= 0 for every j ∈ I2 \ I.

Hence, we have

∑
i∈I

(νQi(F 1)(a) + νQi(F 2)(a)) ≥
q∑
i=1

ωi(νQi(F 1)(a) + νQi(F 2)(a)).

Then, we have

νh(a) ≥ 2

t∑
i=1

min{νQi(F 1)(a), νQi(F 2)(a)}+ (q − 2t)

≥ 2

t∑
i=1

(
min{νQi(F 1)(a),M}+min{νQi(F 2)(a),M} −M

)
+ (q − 2t)

= 2

t∑
i=1

(
min{νQi(F 1)(a),M}+min{νQi(F 2)(a),M}

)
+ (q − 2(M + 1)t)

≥ q + 2(M − 1)t

2Mt

t∑
i=1

(
min{νQi(F 1)(a),M}+min{νQi(F 2)(a),M}

)
.

Also, by usual arguments we have

νF 1
MF 2

M
(a) ≥

2∑
j=1

t∑
i=1

max{0, νQi(F j)(a)−M}.

Therefore, we have the following estimate:

2Mt

q + 2(M − 1)t
νh(a) + νF 1

MF 2
M
(a) ≥

t∑
i=1

(νQi(F 1)(a) + νQi(F 2)(a))

≥
q∑
i=1

ωi(νQi(F 1)(a) + νQi(F 2)(a))

By Theorem 3.4, we have

q ≤ 2N − ℓ+ 1

ℓ+ 1

(
M + 1 +

2Mtq

(q + 2(M − 1)t)d
+
M(M + 1)

2d

)
=

2N − ℓ+ 1

ℓ+ 1

(
M + 1 +

2Mkq

(q + 2(M − 1)k)d
+
M(M + 1)

2d

)
and arrive at a contradiction. This completes the proof of the theorem.
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