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Abstract

In this article, we study the uniqueness problem for the generalized Gauss maps of
minimal surfaces (with the same base) immersed in R™™" which have the same inverse
image of some hypersurfaces in a projective subvariety V C P"(C). As we know, this
is the first time the unicity of generalized Gauss maps on minimal surfaces sharing
hypersurfaces in a projective varieties is studied. Our results generalize and improve
the previous results in this field.
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1 Introduction and main results

Let 21 : S1 — R™* 1! and x5 : S — R™T! be two oriented non-flat minimal surfaces immersed
in R"*! and let G; : S; — P*(C) and Gy : Sz — P*(C) be their generalized Gauss maps.
Assume that there is a conformal diffeomorphism & of S; onto S; and the Gauss map of
the minimal surface xo 0 ® : S; — P"(C) is given by G o ®. Then f! = Gy, f2 = Gy 0 ®
are two nonconstant holomorphic maps from S; into P*(C). In 1993, Fujimoto obtained
the following result.

Theorem A (cf. [4, Theorem 1.2]). Under the notation be as above, let Hy,...,H, be q
hyperplanes of P™(C) in general position such that

(o) (fY)"H(H;) = (f*)"1(H;) for every j,
(b) ft=f? onU L(fH7HH)) \ K for a compact subset K of 5.
Then we have necessarily f' = f2

(1) if ¢ > (n+1)% + % for the case where S1 is complete and has infinite total
curvature or

(2) ifqg>(n+1)%+ % for the case where K = ¢ and S1 and Ss are both complete
and have finite total curvature.
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In 2017, J. Park and M. Ru [8] considered the case where f and f2 are linearly nonde-
generate with an addition assumption that ﬂ?zl( fH7HH;) =9 forevery 1 <iyp <o+ <
ir < q(k>2).

Recently, in [11], the author initially studied the modified defect relation for the Gauss
map of a minimal surface into a projective variety with hypersurfaces in subgeneral position.
Motivated by the methods of [10, 11], in this paper, we will generalize the above mentioned
results to the cases where Gauss maps into a projective subvariety of P (C) have the same
inverse image for some hypersurfaces in subgeneral position.

In order to state our results, we recall the following. Let S be an open complete Riemann
surface in R"*!1. Let f be a holomorphic map from S into an /-dimension projective
subvariety V of P"(C) and let @ be a hypersurface in P"(C) of degree d. By vy we denote
the pull-back of the divisor @ by f. Let F = (fo,..., fn) be a reduced representation of
f- Assume that, the hypersurface ) has a defining polynomial, denoted again by the same
notation @ (throughout this paper) if there is no confusion, given by

Q(zo, ..., xy) = Z arxt,

IeTy

where Tg = {(ig,...,1,) € Z:‘fl;io + - +1, =d}, ar € C are not all zero for I € T3 and

ol =2l .. i for each i = (ig,...,in). We set
Q(F) = Z a[f17
IeTy

where f! = féo ... fin for each I € T;. Throughout this paper, for each given hypersurface
Q we assume that [|Q[ = (3¢, lar|*)/? = 1.

Denote by I(V) the ideal of homogeneous polynomials in C[zg, ..., x,] defining V' and
by Clzo, ..., Zn]q the vector space of all homogeneous polynomials in Clzg, ..., z,] of degree
d including the zero polynomial. Define

(C[xo,...,l‘n]d
(V) n (C[Zo, ...,.Tn}d

Denote by [D] the equivalent class in I4(V) of the element D € Clzo, ..., T4

For the variety V of P"(C) such that f(S) C V, we say that f is nondegenerate over
I;(V) if there is no [Q] € I4(V) \ {0} such that Q(F) = 0.

Let Q1,...,Qq4 (¢ > N + 1) be g hypersurfaces in P*(C). The hypersurfaces Q1, ..., @Qq
are said to be in N-subgeneral position with respect to V if

Ii(V) = 7 and Hy (d) := dim I;(V).

N+1
VN ﬂQij =@V1<i < - <ing <q.
j=1

Our first main result is stated as follows.

Theorem 1.1. Let V' be an £-dimension projective subvariety of P*(C). Let S1,S2 be non-
flat minimal surfaces immersed in R™*1 with the Gauss maps G1,Go into V, respectively.
Assume that there is a conformal diffeomorphism ® of S1 onto Sa. Let f1 = Gy, f? = Go0d.
Let Q1,...,Qq be q hypersurfaces of P*(C) in N—subgeneral position with respect to V,
d =lem(deg Q1,...,degQy) and let k be a positive integer such that:
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(a) (f1)7HQy) = (f*)71Qy) for every j € {1,...,q},
(6) M=o(F) Qi) = 0 for every 1 <ig < --- <ir < 4q,
(c) fr=17% onUj_ (/) 1(Qy).
Suppose that f1 is nondegenerate over I;(V). If S* is complete and

2N —(+1 2(0pM — oM —min{k,e}) + MM +1)
(+1 d 2d

q > (M + 1+
where M = Hy(V) -1, 0p = % for every p > 0 and o, = 0 for every p < 0, then
fl = f2~
Remark 1: If V is the smallest linear subspace of P"(C) containing f1(S
are hyperplanes of P"(C) in general position, then V = P¢(C) c P*(C), d
{. Therefore, from Theorem 1.1, f1 = f2 if
2n—(0+1 14 30(6+1) _ (2nf€+1)(3€+2)'
+1 2

- Q
n, M

Q

) and Q
=1, N

This condition is always fulfilled if ¢ > w = (n+1)% + w (without any
condition on f1(S)). Then this theorem gives an improvement for Theorem A(1).

Theorem 1.2. Let V be an {—dimension projective subvariety of P"(C). Let Sy, S be non-
flat minimal surfaces in R™™1 with the Gauss maps G1,Ga into V, respectively. Assume
that there is a conformal diffeomorphism ® of S1 onto So. Let f' = Gy, f2 = Go o ®. Let
Q1,...,Qq be q hypersurfaces (not containing V') of P*(C) in N—subgeneral position with
respect to V, d = lem(deg Q1, . ..,deg Qq) and let k be a positive integer such that:

(a) (f1)7HQy) = (F3)71(Q;) for every j € {1,...,q},
(b) Mi_o(f)~H(Qi,) =0 for every 1 <ig < -+ <ix < g,
(¢) F1 =12 on U, (f)1(Q).
If f1 is nondegenerate over I5(V'), St is complete, ¢ > 2Mk + 2k and

AN L1 2Mkq L MM 1)
(41 (g +2(M — 1)k)d 2d

then there is [%} indices i1, ... ,i[q/2) € {1,...,q} such that

Qu(FY) _ _ Qi (F)
Qi, (F?) Qi (F2)

for any two representations F', F? of f1, f2, respectively.

q>

Remark 2: In the above theorem, suppose that V' =P"(C), @1, ..., Qq are hyperplanes
of P*(C) in general position. Then d = 1, M = N = £ = n. Therefore, from the above
theorem, f' = f? if ¢ > 2nk + 2k and

2nkq nn+1)

Sntl
G=n o —k T 2

Therefore, this result implies the previous result of J. Park and M. Ru in [8].
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2 Main lemmas

Let V' be {-dimension subvariety of P*(C). Let d be a positive integer. Throughout this
section and Section 3, we fix a C-ordered basis V = ([vg], ..., [un]) of I4(V'), where v; € Hy
and M = Hy(d) — 1.

Let S be an open Riemann surface and let z is a conformal coordinate. Let f be a
holomorphic map of S into V, which is nondegenerate over I;(V). Suppose that F =
(fo,-- -, fn) is a reduced representation of f. We set

F = (vo(F),...,um(F))
and
Fp:=FOANFO A AFP) g A CMH
p+1

for 0 < p < M, where

o FO .= F = (vy(F),...,vp(F)),

o FO = () .= (’UO(F)(Z), e ,UM(F)(I)) for each [ =0,1,...,p,

e v;(F)D (i =0,..., M) is the I'"- derivatives of v;(F) taken with respect to z.
The norm of F}, is given by

1/2

|F,| = 3 W (v (F),.. oo, ()]

0<ig<i1 < <ip <M

where
._ l
W (vig(F), ..., v, (F)) i= det (Uij (F)( >)0§M§p .
Denote by {,) the canonical hermitian product on A" CM+1 (0 < k < M). For two
vectors A € A" CM+1 (0 < k < M) and B € A" CM+1 (0 < p < k), there is one and
only one vector C' € /\kip CM+1 satisfying
k—p
(C,D)=(A,BAD)VDe [\ CM*.
The vector C' is called the interior product of A and B, and denoted by AV B.
Now, for a hypersurface @Q of degree d in P*(C), we have

M

Q] = a;lvil.

=0

Hence, we associate ) with the vector (ag,...,an) € CMT! and define F,(Q) = F, V H.
Then, we may see that

Fo(Q) = ao’l}o(F) + -+ anM(F) =Q(F),
1/2
2

[Fp(Q)] = > Yo a|W(F), v (F),... v, (F))|

0<iy < <ip <M lin ... yip
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For 0 < p < M, the pt"-contact function of f for @ is defined by

_ 5@
@p(Q) T |Fp|2 .

Lemma 2.1 (cf. [9, Lemma 3]). Let Q1,...,Qq be g (¢ > 2N —£+1) hypersurfaces of P™(C)
in N -subgeneral position with respect to V' of the same degree d. Then, there are positive
rational constants w; (1 <1i < q) satisfying the following:

i)0<w; <1Vie{l,..q},

it) Setting & = maxjeqw;, one gets Zg’=1 wj=w(@—2N+£¢—-1)+{+1.

i) L cp< L
2N —(¢+1~ — N’

iv) For each R C {1,...,q} with R =N +1, then ), pw; <L+ 1.

v) Let E; > 1 (1 < i < q) be arbitrarily given numbers. For each R C {1,...,q} with
fR = N + 1, there is a subset R° C R such that §R° = rank{[Q;]}icre = ¢+ 1 and

H EY < H E;.
i€R i€R°
The following theorem is due to the author in recent works [11, 12, 13].

Theorem 2.2 (cf. [11, Theorem 3.3],[12, Theorem 3.5],[13, Theorem 2.7]). Let the nota-
tions be as above and let w be the constant defined in the Lemma 2.1 with respect to the

hypersurfaces Qu, . ..,Qq. Then, for every € > 0, there exist a positive number § (> 1) and
C, depending only on € and Q); such that
M-1 2e
— o |F
dde log Hp—O | P‘

ITi<j<qoepenr—1 1087 (8/¢,(Q;))

( ‘FO|2(¢D(q—(2N—k+1))—M+k)|FM|2 ) Tvx(fTﬁ) C| |2
dd®|z|“.
M—1 o
1 (1Fo(Q)1P T =0 log™(8/0p(Q;)))*s
Theorem 2.3 (cf. [5, Proposition 2.5.7]). Set 7, = ZZL1 om for each integer m. We have

>C

1/7m
o 2 oy o ™ ([Fol* [ Furf? cl2
A log(Ff? [P f) > 2 (R ade 2]
Theorem 2.4. Let the notations be as above and let the assumption be as in Lemma 2.1,
we have

q
1
VRl 2 ijVQj(F) — (oM — UMfmin{k,Z})VI[‘[]?zl Q;(F)"
j=1
Proof. For a point a € U?Zl(fl)_l(Qj), since {Q; ;1-:1 is in N-subgeneral position with
respect to V, there are at most N indices j such that Q;(F')(a) = 0. Then, there is a
subset R C {1,...,q} with R = N + 1 such that Q;(F')(a) # 0Vj € R. Applying Lemma

2.1, there exists a subset R® C R with §R° = £ + 1 such that rankc{[Q;];j € R°} = ¢+ 1
and

q
> wive,myla) =D _wivg,ry(0) < Y vo ().
j=1

JER jERC
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We set k' = min{k, ¢}. Since there are at most k" indices j € R° such that Q;(F*)(a) =0,
we also may assume further that R = {1,...,0+ 1}, Q;(F*)(a) # 0 for all j > k', j € R°.
By the basis property of the wronskian, we have

k' k'

vp1 (a) > min Zmax{Oij(fl)(a) —(M=-a()}; > ZVQj(fl)(a) —(om —op—i),
j=1 j=1

where the minimum is taken over all bijections o : {1,...,k'} = {0,...,k" —1}. Thus

q
1
Vpl 2> ijVQj(F) — (oM — Ultffmin{k,l})yl[—[];zzl Q;(F)"
j=1 '

The theorem is proved. |

Lemma 2.5 (Generalized Schwarz’s Lemma [1]). Let v be a non-negative real-valued con-
tinuous subharmonic function on A(R) = {z € C;|z| < R}. If v satisfies the inequality
Alogv > v? in the sense of distribution, then

2R

3 Holomorphic curves from complex discs into projec-
tive varieties

Lemma 3.1. Let V be an £-dimension projective subvariety of P*(C). Let Q1,...,Qq be
q hypersurfaces of P*(C) in N—subgeneral position with respect to V' and let d be the least
common multiple of deg Q1,...,deg Qq. Let f1,.... f™ be m holomorphic maps from A(R)
into V (1 <m < n+1), which are nondegenerate over I;(V). Assume that there exists a
holomorphic function h on A(R) satisfying

m m q m
it S = 305 v and 1< T 1
i=1 i=1 j=1 i=1
where F* = (F¢,...,F!) is a reduced representation of f* (1 < i < m), X\ and p are

non-negative numbers. Then for an arbitrarily given € satisfying
g Ap p
’}/:ij‘—M—l—F>6(UM+1+E).
j=1

the pseudo-metric dr? = n*/™|dz|?, where

1
o AR D E T L R\

n= | [h** =z
L (10, ()] TIL, toa (6 /23(@,))

and &' is the number satisfying the conclusion of Theorem 2.2 with respect to the map f?,
s continuous and has strictly negative curvature.
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Here and throughout this paper, F}, i and apé are defined with respect to the map f*. For
simplicity, we sometimes write [[, ; and []; , for [[;Z, [Tj—, and J[j_ Hp _1 , respectively.

Proof. We see that the function 7 is continuous at every point z with J[, ; Q;(F")(z) £ 0.
For a point zy € A(R) such that [], ; Q; (F*)(20) = 0, we have

1 m m q
vp(20) > p— Avp(z0) + ZI/F;'W(ZO ZZUJ vQ,Fi)(z0) | = 0.
M M i=1 i=1 j=1

This implies that dr? is a continuous pseudo-metric on A(R).
We now prove that dr? has strictly negative curvature on A(R). Again, we have

m 1+e€
> " ddlog IACg(I + (A + €)dd®log |h| > 0.
9 J

Let Q be the Fubini-Study form of P"*(C) and denote by Q: the pull-back of by the map
ft (1 <i<m). By Theorems 2.2 and 2.3, we have

O'M+1 —|-
dd¢ log /™ > 2 Qi
cen = (GM + eTar) Z f

€

c 2 i 2
yr p— de log (|Fg|* -+ |Far—1 %)

dec [T,l0 |[F, )
Hﬁ“o log®*s (62/90,,(@-»

0|2 2
> €T™ Z | Fol* - |FM‘ ddC|Z|2
dmon (on + €Tn) |FE|2om+1

e i( |[Fg 2@ 2N AR D)= MR | 12 )decl ? .
0 N z
A\ (1Q;(FH R TIL, log? (5’/<Pp(Qg)))

2 UM—‘rGT]y[

=1

m Fi[2@(a=2N+k=1)=M+K) | i |2 Freye
G (H _ lmpet Lot ad o2
i=1 j:l('Qj(Fl)‘ Hp 0 10g (51/9%(@3 )i

2
m |F1'IG)(q—2N+k—1)—]W+k—eaM+1 IFz | HM ‘F'L|e m(on+ern)

> Ch H

ST (1) T toa(0'/3(Q,))

for some positive constants Cy, C1, where the last inequality comes from Holder’s inequality.
On the other hand, we have |k| < /", |F||* < I/, |F¢|4 and

- €T ﬁ |F5|2 | Fg )P e ade|z[?
“ doy(om + €Tir) | Fig|2om+1

dd®|z|?

m m
H |F6'|d)(q—2N+k—1)—M+k—eaM+1 > |h‘)\+€ H |Fg‘7_€(0M+1+§).
=1 i=1
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This implies that Alogn?/™ > Con?/™ for some positive constant Cy. Therefore, dr? has
strictly negative curvature. 0

Lemma 3.2. Let the notations and the assumption be as in Lemma 3.1. Then for an
arbitrarily given € satisfying

q
Ap P
’y:Jz::l(JJ]_M—l_F>E(O'M+1+E),

there exists a positive constant C, depending only on €,Q; (1 < j < q), such that

m ily—e(om+1+2 i € i € 1/m o €T
\h|A+€H |Fg|r—elommt@) | pi |1+ [, 1Fa(Qy)] /q <O< R ) M+ M.
j=11Qs (F)| TR [
Proof. As in the proof of Lemma 3.1, we have

dd®logn/™ < Con?/™ddc|z)?.

i=1

According to Lemma 2.5, this implies that

2R
1/m < Qq—
for some positive constant C's. Then we have
1
m i|vy—e(o L i M ile m(opr+ernr)
|h|)‘+6]:[ |EE|Y ( M+1+d)|FM|Hp:O|Fp| M <0 2R
. M—1 . . Wi — 2 _ 2°

ST (105 ()] T tog(67/64,(@)))) 2 =1zl

It follows that
Ate T [Fg el D By [T, | F (@) ey 2R
‘h| H : wj S C(3 R2 — |Z|2

1T (193 (O T (5(@3) 7 log(6°/24(@0)))

c 5
Note that the function x4 log® <2> (w>0,0 <z <1)is bounded. Then we have
x

m i|y—e(o +E8) | i |1+e i e/ W
|h‘MGHIFoW M Z\FM\ _Hj,? | Fp (@) MreTa <c 2R
Faie o1 Qs ()| R

Tl
for a positive constant Cy. The lemma is proved. 0

Lemma 3.3 (cf. [5, Lemma 1.6.7]). Let do? be a conformal flat metric on an open Riemann
surface S. Then for every point p € S, there is a holomorphic and locally biholomorphic
map ® of a disk A(Rg) onto an open neighborhood of p with ®(0) = p such that ® is a local
isometric, namely the pull-back ®*(do?) is equal to the standard (flat) metric on A(Ry),
and for some point ag with |ag| = 1, the curve ®(0, Roag) is divergent in S (i.e., for any
compact set K C S, there exists an so < Rg such that ®(0, spag) does not intersect K ).
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Theorem 3.4. Let S be an open Riemann surface and V be an £-dimension projective
subvariety of P*(C). Let f*,..., f™ be m holomorphic curves from S into V (1 <m < n).
Let Q1,...,Qq be q hypersurfaces of P"(C) in N—subgeneral position with respect to V' and
d =lem(deg Q1,...,degQq). Assume that each f; is nondegenerate over I5(V'), there exists
a holomorphic function h on S satisfying

m m q m
Mo+ D ey, 2 DY wivg,e and B < TTIEY”,
i=1 i=1 j=1 =1

where F' = (F¢, ..., F!) is a reduced representation of f* (1 <1i < m) and the metric

n
m 2/m
ds® = 2/¢|*/™ (H ||Fi||> |d2?,
i=1

where & is a nowhere zero holomorphic function, is complete on S. Then we have

Ap M@4+U>.

ON — (41
Ow+1+(i+ 5

="

Proof. If there are some hypersurfaces @; such that V' C @Q;, for instance they all are
Qq=r+41,---,Qq (0<r <N —{+1), then by setting N' = N —r,¢' = ¢ — r we have

2N —(+1 Ap M(M+1)
L (/SO T o kil LA R
(+1 < T T ¢
2N’ —(+1 Ap o M(M+1)
> ([ M+1+ =S+ — -7
=Tt ( T T a
and Q1,...,Qq—r are in N’-subgeneral position with respect to V. Then, without loss of
generality, we may assume that V ¢ Q; forall j=1,...,q.
We fix a C-ordered basis V = ([vo], ..., [van]) of I4(V) as in the Section 3. By replacing

Q; with Qf/ deg Qi (1 < i < q) if necessary, we may assume that all @; (1 <1 < q) are of
the same degree d. Suppose that

M
Q) =Y aglvil,
=0

M 2
where > .7 Jaj;|* = 1.
Since f* (1 <4 < m) is nondegenerate over I4(V), the contact functions satisfy

Fl(Qj)#0,V1<j<q0<p<M.

Then, for each j,p (1 < j <¢,0 <p < M), we may choose 41,...,i, with 0 < i3 <--- <
ip < M such that

GF )= Y W (s (F'), v, (FY),... v, (F7)) £ 0.

SFE01,.00p
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We note that (F?%);0 = Fi(Q;) = Q;(F*) and ¢(F*%)jp = Fj;.
Suppose contrarily that
2N—€+1< Ap M(M+1))

M41+22
(+1 T

7= d 2d

From Theorem 2.1, we have

q
- - N {41
Therefore,
! A A
ijfolprzw(quN+£f1)fM+ —7”
j=1
41 Ap
T (g-oN+4l—1)-M+e- 2P
) e LU A @
AR RN -D(M 142
2N —(+1 (+1
o 41 @N+L-1)MM+1)  oum
2N —(+1 2d(€ + 1) o d
Then, we can choose a rational number € (> 0) such that
A3 wi— M — *%)*0M>6>d(23:1%‘*M* -2 —oy
dlons1 + ) + 1 n%q—i—d(JMJrl-l-g)-i-TM ’

We define the following numbers

q
A
B:=d ij—M—l——p—e(aMH—i—g) > onm + €Ty,

1 1

p = = .
(1-p)8 d(zgzle_M_1_%)_UM_€(dUM+1+p+TM)

It is clear that 0 < p < 1 and % > 1.
We consider a set

' ={a€ S;¢(F)jp(a) #0,h(a) Z0VI<i<m;j=1,...,¢;p=0,...,M}

and define a new pseudo-metric on S’ as follows

s

2p"

pp* 1 m q'f j Fz “i "
dr? = ‘£|2(1+’ﬁ ) Py H o < )| < |dz[*.
|| i [FR e T, [ (F) @




D. T. T. Hang, S. D. Quang 71

Since Q;(F*), Fi;,v(F");p (1 < j < q) and h are all holomorphic functions on ', dr?
is flat on S’. We now show that d7? is complete on S’.

Indeed, suppose contrarily that S’ is not complete with d72, there is a divergent curve
~v:[0,1) — S’ with finite length. Then, as t — 1 there are only two cases: either (t) tends

to a point a with
q M
(h H H ¢(Fi)jp)(a) =

j=1p=0
or else (t) tends to the boundary of S.
For the first case, by Theorem 2.4, we have

Vir(a) < (ZV *ZZ iV, (Fi)(a) + Avy(a)

X v 0+ 00+ 53 S v, @) 5

=1 j,p
P ep”
Z”F? Jtvn(a) | = == > v, () < =
1= 1
Then, there is a positive constant C such that
|dr| > — |dz|
|2 — a| ™

in a neighborhood of a. Then we get

C
La- (7 /Ilv M-dt = / /7|d2|
\z—a|mq

(y(t) tends to a as t — 1). This is a contradiction. Then, the second case must occur, i.e.,
~(t) tends to the boundary of S as ¢ — 1.

Take a disk A (in the metric induced by dr?) around v(0). Since dr is flat, by Lemma
3.3, A is isometric to an ordinary disk in the plane. Let ® : A(r) = {|w| < r} — A be
this isometric with ®(0) = v(0). Extend ® as a local isometric into S’ to a the largest disk
possible A(R) = {|w| < R}, and denoted again by ® this extension (for simplicity, we may
consider ® as the exponential map). Since ® cannot be extended to a larger disk, it must
be hold that the image of ® goes to the boundary of S’. But, this image cannot go to points

2o of S with h(z) [T~ (F}w (z0) 15, w(Fi)jp|(zo)) = 0, since we have already shown that

7(0) is infinitely far away in the metric dr2 with respect to these points. Then the image
of ® must go to the boundary S. Hence, by again Lemma 3.3, there exists a point wg with
|wo| = R so that T' = ®(0,wp) is a divergent curve on S.

Our goal now is to show that I' has finite length in the original metric ds? on S, con-
tradicting the completeness of S. Let g° := fio® : A(R) — V C P*(C) be a holomorphic
map which is nondegenerate over I4(V). Then g° have a reduced representation

G = (90:----9n):
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where g§ = f} o® (1 <i<m,0<j<n). Hence, we have:

O*ds® = 2/¢ o @/ [ I1F 0 @]/ | @ d2|?

=1

m A 7 m ZO(I)
—ojco ol (HIIG 1 )\ \ dwP?,

i=1
d(zo®)\”
dw ’

§V,=(Fioq>)M:Fgﬂoq>.(

i i i d(z0 @)\
B(G )y = 0l 0 )y = w(F ) (TE2P) T 0 p < 00,
On the other hand, since ® is locally isometric,
|[dw| = |®*dT|
m 7 wj pT/m
:lgoq)‘uzjfp* 1 H ' H]|QJ(F)0(I)| g ’d(zo@)’.|dw|
|ho ®Ate bl |Fhy o @', , [Y(F?)jp o Ble/a dw
1+Bpp*

“/m
X ,,p m Gz wj P
~ e | [l 11, 19, o) awl
|h (I)|)\+s |1+5 |,¢)(G2)]p|e/q dw

(because 1+ p*(oar + ear) = 1 4 Bpp*). This implies that

’d(zoq))

Gl T G177
dw |‘*’J

i=1 H] |QJ<G,L)
i Gl I (G @) ™77
i=1 H |QJ(GZ)‘WJ

[EViasai |Gl<QJ)|ﬁ/Q>
=[€o @ [ |hod| e At
( H [171Q;(G")]+s

] ol * <|h o BN

<|god 7w <|ho<1>|“f

Hence, we have

m o m Gz 1+e ) Gz \l€/q miﬁ
o*ds < V2] IG7| <|ho<I>’\+€H| ul 1L, 16 (Qs)] ) |dw]
=1

i=1 21'21 |QJ(G1)|MJ
GG T, (G5 (@)I 7 ™
=V2 | |hod®Fe Jp__P dw
ool T 10,(G ke

|Gol71G, II“HJP\GZ(QJ)F/Q

%) <|h o DM H ]:1 Q,(GH] ) |dw].

=1
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with a positive constant C;. We note that % = ;1-:1 wij—M—-1- % —€ (O'M+1 + g).
Then the inequality (2) yields that the conditions of Lemma 2.5 are satisfied. Then, by

applying Lemma 2.5, we have

2R\’

for some positive constant C. Also, we have that 0 < p < 1. Then

R 2R P
L2(1) < = o* < . = )
as2 ( )_/Fds /wao ds < Cy /0 (R2—|w|2> |dw| < 400

This contradicts the assumption of completeness of S with respect to ds®. Thus, dr? is
complete on S’.

Then, we note that the metric d7? on S’ is flat. Then by a theorem of Huber (cf. [2,
Theorem 13, p.61]), the fact that S has finite total curvature (with respect to dr?) implies
that S’ is finitely connected. This means that there is a compact subregion of S’ whose
complement is the union of a finite number of doubly-connected regions. Therefore, the
functions |h| H;I:/io Hj.:l [(G>);p| must have only a finite number of zeros, and the original
surface S is finitely connected. Due to Osserman (cf. [7, Theorem 2.1]), each annular ends
of S, and hence of S, is conformally equivalent to a punctured disk. Thus, the Riemann
surface S must be conformally equivalent to a compact surface S punctured at a finite
number of points Py, ..., P.. Then, there are disjoint neighborhoods U; of P; (1 < i < r)
in S and biholomorphic maps ¢; : U; — A with ¢;(P;) = 0. Note that, the Poincare-metric

4]dw|?
on A* = A\ {0} is given by do%. = ‘712‘,
|w|? log™ w]?
A.

As we known that the universal covering surface of S is biholomorphic to C or a disk in
C. If the universal covering of S is biholomorphic to C (denote by ® : C — S this universal
covering mapping), then from the assumption that

m m q m
vy, + Zz/p;'w > Zijqu(Fi) and |h| < H | F))e,
i=1 i=1

i=1 j=1

where w is the complex coordinate on

we have
m q m q
)\/)ZT iod ZN(T7 Vho(i)) > Z
i=1 j=1 i=1

w; N (r, VQj(Fioé)) - N(r, VF;'40<1>) )
i 1

Jj=

where T (r) is the characteristic function of the mapping f : C — P*(C) and N(r,v) is the
counting function of the divisor v on C (see [9] for the definitions). Using the second main
theorem (Theorem 1.1 in [9]), we have

(2N — L+ 1)(M +1)\ &
(Z ]V[]w](’l”7 VQj(FiO&))) Z (q - £+ 1 ZTJ”O&)
=1

1 j=1

m m
H ApZT iod Z
=1 =

i = 7
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Here, the symbol “||” means the inequalities hold for all r € [1,4+00) outside a finite Borel
measure set E. Letting r — +oo (r € F), we get
(2N —(+1)(M+1)

+1

Ap>q—

and arrive at a contradiction.

Then, we only consider the case where the universal covering surface of S is biholo-
morphic to the unit disk A in C. Let & : A — S be this holomorphic universal covering.
Consider the following metric

d7* = n?*|dz|?,

where

1

m |\ pily—elomtrt ) | pi |1+e T, | Nle/a\ mnrTerar)

)= WHGH' 0l q\ | iHi,?| »(Q;)] '
1 @ (F?)[«s

It is obvious that d7? is continuous on S \ U?:I(fi)_l(Qj). Take a point a such that
?:1 Q;(F*)(a) = 0. From the assumption, we have

m g
d%(a) > m; ()\Vh + Z Z/Fz Z: Z: I/Q (Fz )2 0.

i=1

(om + €mr)

Therefore d7 is continuous at a. This yields that d7 is a continuous pseudo-metric on S.
Now, from Lemma 3.1, we see that dr2 has strictly negative curvature on S Hence, by the
decreasing distance property, we have

d*dr? < dok < Cs- (Do )*doi. (1<i<r)

for some positive constant C3. This implies that

/ Qgr2 S/ P*Q 2 < 1003/ Qgp2 < 00.
U >-1(U;) & A A

where [y is the number of the sheets of the covering ®. Then, it yields that

/Qde < / Qde + 10037‘/ QdG‘Q* < o0.
s S\Ui_, Ui A 4

Now, denote by ds? the original metric on S. Similar as (1), we have

vy —elomsr+5) d
dd°1 > — Qr.
081 = oym + €T mz fi

Then there is a subharmonic function v such that

Nldz]? = e"lg| ™ <H|F’| T ) |dz|?
m L 9 TIMETM 41 2 m A 9
|\ TLHEe e | jepm ( TTIE N | 1dz]
=1 i=1

= eVds?



D. T. T. Hang, S. D. Quang (0]

for a subharmonic function w on S. Since S is complete with respect to ds?, applying a
result of S. T. Yau [14] and L. Karp [6] we have

/Qd.,-z = / erd52 = +400.
S S

This contradiction completes the proof of the theorem. 0

4 Uniqueness theorems for Gauss maps

In this section, we will prove main theorems of this paper. Firstly, we prove the following.

Lemma 4.1. Let S be an open Riemann surface and V be a £-dimension projective subva-
riety of P*(C). Let Q1,...,Qq be ¢ hypersurfaces of P*(C) in N—subgeneral position with
respect to V and d = lem(deg Q1,...,deg Q,). Let f, f? be holomorphic maps from S into
V' such that

(1) Mo (FH) Q1)) = 0 for every 1 < jo < -+~ < ji < q,
(2) f' =12 on U, (S Q) U (f)Q)))-

If f1 is nondegenerate over 1,(V'), S is complete with a metric ds? = |£]?||F1||?|dz?|, where
€ is a non-vanishing holomorphic function, z is a conformal coordinate on S, F' is a reduced
presentation of f1, and

2N —?(+1

+1

. M(M+1))

(M + 1 +onm — UM—min{k:,Z} + 2d

then f? is nondegenerate over I4(V).

Proof. Let F' = (f¢,..., fi) be reduce representations of f¢ (i = 1,2). Suppose contrarily
that f? is degenerate over I;(V). Then there exists a hypersurface Q of degree d such that
V ¢ Q, Q(F?) = 0. By the assumption that f! is nondegenerate over I4(V), we have
Q(F') £ 0. Since f! = f2 on U, Qi, we have Q(F') = 0 on U, (f!)~'Q;. Therefore,
setting &’ = min{k, ¢} and h = Q(F!), from Theorem 2.4 we have

K’ q
(0‘]\/[ — O’M,kl)Vh(a) + Vlew (a) Z Z VQ].(Fl)(a) Z ijqu(F1)(a).
Jj=1 Jj=1

Also, it is clear that |h| < ||F!||¢. Applying Theorem 3.4, we have

2N —¢+1

>
1=

M(M +1
<M+1+JMUM—k/+()).

2d

This contradiction completes the proof of the lemma. 0
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Proof of Theorem 1.1. Without loss of generality, we may assume that deg(); = d for all
1 < j < q. We may suppose that f*(S) ¢ Qj forall j € {1,...,q} (otherwise ft=f?). Let
2 be a conformal coordinate on S! and F' = (f¢,..., f1) be the reduce representation of
ft for each i € {1,2}. Since @ is a conformal diffeomorphism, there exists a non-vanishing
holomorphic function ¢ such that ds? = ||F!||?|dz?| = [£]?||F?||*|d2?|. We have ds?
complete on S. Also, from the proof of Lemma 4.1, we see that f2(S') C V and f? is
nondegenerate over I;(V).
Suppose contrarily that f' 2 f2. Then there exists 0 < i < j < n such that

he=flf2—flf2#o0.

It is clear that vy, > for each i € {1,2}.

JAl ‘
H?:l Qj (FZ)
From Theorem 2.4, we have

2(0-1\4_0-M min{k,(} Vh"i'ZVF’ >ZZVQJ(F

i=1 j=1

Note that |h| < ||F| - ||F?|. By applying Theorem 3.4, we have

2N —(+1 2(00 — Opr—min{k,ey) MM+ 1)
< —(M+1 ’ .
9= T < T d T
This contradiction completes the proof of the theorem. 0

Proof of Theorem 1.2. Let z be a conformal coordinate on S* and F? be the reduce rep-
resentation of f? for each i € {1,2}. Since ® is a conformal diffeomorphism, there exists
a non-vanishing holomorphic function ¢ such that ds? = ||F||?|d2?| = ||| F?|?|dz?| =
|€] - |F| - || F?|||d22]. Note that, ds? is complete on S?.

Suppose contrarily that the theorem does not hold. Consider the simple graph G with
the set of vertices {1,...,q} and the set of edges consisting of all pairs {i,;j} such that
Qi(FHQ;(F?) —Q;(FYHQ;(F?) # 0. The supposition implies that the order of each vertex
does not exceed [¢/2]. Then, by Dirac’s theorem, there is a Hamilton cycle i1, ..., %, ig+1,
where ig41 = 41. We set u; := ;41 if j < g and uq :=9;. Then we have

q
H Qz] Fl Qu] FZ) QuJ(Fl)Qz](FQ)) 7_é 0.

It is clear that |h| < || FY||44|| F2||44.

For each point a € U?:l(fl)*l(Qj)7 take a subset I; C {1,...,q} such that 7 = N +1
and QJ(FI)( ) # 0 for every j ¢ I;. Then there is a subset Iy C I; such that flo =
rankc{[Q;];j € I2} = £+ 1 and

D Wa.) (@) + g, (@) = D wilvg, (@) + vo,r2) (@),

i€l i€l
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Then, there exists a subset I C I such that #7 = ¢ and Q;(F")(a) # 0 for every j € I\ I.
Hence, we have

q

> Wo. (@) + v, (@) 2 D> wilvg, ) (@) + vg,r2)(a)).

iel i=1

Then, we have

(a) >2 Z min{vg, g1y (a), vo,r2y(a)} + (¢ — 2t)
i=1

> 22 (min{uQi(Fl)(a), M} + min{vg, p2)(a), M} — M) + (g — 2t)

2 Z (min{vg,r)(a), M} + min{vg, (p2)(a), M}) + (¢ — 2(M + 1)t)
q+2(M—-1)t 2(M
- 2Mt

t

1)t . .
Z min{vg, r1y(a), M} + min{vg, r2)(a), M}).
i=1

Also, by usual arguments we have

t
vp1 p2 (@) > Z Z max{0, vg,(pi)(a) — M}.
j=11i=1
Therefore, we have the following estimate:
2Mt :
I - DO e (0 2 2 Ui (@) e (@)

q
Z (vQ,(r1)(a) +vq,(r2)(a))

By Theorem 3.4, we have

2N —(+1 2Mtq M(M +1)
<—|M+1
=" ( T 20— Do 2d
2N —(+1 2Mk M(M+1
41 (g+2(M — Dk)d 2d
and arrive at a contradiction. This completes the proof of the theorem. 0
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