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Abstract

In this work, we investigate a thermoelastic shear beam model with thermal dissipa-
tion. We prove a well-posedness result using the Faedo–Galerkin method and establish
exponential stability through the multiplier method. Our results improve the stabil-
ity findings for certain thermoelastic Timoshenko-type systems as we do not require
any relationship between the wave speeds, since our system has only one wave speed.
Finally, we present some numerical experiments to illustrate our theoretical findings.
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1 Introduction

This work is devoted to the study of the well-posedness and the decay rate of a shear beam
model coupled with the heat equation governed by Fourier’s law of heat conduction. The
shear model is an improvement over the Euler-Bernoulli beam model by incorporating the
shear distortion effect but without rotary inertia.

Historically, the classical Euler-Bernoulli differential equation for vibrations of a uniform
beam is given by

ρAφtt + EIφxxxx = 0,

where ρ represents the mass density, A denotes the cross-sectional area, E stands for the
modulus of elasticity, I is the inertia momentum of the cross-sectional area of the beam,
and φ(x, t) represents the deflection of the beam at the point x ∈ (0, L) and time t > 0.
The Euler-Bernoulli model does not account for either rotatory inertia or shear deforma-
tion. Accordingly, the Euler-Bernoulli model slightly overestimates the natural frequencies.
Rayleigh [21] incorporated the rotational movements of the cross section. From a mathe-
matical modeling perspective, the angle of rotation is equal to the slope of the deflection
curve φx. Consequently, the differential equation for the Rayleigh model is given by

ρAφtt + EIφxxxx − ρIφxxtt = 0.

As a result, it partially corrects the overestimation of natural frequencies in the Euler-
Bernoulli model. However, the natural frequencies are still being overestimated.

The addition of a shear distortion to the Euler-Bernoulli model is known as the shear
model. In contrast to the Euler-Bernoulli and the Rayleigh beam models, the shear model
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has two dependent variables, and the total angle of rotation is the difference between β,
which represents the angle of distortion due to shear and ψ, which represents the angle of
rotation of the cross-section due to the bending moment. The total angle is approximately
equal to the derivative of the deflection angle φ, and it is expressed as φx = β − ψ. These
two dependent variables are represented by the coupled equations{

ρφtt − κ (φx + ψ)x = 0, in (0, L)× (0,+∞) ,
−bψxx − κ(φx + ψ) = 0, in (0, L)× (0,+∞).

The adding of shear distortion to the Euler-Bernoulli beam improves considerably the esti-
mation of the natural frequencies.

The most significant improvement to the Euler-Bernoulli model was made by Timoshenko
in 1921. In his paper [23], he proposed a beam theory that incorporates the effects of shear
deformation and rotational inertia into the Euler-Bernoulli beam theory. The equations of
motion are given by{

ρ1φtt − κ(φx + ψ)x = 0 in (0, L)× (0,∞),
ρ2ψtt − ψxx + κ(φx + ψ) = 0 in (0, L)× (0,∞),

(1)

where ρ1 = ρA, ρ2 = ρI, κ = k′GA, b = EI, k′ is the transverse shear factor and G is the
shear modulus.

The longtime behavior of beam models subjected to different dissipation mechanisms
has been extensively studied in the last four decades. Chen et al. [7] controlled the Euler-
Bernoulli equation by a locally distributed viscous damping and proved that the energy
of the beam decays exponentially. Chen and collaborators [5, 6, 7] considered boundary
dissipations acting on one end of the beam, and proved the exponential decay of the energy.
Liu and Liu [9] studied the longitudinal and the transversal vibrations of Euler-Bernoulli
beam with locally distributed Kelvin-Voigt damping. They established an exponential decay
for the transversal vibration and non exponential decay for the longitudinal vibrations.

Rao [19] investigated a Rayleigh beam clamped at one end with boundary control ap-
plied at the other end. He established an exponential stability in the case of moment control.
Additionally, he proved strong asymptotic stabilization and the absence of exponential sta-
bilization when boundary viscous damping is applied. In [20], he further discussed the
Rayleigh beam clamped at both ends with a viscous damping in the feedback and obtained
an optimal exponential decay rate.

Great importance has been given to the study of the longtime behavior of Timoshenko
systems. Thousands of papers have appeared during the last three decades whose subject
is the study of effect of various dissipation mechanisms. In a pioneer work, Soufyane [22]
examined the impact of a localized elastic damping b(x)ψt acting only on the equation of
rotational angle{

ρ1φtt − κ (φx + ψ)x = 0, (x, t) ∈ (0, L)× (0,+∞) ,
ρ2ψtt − bψxx + κ (φx + ψ) + b(x)ψt = 0, (x, t) ∈ (0, L)× (0,+∞) ,

where, b is a positive continuous function. He showed that the exponential decay occurs if
and only if, the wave propagation velocities are equal

κ

ρ1
=

b

ρ2
. (2)
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This result was extended by Muñoz Rivera and Racke [17] to the case of indefinite damping
b(x) satisfying ∥b− b∥L2 < ε for a small ε > 0, where

b =
1

L

∫ L

0

b(x)dx > 0.

Other dissipation mechanisms have considered subsequently. Viscoelastic damping of mem-
ory type was examined by Ammar Khodja et al. [4]. Muñuz Rivera and Fernández Sare
[14] treated Timoshenko systems with infinite history. In both cases the exponential rate of
decay was obtained under suitable conditions on the relaxation functions and provided that
(2) holds. Messaoudi and Said Houari [13] improved the result of [14] by assuming weaker
conditions on the relaxation function. Muñoz Rivera and Racke [15] considered a thermal
dissipation induced through coupling with the heat equation. They achieved an exponential
rate of decay provided that (2) holds. The same result was obtained by Messaoudi and Said
Houari [12] for thermal damping produced by heat conduction governed by the Green and
Naghedi theory of type III.

Note that the equality of wave speeds (2) is purely mathematical. Indeed, if (2) holds,
then

k′G

ρ
=
E

ρ
,

which leads to G =
E

k′
, and since the relation between tensions G and E is given by

G =
E

2 + 2ν
,

where the Poisson ratio ν satisfies 0 < ν < 1/2, we arrive at

k′

2 + 2ν
= 1

and this is not true because the shear factor k′ is always a small number less than one.
If (2) does not hold, Timoshenko-type systems with a single dissipation mechanism lose

the exponential decay; in most cases, polynomial decay rates can be established. See, e.g.,
[2, 16, 15, 11, 14, 10].

To the best of our knowledge, the stability of the shear beam model was only investigated
by Almeida Jùnior et al. [3], Ramos et al. [18], and recently, by Ahmima et al. [1]. In [3]
the authors considered the following system{

ρ1φtt − κ (φx + ψ)x + µφt = 0 in (0, L)× (0,∞) ,
−bψxx + κ (φx + ψ) = 0 in (0, L)× (0,∞) ,

where the frictional damping µφt acts on the transversal displacement equation. They
proved the exponential decay of the energy regardless to any relationship between the coeffi-
cients of the system. Whereas the authors of [18] examined the effect of a feedback damping
acting on the rotational angle and showed that the system is non-exponentially stable. In
[1], the authors studied a shear beam system with type III thermoelasticity and established
an exponential decay rate.
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In this paper, we are concerned with the following shear model system with thermal
dissipation governed by the heat equation based on the classical law of thermal conduction, ρφtt − κ(φx + ψ)x + µθx = 0 in (0, L)× (0,∞) ,

−bψxx + κ(φx + ψ) = 0 in (0, L)× (0,∞) ,
cθt − δθxx + µφxt = 0 in (0, L)× (0,∞) ,

(3)

where θ is the difference of the temperature from the configuration value T0, and c > 0 is a
physical constant that characterizes the heat conductivity of the material. In addition, we
equip system (3) with the following initial and boundary conditions

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), ψ(x, 0) = ψ0(x), θ(x, 0) = θ0(x), x ∈ [0, L] (4)

φ(0, t) = φ(L, t) = ψ(0, t) = ψ(L, t) = θx(0, t) = θx(L, t) = 0, t ∈ (0,+∞) . (5)

In order to investigate the dissipative nature of the problem (3)–(5), we define the energy
functional as:

E(t) :=
ρ

2

∫ L

0

φ2
tdx+

b

2

∫ L

0

ψ2
xdx+

c

2

∫ L

0

θ2dx+
κ

2

∫ L

0

(φx + ψ)
2
dx. (6)

We have the following result

Lemma 1.1. The energy functional satisfies, along any weak solution (φ,ψ, θ) of (3)–(5),
the estimate

d

dt
E(t) = −δ

∫ L

0

θ2xdx ≤ 0. (7)

Proof. Performing the L2−inner product of the equations of (3) by φt, ψt, θ, respectively,
we get

ρ

2

d

dt

∫ L

0

φ2
tdx+ κ

∫ L

0

(φx + ψ)φxtdx− µ

∫ L

0

θφxtdx = 0,

b

2

d

dt

∫ L

0

ψ2
xdx+ κ

∫ L

0

(φx + ψ)ψtdx = 0,

c

2

d

dt

∫ L

0

θ2dx+ µ

∫ L

0

θφxtdx = −δ
∫ L

0

θ2xdx.

By adding of the above equations, estimate (7) follows immediately for any regular solution.
The validity for weak solutions is established through density arguments.

Note that since Neumann boundary conditions are assumed for θ, we are unable to apply
Poincaré’s inequality for θ. To address this challenge, we proceed as follows:
From the third equation of (3) and boundary conditions (4), we have

d

dt

∫ L

0

θ(x, t)dx = 0.

Thus, ∫ L

0

θ(x, t)dx =

∫ L

0

θ0(x)dx.
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So, if we set

θ̃(x, t) = θ(x, t)− 1

L

∫ L

0

θ0(x)dx,

we get
(
φ,ψ, θ̃

)
satisfies the problem (3)–(5), with initial condition for θ̃ given by

θ̃(x, 0) = θ0(x)−
1

L

∫ L

0

θ0(x)dx

and more importantly, we have ∫ L

0

θ̃(x, t)dx = 0, (8)

which allows the application of Poincaré’s inequality for θ̃. In the sequel, we work with(
φ,ψ, θ̃

)
but, for convenience, we write (φ,ψ, θ).

2 Well-posedness

In this section, we use the Faedo–Galerkin method to prove the existence of a weak solution
to the problem (3)–(5). First, we introduce the phase space:

H := H1
0 (0, L)×H1

0 (0, L)×H1
∗ (0, L) (9)

where

H1
∗ (0, L) :=

{
ϕ ∈ H1(0, L),

∫ L

0

ϕ(x)dx = 0

}
. (10)

Note that H1
∗ (0, L) is a closed subspace of H1(0, L). Therefore, it is also a Hilbert space,

and so is H.

Definition 2.1. Let (φ0, φ1, ψ0, θ0) ∈ H1
0 (0, L)× L2(0, L)× H1

0 (0, L)×H1
∗ (0, L). A weak

solution of (3)–(5) is a function U = (φ,ψ, θ) ∈ L∞(0, T ;H), such that

ρ
d

dt

∫ L

0

φtudx+ κ

∫ L

0

(φx + ψ)uxdx− µ

∫ L

0

θuxdx = 0 ∀u ∈ H1
0 (0, L),

b

∫ L

0

ψxuxdx+ κ

∫ L

0

(φx + ψ)udx = 0 ∀u ∈ H1
0 (0, L),

c
d

dt

∫ L

0

θνdx+ δ

∫ L

0

θxνxdx− µ

∫ L

0

φtνxdx = 0 ∀ν ∈ H1
∗ (0, L),

(11)

for almost every t ∈ [0, T ], and

φ(0) = φ0, φt(0) = φ1, ψ(0) = ψ0, θ(0) = θ0.

The following lemma is useful in the proof of our well-posedness result.
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Lemma 2.2. [8] Let V ⊂ X ⊂ W be Banach spaces such that V,W are reflexive and the
embedding V ⊂ W is compact. If {wn} is bounded sequence in Lp (0, T ;V ) and {wn

t } is
bounded in Lq (0, T ;W ), 1 < p, q < +∞, then, there exists a subsequence

{
wk

}
such that

wk −→ w in Lp (0, T ;X) .

Our well-posedness result reads as follows:

Theorem 2.3. For any initial data (φ0, φ1, ψ0, θ0) ∈ H1
0 (0, L) × L2(0, L) × H1

0 (0, L) ×
H1

∗ (0, L) and any T > 0, the problem (3)–(5) has a weak solution (φ,ψ, θ) such that

φ ∈ L∞ (
0, T ;H1

0 (0, L)
)
, φt ∈ L∞ (

0, T ;L2(0, L)
)
,

ψ ∈ L∞ (
0, T ;H1

0 (0, L)
)
, θ ∈ L∞ (

0, T ;L2(0, L)
)
∩ L2(0, T ;H1

∗ (0, L)).

Proof. The proof will be carried out using the Faedo–Galerkin method through the following
steps:

Step 1: Approximate problem

Let {ωj}∞j=1 and {ϕj}∞j=1 be orthonormal bases inH1
0 (0, L) andH

1
∗ (0, L) respectively, formed

by the eigenfunctions of the operator − ∂2

∂x2
, associated with the eigenvalues {λj} and {µj}

respectively. We consider the finite dimensional spaces

Hn = span{ω1, ω2, · · · , ωn}, Vn = span {ϕ1, ϕ2, · · · , ϕn} ,

and set

Hn = Hn ×Hn × Vn.

Let

φn
0 :=

n∑
j=1

⟨φ0, ωj⟩ωj −→ φ0 inH1
0 (0, L),

φn
1 :=

n∑
j=1

⟨φ1, ωj⟩ωj −→ φ1 inL2(0, L),

ψn
0 :=

n∑
j=1

⟨ψ0, ωj⟩ωj −→ ψ0 inH1
0 (0, L),

θn0 :=

n∑
j=1

⟨θ0, ϕj⟩ϕj −→ θ0 inH1
∗ (0, L).

(12)

For any n ∈ N, we look for a solution (φn, ψn, θn) ∈ L∞ (0, T ;Hn), in the form

φn(x, t) =

n∑
j=1

aj,n(t)ωj(x), ψ
n(x, t) =

n∑
j=1

bj,n(t)ωj(x), θ
n(x, t) =

n∑
j=1

cj,n(t)ϕj(x),



A. Ben Moussa, A. Fareh, S. A. Messaoudi, M. Alahyane 447

that satisfy the following approximate problem

ρ

∫ L

0

φn
ttωjdx+ κ

∫ L

0

(φn
x + ψn)ωjxdx− µ

∫ L

0

θnωjxdx = 0,

b

∫ L

0

ψn
xωjxdx+ κ

∫ L

0

(φn
x + ψn)ωjdx = 0,

c

∫ L

0

θnt ϕjdx+ δ

∫ L

0

θnxϕjxdx− µ

∫ L

0

φn
t ϕjxdx = 0,

(13)

and the initial conditions

(φn(0), φn
t (0), ψ

n(0), θn(0)) = (φn
0 , φ

n
1 , ψ

n
0 , θ

n
0 ) . (14)

The insertion of φn, ψn, θn into (13) leads to the following system of linear ordinary differ-
ential equations

ρ1a
′′
j,n + λjκaj,n + κ

n∑
k=1

⟨ωkx, ωj⟩ bk,n + µ

n∑
k=1

⟨ϕkx, ωj⟩ ck,n = 0,

(bλj + κ) bj,n + κ

n∑
k=1

⟨ωkx, ωj⟩ ak,n = 0,

cc′j,n + δµjcj,n + µ

n∑
k=1

⟨ωkx, ϕj⟩ a′k,n = 0,

1 ≤ j ≤ n. (15)

Solving the second equation of (15) for bj,n, 1 ≤ j ≤ n, and then inserting the obtained solu-
tions in the first equation of (15), we arrive at a system of 2n−ordinary differential equations
for 2n unknown functions aj,n, cj,n, j = 1, · · · , n, which satisfy the initial conditions

aj,n(0) = ⟨φn
0 , ωj⟩ , a′j,n(0) = ⟨φn

1 , ωj⟩ , cj,n(0) = ⟨θn0 , ϕj⟩ , j = 1, ..., n. (16)

The standard theory of ordinary differential equations guarantees the existence of functions
aj,n ∈ C2 ([0, tn]) and cj,n ∈ C1 ([0, tn]) that solve (15)–(16) for 0 < tn ≤ T . Then, from the
second equation of (15), the existence of bj,n ∈ C2 ([0, tn]) is established. This completes
the proof of the existence of a unique local solution Un = (φn, ψn, θn) to the approximate
problem (13)–(14) on a maximal interval [0, tn), with 0 ≤ tn ≤ T , for all n ∈ N.

Step 2. Energy estimates for approximate solutions

Multiplying the equations of (13), respectively, by a′j,n, b
′
j,n and c′j,n, then adding the result-

ing equations over j = 1, 2, · · · , n, we obtain

ρ

∫ L

0

φn
ttφ

n
t dx+ κ

∫ L

0

(φn
x + ψn)φn

xtdx− µ

∫ L

0

θnφn
xtdx = 0,

b

∫ L

0

ψn
xψ

n
xtdx+ κ

∫ L

0

(φn
x + ψn)ψn

t dx = 0,

c

∫ L

0

θnt θ
ndx+ κ

∫ L

0

θnxθ
n
xdx+ µ

∫ L

0

φn
xtθ

ndx = 0,



448 Well posedness and exponential stability of a thermoelastic Shear beam model

which implies that

d

dt

[
ρ

2

∫ L

0

(φn
t )

2
dx+

b

2

∫ L

0

(ψn
x )

2dx+
κ

2

∫ L

0

(φn
x + ψn)

2
dx+

c

2

∫ L

0

(θn)2dx

]

+δ

∫ L

0

(θnx )
2dx = 0. (17)

An integration over [0, t] for 0 < t ≤ tn gives

En(t) + δ

∫ t

0

∫ L

0

(θnx )
2dxds ≤ C1, (18)

where

En(t) :=
ρ

2

∫ L

0

(φn
t )

2dx+
b

2

∫ L

0

(ψn
x )

2dx+
κ

2

∫ L

0

(φn
x + ψn)

2
dx+

c

2

∫ L

0

(θn)2dx

and C1 is a positive constant depending only on the initial data. Consequently, tn is inde-
pendent of n and the solution of the problem (13) can be extended to the whole interval
[0, T ].

Next, taking the supremum of (18) over [0, T ], we infer that, for every n ∈ N, we have

sup
t∈[0,T ]

En(t) + δ sup
t∈[0,T ]

∫ t

0

∫ L

0

(θnx (s))
2dxds ≤ C1;

that is,
∥φn∥L∞(0,T ;H1

0 (0,L)) + ∥φn
t ∥L∞(0,T ;L2(0,L)) + ∥ψn∥L∞(0,T ;H1

0 (0,L))

+∥θn∥L∞(0,T ;L2
∗(0,L)) + δ∥θn∥2L2(0,T ;H1

∗(0,L)) ≤ C1.
(19)

Step 3. Convergence of the approximate solutions

From (19), we deduce that

{φn} is bounded in L∞(0, T ;H1
0 (0, L)),

{φn
t } is bounded in L∞(0, T ;L2(0, L)),

{ψn} is bounded in L∞(0, T ;H1
0 (0, L)),

{θn} is bounded in L∞(0, T ;L2(0, L)) ∩ L2(0, T ;H1
∗ (0, L)).

(20)

Consequently, we can extract subsequences from {φn}, {ψn}, {θn}, still denoted by {φn},
{ψn}, {θn}, such that

φn ∗
⇀ φ in L∞(0, T ;H1

0 (0, L)) and φ
n ⇀ φ in L2(0, T ;H1

0 (0, L)),

φn
t

∗
⇀ φt in L

∞(0, T ;L2(0, L)), and φn
t ⇀ φt in L

2(0, T ;L2(0, L)),

ψn ∗
⇀ ψ in L∞(0, T ;H1

0 (0, L)), and ψ
n ⇀ ψ in L2(0, T ;H1

0 (0, L)),

θn
∗
⇀ θ in L∞(0, T ;L2

∗(0, L)), and θ
n ⇀ θ in L2(0, T ;H1

∗ (0, L)).

(21)

From (21) and Lemma 2.2, we infer that there exists a subsequence
{
φk

}
such that

φk −→ φ strongly in L2
(
0, T ;L2(0, L)

)
and φk −→ φ a.e. in (0, L)× (0, T ) . (22)
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Rewriting (13) with k instead of n and integrating with respect to t over [0, t] for 0 ≤ t ≤ T ,
we arrive at

ρ

∫ t

0

∫ L

0

φk
ttωjdxds+ κ

∫ t

0

∫ L

0

(
φk
x + ψk

)
ωjxdxds− µ

∫ t

0

∫ L

0

θkωjxdxds = 0,

b

∫ t

0

∫ L

0

ψk
xωjxdxds+ κ

∫ t

0

∫ L

0

(
φk
x + ψk

)
ωjdxds = 0,

c

∫ t

0

∫ L

0

θkt ϕjdxds+ δ

∫ t

0

∫ L

0

θkxϕjxdxds− µ

∫ t

0

∫ L

0

φk
t ϕjxdxds = 0.

(23)

Using (21), we get∫ t

0

∫ L

0

(
φk
x + ψk

)
ωjxdxds→

∫ t

0

∫ L

0

(φx + ψ)ωjxdxds, (24)∫ t

0

∫ L

0

θkωjxdxds→
∫ t

0

∫ L

0

θωjxdxds, (25)∫ t

0

∫ L

0

ψk
xωjxdxds→

∫ t

0

∫ L

0

ψxωjxdxds, (26)∫ t

0

∫ L

0

(
φk
x + ψk

)
ωjdxds→

∫ t

0

∫ L

0

(φx + ψ)ωjdxds, (27)∫ t

0

∫ L

0

θkxϕjxdxds→
∫ t

0

∫ L

0

θxϕjxdxds, (28)∫ t

0

∫ L

0

φk
t ϕjxdxds→

∫ t

0

∫ L

0

φtϕjxdxds (29)

and ∫ t

0

∫ L

0

φk
t ωjdxds→

∫ t

0

∫ L

0

φtωjdxds. (30)

Rewriting the first equation of (23) replacing ωj with ϕ ∈ H1
0 (0, L), applying Young’s

inequality and taking the supremum with respect to ∥ϕ∥H1
0
= 1, we obtain

ρ

∫ T

0

∥φk
tt∥2H−1 dt ≤

∫ T

0

(
κ∥φk

x + ψk∥2 + µ∥θk∥
)
dt ≤ C,

which yields

∥φk
tt∥H−1 ≤ C, for a.e. t ∈ (0, T ),

and the latter implies that:
(
φk
tt

)
is bounded in L2(0, T ;H−1(0, L)).

From Lemma 2.2 and (21) we infer that, for a subsequence {φk}, we have

φk
t → φt strongly in L2(0, T ;H−1(0, L)) and φk

t → φt a.e. in (0, T )× (0, L).

Therefore∫ t

0

∫ L

0

φk
ttωjdxds =

d

dt

∫ t

0

∫ L

0

φk
t ωjdxds→

∫ t

0

∫ L

0

φttωjdxds, ∀ωj ∈ L2(0, L). (31)



450 Well posedness and exponential stability of a thermoelastic Shear beam model

Similarly, ∫ t

0

∫ L

0

θkt ϕjxdxds→
∫ t

0

∫ L

0

θtϕjxdxds, ∀ϕj ∈ H1
∗ (0, L). (32)

From (24)–(32), we deduce that

ρ

∫ t

0

∫ L

0

φttωjdxds+ κ

∫ t

0

∫ L

0

(φx + ψ)ωjxdxds− µ

∫ t

0

∫ L

0

θωjxdxds = 0,

b

∫ t

0

∫ L

0

ψxωjxdxds+ κ

∫ t

0

∫ L

0

(φx + ψ)ωjdxds = 0,

c

∫ t

0

∫ L

0

θtϕjdxds+ δ

∫ t

0

∫ L

0

θxϕjxdxds− µ

∫ t

0

∫ L

0

φtϕjxdxds = 0.

(33)

The left hand sides of the system (33) are absolutely continuous as functions of t, and are
therefore differentiable almost everywhere. By differentiating the equations (33) with respect
to t, we arrive at

ρ

∫ L

0

φttωjdx+ κ

∫ L

0

(φx + ψ)ωjxdx− µ

∫ L

0

θωjxdx = 0,

b

∫ L

0

ψxωjxdx+ κ

∫ L

0

(φx + ψ)ωjdx = 0,

c

∫ L

0

θtϕjdx+ δ

∫ L

0

θxϕjxdx− µ

∫ L

0

φtϕjxdx = 0,

(34)

for any ωj , ϕj , j ≥ 1. Since {ωj}, {ϕj} are dense in H1
0 (0, L) and H1

∗ (0, L), respectively,
(34) still valid with u ∈ H1

0 (0, L), v ∈ H1
∗ (0, L) instead of ωj , ϕj , respectively. Therefore,

(11) follows immediately, which shows that (φ,ψ, θ) is a weak solution of (3).

Step 4. Initial data

From Lemma 2.2 and (21), we infer that

φn −→ φ strongly in C
(
[0, T ];L2(0, L)

)
.

Therefore,

φ(0) = φ0.

Next, integrating the third equation of (11) with respect to t over (0, T ), then taking ν =
η(t)ϕ(x) with η ∈ C∞ ([0, T ]) such that η(0) = 1 and η(T ) = 0, we get for all ϕ ∈ H1

∗ (0, L)

c

∫ T

0

∫ L

0

θtη(t)ϕ(x)dxdt+ δ

∫ T

0

∫ L

0

θxη(t)ϕx(x)dxdt

+µ

∫ T

0

∫ L

0

φtη(t)ϕx(x)dxdt = 0.

(35)
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The integration by parts of the first term yields∫ T

0

∫ L

0

θt(x, t)η(t)ϕ(x)dxdt = −
∫ L

0

θ(x, 0)ϕ(x)dx

−
∫ T

0

∫ L

0

θ(x, t)ηt(t)ϕ(x)dxdt.

The insertion in (35) leads to

c

∫ L

0

θ(0)ϕ(x)dx = δ

∫ T

0

∫ L

0

θxη(t)ϕx(x)dxdt+ µ

∫ T

0

∫ L

0

φtη(t)ϕx(x)dxdt

− c

∫ T

0

∫ L

0

θ(x, t)ηt(t)ϕ(x)dxdt, (36)

for all ϕ ∈ H1
∗ (0, L).

Applying the same process to the third equation in (13), and recalling the initial condi-
tions (14), we obtain

c

∫ L

0

θn(0)ϕ(x)dx = δ

∫ T

0

∫ L

0

θnxη(t)ϕx(x)dxdt+ µ

∫ T

0

∫ L

0

φn
t η(t)ϕx(x)dxdt

− c

∫ T

0

∫ L

0

θn(x, t)ηt(t)ϕ(x)dxdt. (37)

Passing to the limit in (37), recalling (12) and (21), we obtain

c

∫ L

0

θ0ϕ(x)dx = δ

∫ T

0

∫ L

0

θxη(t)ϕx(x)dxdt+ µ

∫ T

0

∫ L

0

φtη(t)ϕx(x)dxdt

− c

∫ T

0

∫ L

0

θ(x, t)ηt(t)ϕ(x)dxdt, (38)

for all ϕ ∈ H1
∗ (0, L). The comparison of (36) and (38) leads to

θ(0) = θ0.

Similarly, we get

φt(0) = φ1 and ψ(0) = ψ0,

which completes the proof of the Theorem 2.3.

3 Exponential decay

In this section, we state and prove the exponential stability of the energy associated to the
solution of the problem (3)–(5).

Our main result reads as follows:
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Theorem 3.1. There exist two positive constants A, γ > 0, such that the energy E(t),
defined by (6), satisfies, along the solution (φ,ψ, θ), the estimate

E(t) ≤ E(0)Ae−γt, ∀t ≥ 0. (39)

Proof. The proof of Theorem 3.1 will be performed through several lemmas.

Lemma 3.2. Let (φ,ψ, θ) be a weak solution of (3)–(5), then the functional

F1(t) := c

∫ L

0

φt

∫ x

0

θ(y)dydx (40)

satisfies, for any ε > 0, the estimate

F ′
1(t) ≤ −µ

2

∫ L

0

φ2
tdx+ ε

∫ L

0

(φx + ψ)
2
dx

+

(
δ2

2µ
+
cµcP
ρ

+
c2κ2cP
4ερ2

)∫ L

0

θ2xdx, (41)

where, cP > 0 is the Poincaré constant.

Proof. Differentiating F1(t), using equations (3), we get

F ′
1(t) =

c

ρ

∫ L

0

(κ(φx + ψ)x − µθx)

∫ x

0

θ(y)dydx

+

∫ L

0

φt

∫ x

0

(δθxx (y)− µφxt (y)) dydx.

An integration by parts, using (8) and Young’s inequality, yields

F ′
1(t) =− c

ρ

∫ L

0

(κ(φx + ψ)− µθ) θdx+

∫ L

0

φt (δθx − µφt) dx,

=− µ

∫ L

0

φ2
tdx+

cµ

ρ

∫ L

0

θ2dx+ δ

∫ L

0

φtθxdx− cκ

ρ

∫ L

0

(φx + ψ) θdx,

≤− µ

2

∫ L

0

φ2
tdx+

δ2

2µ

∫ L

0

θ2xdx+ ε

∫ L

0

(φx + ψ)
2
dx

+

(
cµ

ρ
+
c2κ2

4ερ2

)∫ L

0

θ2dx.

Then Poincaré’s inequality leads to the estimate (41).

Lemma 3.3. Let (φ,ψ, θ) be a weak solution of (3)–(5), then the functional

F2(t) := ρ

∫ L

0

φtφdx (42)
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satisfies the estimate

F ′
2(t) ≤ − b

2

∫ L

0

ψ2
xdx− κ

2

∫ L

0

(φx + ψ)
2
dx+ ρ

∫ L

0

φ2
tdx+M

∫ L

0

θ2dx, (43)

for a positive constant M > 0.

Proof. Differentiating F2(t), using equations (3), the boundary conditions (4) and integra-
tion by parts, we get

F ′
2(t) =ρ

∫ L

0

φ2
tdx− κ

∫ L

0

(φx + ψ)φxdx− µ

∫ L

0

θφxdx,

=ρ

∫ L

0

φ2
tdx− κ

∫ L

0

(φx + ψ)2dx+ κ

∫ L

0

(φx + ψ)ψdx− µ

∫ L

0

θφxdx. (44)

From the second equation of (3) we have

κ

∫ L

0

(φx + ψ)ψdx = −b
∫ L

0

ψ2
xdx. (45)

Inserting (45) into (44) and using Young’s inequality, we infer that for any ε1 > 0,

F ′
2(t) ≤ −κ

∫ L

0

(φx + ψ)2dx− b

∫ L

0

ψ2
xdx+ ρ

∫ L

0

φ2
tdx+ ε1

∫ L

0

φ2
xdx+

µ2

4ε1

∫ L

0

θ2dx.

The fact that φ2
x ≤ 2(φx + ψ)2 + 2ψ2 and Poincaré’s inequality lead to

F ′
2(t) ≤ − (b− 2ε1cP )

∫ L

0

ψ2
xdx− (κ− 2ε1)

∫ L

0

(φx + ψ)
2
dx

+ρ

∫ L

0

φ2
tdx+

µ2cP
4ε3

∫ L

0

θ2xdx.

Choosing ε1 ≤ min
(
(κ4 ,

b
4cP

)
, we get

F ′
2(t) ≤ − b

2

∫ L

0

ψ2
xdx− κ

2

∫ L

0

(φx + ψ)
2
dx+ ρ

∫ L

0

φ2
tdx+M

∫ L

0

θ2xdx,

for some positive constant M.

Now we are in the position to prove Theorem 3.1. In order to do that, let us define the
Lyapunov functional L by

L(t) := NE(t) +N1F1(t) + F2(t),

where N and N1 are positive constants to be determined later.
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The differentiation of L(t) and the use of (7), (41) and (43) lead to

L′(t) ≤ −δN
∫ L

0

θ2xdx− µN1

2

∫ L

0

φ2
tdx+ εN1

∫ L

0

(φx + ψ)
2
dx

+N1

(
δ2

2µ
+
cµcP
ρ

+
c2κ2cP
4ερ2

)∫ L

0

θ2xdx

− b
2

∫ L

0

ψ2
xdx− κ

2

∫ L

0

(φx + ψ)
2
dx+ ρ

∫ L

0

φ2
tdx+M

∫ L

0

θ2xdx;

that is,

L′(t) ≤ −
(
µN1

2
− ρ

)∫ L

0

φ2
tdx−

(κ
2
− εN1

)∫ L

0

(φx + ψ)
2
dx− b

2

∫ L

0

ψ2
xdx

−
(
δN −N1

(
δ2

2µ
+
cµcP
ρ

+
c2κ2cP
4ερ2

)
−M

)∫ L

0

θ2xdx.

At this stage, we choose N1 >
ρ

2µ
, then select ε <

κ

2N1
, and finally, pick N large such that

δN −N1

(
δ2

2µ
+
cµcP
ρ

+
c2κ2cP
4ερ2

)
−M > 0.

Thus, we deduce that there exists χ > 0, for which

L′(t) ≤ −χ
∫ L

0

(
φ2
t + ψ2

x + (φx + ψ)
2
+ θ2x

)
dx. (46)

Recalling Poincaré’s inequality, we easily show that

L′(t) ≤ −ξE (t) ,

for some positive constant ξ.
On the other hand, one can choose N large enough such that L (t) ∼ E (t) and (46)

remains true. Indeed, we have

|L(t)−NE(t)| = N1c

∫ L

0

φt

∫ x

0

θ(y)dydx+ ρ

∫ L

0

φtφdx.

Cauchy–Schwarz, Young’s and Poincaré’s inequalities give

|L(t)−NE(t)| ≤ λE (t) , t ≥ 0,

for λ > 0. Consequently,

(N − λ)E(t) ≤ L(t) ≤ (N + λ)E(t),∀t ≥ 0.

Thus, for N > λ, we have L (t) ∼ E (t) and therefore, for

N ≥ max

{
λ,N1

(
δ2

2µ
+
cµcP
ρ

+
c2κ2cP
4ερ2

)
+M

}
,
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there exists γ > 0, such that

L′(t) ≤ −γL(t),∀t ≥ 0.

By integrating the last inequality with respect to t over (0, t), we obtain

L(t) ≤ L(0)e−γt,∀t ≥ 0.

The use of the equivalence between L(t) and E(t) leads to (39). The proof of Theorem 3.1
is then completed.

4 Numerical approximation

In this section, we propose a finite element approximation for the system (3) with the initial
conditions (4) and subject to the boundary conditions (5). Furthermore, we demonstrate
that the discrete energy decays, leading to the derivation of a discrete stability property.

Multiplying (3) by test functions ξ, η, ζ ∈ H1
0 (0, L), we get the following weak form: ρ(vt, ξ) + κ(φx + ψ, ξx)− µ(θ, ξx) = 0,

b(ψx, ηx) + κ(φx + ψ, η) = 0,
c(θt, ζ) + δ(θx, ζx) + µ(vx, ζ) = 0,

(47)

where v = φt, and (·, ·) is the L2 inner product.
Let us partition the interval (0, L) into subintervals Ii = (xi−1, xi) of length h = 1/m

with 0 = x0 < x1 < · · · < xm = L and define

P 1
h =

{
u ∈ H1

0 (0, L), u |Ii is a linear polynomial
}
.

For a given final time T and a positive integer N , let ∆t = T/N be the time step and
tn = n∆t, n = 0, . . . , N . The finite element method for (47) is to find vnh , ψ

n
h , θ

n
h ∈ P 1

h , such
that, for all ξh, ηh, ζh ∈ P 1

h ,

ρ

∆t
(vnh − vn−1

h , ξh) + κ(φn
hx + ψn

h , ξhx)− µ(θnh , ξhx) = 0,

b(ψn
hx, ηhx) + κ(φn

hx + ψn
h , ηh) = 0,

c

∆t
(θnh − θn−1

h , ζh) + δ(θnhx, ζhx) + µ(vnhx, ζh) = 0,

(48)

with φn
h = φn−1

h + ∆tvnh and the notations φ0
h, v

0
h, ψ

0
h, θ

0
h are adequate approximations to

φ0, φ1, ψ0 and θ0, respectively. Then, the discrete energy is given by

En
h =

1

2

(
ρ∥vnh∥22 + b∥ψn

hx∥22 + c∥θnh∥22 + κ∥φn
hx + ψn

h∥22
)
. (49)

The next result is a discrete version of the energy decay property satisfied by the solution
of system (3).

Theorem 4.1. For n = 1, 2, . . . , N , the discrete energy satisfies the following stability
property

En
h − En−1

h ≤ 0. (50)
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Proof. Choosing ξh = vnh , ηh = ψn
h , and ζh = θnh in (48) and thanks to the following identity

(a− b, a) =
1

2

(
∥a− b∥22 + ∥a∥22 − ∥b∥22

)
,

we obtain

ρ

2∆t
(∥vnh − vn−1

h ∥22 + ∥vnh∥22 − ∥vn−1
h ∥22) + κ(φn

hx + ψn
h , v

n
hx)− µ(θnh , v

n
hx) = 0,

b∥ψn
hx∥22 + κ(φn

hx + ψn
h , ψ

n
h) = 0,

c

2∆t
(∥θnh − θn−1

h ∥22 + ∥θnh∥22 − ∥θn−1
h ∥22) + δ∥θnhx∥22 + µ(vnhx, θ

n
h) = 0.

(51)

Adding the latter equations, we find that

ρ

2∆t
(∥vnh − vn−1

h ∥22 + ∥vnh∥22 − ∥vn−1
h ∥22) + κ(φn

hx + ψn
h , v

n
hx + ψn

h) + b∥ψn
hx∥22

+
c

2∆t
(∥θnh − θn−1

h ∥22 + ∥θnh∥22 − ∥θn−1
h ∥22) + δ∥θnhx∥22 = 0.

We note that, from Young’s inequality and the second equation of (3), we have

κ(φn
hx + ψn

h , v
n
hx + ψn

h) =κ(φ
n
hx + ψn

h , φ
n
hx + ψn

h − φn
hx + vnhx)

=κ∥φn
hx + ψn

h∥22 + κ(φn
hx + ψn

h ,−φn−1
hx + (1−∆t)vnhx)

=κ∥φn
hx + ψn

h∥22 − κ(φn
hx + ψn

h , φ
n−1
hx + ψn−1

h )

+ κ(φn
hx + ψn

h , ψ
n−1
h + (1−∆t)vnhx),

≥κ
2
∥φn

hx + ψn
h∥22 −

κ

2
∥φn−1

hx + ψn−1
h ∥22 + b(ψn

hxx, ψ
n−1
h )

+ (1−∆t)κ(φn
hx + ψn

h , v
n
hx).

Therefore

κ(φn
hx + ψn

h , v
n
hx + ψn

h) ≥
κ

2
∥φn

hx + ψn
h∥22 −

κ

2
∥φn−1

hx + ψn−1
h ∥22 −

b

2
∥ψn

hx∥22

− b

2
∥ψn−1

hx ∥22 + (1−∆t)κ(φn
hx + ψn

h , v
n
hx).

Next, from (51), we have

(1−∆t)κ(φn
hx + ψn

h , v
n
hx) =(1− 1

∆t
)ρ(vnh − vn−1

h , vnh) + µ(1−∆t)(θnh , v
n
hx)

=(1− 1

∆t
)
ρ

2

(
∥vnh − vn−1

h ∥22 + ∥vnh∥22 − ∥vn−1
h ∥22

)
+ (1− 1

∆t
)c(θnh − θn−1

h , θnh)− (1−∆t)δ∥θnhx∥22

=(1− 1

∆t
)
ρ

2

(
∥vnh − vn−1

h ∥22 + ∥vnh∥22 − ∥vn−1
h ∥22

)
+ (1− 1

∆t
)
c

2

(
∥θnh − θn−1

h ∥22 + ∥θnh∥22 − ∥θn−1
h ∥22

)
− (1−∆t)δ∥θnhx∥22.
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These results together yield

1

2

(
ρ∥vnh∥22 + b∥ψn

hx∥22 + c∥θnh∥22 + κ∥φn
hx + ψn

h∥22
)

−1

2

(
ρ∥vn−1

h ∥22 + b∥ψn−1
hx ∥22 + c∥θn−1

h ∥22 + κ∥φn−1
hx + ψn−1

h ∥22
)
≤ 0

and the theorem is proved using the definition of the discrete energy (49).

5 Numerical experiments

In order to illustrate the theoretical results in Theorem 3.6., some numerical experiments
have been performed using the numerical method analysed in the previous section. We
divide the spatial interval [0, L] = [0, 1] into m = 50 subintervals, where the spatial step size
h = 0.02. The temporal interval [0, T ] = [0, 50] with a time-step size ∆t = 10−2.

We run our code for N time steps (N = T/∆t), using the following initial conditions:

φ0
h(x) = 2 sin

(π
2
x
)
, v0h(x) = sin

(π
2
x
)
,

ψ0
h(x) = 2 sin

(π
2
x
)
, θ0h(x) =

2

π
cos

(π
2
x
)
.

The numerical tests are done for different entries as follows:

• Test 1:
ρ = κ = µ = δ = c = b = 1.

• Test 2:
ρ = κ = δ = c = b = 1 and µ = 0.

• Test 3:
ρ = 1/3, κ = 1/2, µ = 10−2 and δ = c = b = 1.

For each numerical test, we plot the cross section cuts for the approximate solution
(φ,ψ, θ) at different points (x = 0.3, x = 0.5 and x = 0.9). The numerical results are shown
in Figure 1, Figure 2 and Figure 3, successively. Next, we present the energy curves for the
three cases in Figure 4 to show the difference between the energy decays according to the
parameters chosen in each test.
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Figure 1: Test 1: Damping cross section waves
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Figure 2: Test 2: Damping cross section waves
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Figure 3: Test 3: Damping cross section waves
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As a conclusion, for all tests, we observed that the numerical solution converges to
zero and an exponential decay with different rates seems to be reached which is compatible
with the theoretical results, even for the undamped case µ = 0 (Test 2), which has been
included for comparison.
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[10] A. Malacarne, J. E. Muñoz Rivera, Lack of exponential stability to Timo-
shenko system with viscoelastic Kelvin-Voigt type, Z. Angew. Math. Phys. 67 (2016),
https://doi.org/10.1007/s00033-016-0664-9.



A. Ben Moussa, A. Fareh, S. A. Messaoudi, M. Alahyane 461

[11] S. A. Messaoudi, A. Fareh, Energy decay in a Timoshenko-type system of thermoe-
lasticity of type III with different wave-propagation speeds, Arab J. Math. 2 (2013),
199–207.

[12] S. A. Messaoudi, B. Said Houari, Energy decay in a Timoshenko-type system of
thermoelasticity of type III, J. Math. Anal. Appl. 348 (2008), 298–307.

[13] S. A. Messaoudi, B. Said-Houari, Uniform decay in a Timoshenko-type system
with past history, J. Math. Anal. Appl. 360 (2) (2009), 459–475.
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[16] J. E. Muñoz Rivera, R. Racke, Global stability for damped Timoshenko systems,
Discrete Contin. Dyn. Syst. B 9 (2003), 1625–1639.
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