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Abstract

In this paper, we provide two inertial projection methods with a novel nonmono-
tonic adaptive step size for solving variational inequalities governed by quasimonotone
and Lipschitz continuous operators in real Hilbert spaces. Compared with the general
subgradient extragradient method, our algorithms use a different half-space. Under
some suitable conditions, we obtain the weak convergence theorem of the first modified
inertial projection algorithm and the strong convergence theorem of the second mod-
ified viscosity-type inertial projection algorithm. Moreover, several numerical results
are given to illustrate the effectiveness and competitiveness of our proposed methods.
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1 Introduction

Throughout this paper, let H be a real Hilbert space with inner product ⟨·, ·⟩ and induced
norm ∥ ·∥. It is well known that the classical variational inequality problem (VIP, for short)
is defined as: find x ∈ C such that

⟨Ax, y − x⟩ ≥ 0, ∀y ∈ C, (1.1)

where C is a nonempty, closed, and convex subset of H and A : H → H is a continuous
mapping. The solution set of VIP is denoted by S.

The variational inequality problem is a key problem in nonlinear analysis, which has been
widely used in nonlinear programming, network equilibrium problems and complementarity
problems (see, for example, [7, 12, 19] and the references therein). So far, a number of
iterative algorithms for VIP have been proposed (see, for example, [1,4,5,15,17,18,27,33,35]
), we mainly focus on the projection-type methods.

One of the well-known methods for solving problem (1.1) in Euclidean spaces is the
extragradient method (EGM), which was presented by Korpelevich in [13]. In recent years,
the extragradient method has been extended to infinite spaces in various ways (see, for
example, [2, 9, 23, 24, 30]). The EGM needs to calculate two projection values onto the
feasible set per iteration, however, computing projection onto a general closed and convex
set might be difficult. Two famous methods were proposed to overcome the major drawback
of this method. The first algorithm is the subgradient extragradient method (SEGM), which
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was introduced by Censor et al. [3]. This method uses a projection onto a specific half-
space in place of the second projection onto C in the EGM. The second method is the
Tseng extragradient method (TEGM), which was presented by Tseng [29]. This method
uses an explicit formula replaces the second projection onto C in the EGM. Moreover, the
weak convergence results of the EGM, the SEGM and the TEGM were obtained when the
cost operator is pseudomonotone and Lipschitz continuous.

Recently, many authors are committed to investigating algorithms with inertial extrap-
olation terms, which can be used to speed up the convergence of iterative methods (see, for
example [6,8,14,25,26,31]). Inspired by Censor et al. [3], Yang [32] proposed a self-adaptive
inertial subgradient extragradient algorithm. It is of the form: Take λ1 > 0, x0, x1 ∈ H and
0 < µ < µ0 < 1, 

wn = xn + αn(xn − xn−1)

yn = PC(wn − λnFwn)

Tn := {w ∈ H : ⟨wn − λnFwn − yn, w − yn⟩ ≤ 0}
xn+1 = PTn

(wn − λnFyn),

(1.2)

where

λn+1 =

min
{µ(∥wn − yn∥2 + ∥xn+1 − yn∥2)

2⟨Fwn − Fyn, xn+1 − yn⟩
, λn

}
, if⟨Fwn − Fyn, xn+1 − yn⟩ > 0,

λn, otherwise,

and 0 ≤ αn ≤ αn+1 ≤ α, α < −2θ0 − 1 +
√
8θ0 + 1/2(1 − θ0), θ0 = 1−µ0

2 . {xn} converges
weakly to a solution of VIP when F is pseudomonotone.

Thong et al. [28] proposed a novel projection method for solving pseudomonotone vari-
ational inequality problems and gave several numerical experiments to show that this algo-
rithm converges faster than the EGM and the SEGM. It is of the form: Take λ0 > 0, u1 ∈ H

and µ ∈ (0, 1), let {αn} be a nonnegative real sequence such that
∞∑

n=1
αn < +∞,


vn = PC(un − λnFun)

un+1 = PTn
(un)

Tn := {x ∈ H : hn(x) ≤ 0}
(1.3)

where
hn(x) := ⟨un − vn − λn(Fun − Fvn), x− vn⟩,

λn+1 =

min
{ µ∥un − vn∥
∥Fun − Fvn∥

, λn + αn

}
, ifFun − Fvn ̸= 0,

λn + αn, otherwise.

The sequence {xn} generated by algorithm (1.3) converges weakly to a solution of VIP
when the operator F is pseudomonotone and Lipschitz continuous.

Motivated by algorithm (1.2) and (1.3), we propose two new inertial projection al-
gorithms for solving quasimonotone variational inequalities in this paper. Moreover, we
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present some numerical experiments to show that our algorithm converges faster than al-
gorithm (1.2), (1.3) and Algorithm 1 in [22].
Our contributions:
• We introduce two projection methods with single inertial extrapolation step to solve
the variational inequality problem in real Hilbert spaces, our methods accelerate the con-
vergence rates of the methods in [22, 28, 32] effectively. Our algorithm has the following
advantages: (1) both of our algorithms have an inertia term that speeds up the rate of
convergence; (2) we obtain weak convergence result and strong convergence result under
a weaker operator condition in our algorithms (A is quasi-monotone rather than pseudo-
monotone); (3) we take a modified generalized non-monotonic step size, which accelerates
the convergence rate effectively. ( Figure 1-4 in Numerical experiments show the superiority
of our algorithms’ step size)
• Under some suitable conditions, we obtain the weak convergence theorem of the first
modified inertial projection algorithm 1 and the strong convergence theorem of the second
modified viscosity-type inertial projection algorithm 2.
• We give numerical simulations to show that our proposed methods is more efficient and
faster than the related methods.

Our paper is organized as follows: Several definitions and lemmas are given in Sect. 2.
In Sect. 3, we present our method and analyse the weak convergence of our method. We
give numerical experiments to illustrate the feasibility of our methods in Sect. 4.

2 Preliminaries

Definition 2.1. The operator A : H → H is said to be
(i) L-Lipschitz continuous, if there exists a constant L > 0 such that

∥Ax−Ay∥ ≤ L∥x− y∥, ∀x, y ∈ H.

(ii) ϱ-strongly monotone, if there exists a constant ϱ > 0 such that

⟨Ay −Ax, y − x⟩ ≥ ϱ∥y − x∥2, ∀x, y ∈ H.

(iii) monotone, if

⟨Ay −Ax, y − x⟩ ≥ 0, ∀x, y ∈ H.

(iv) η-strongly pseudomonotone, if there exists a constant η > 0 such that

⟨Ax, y − x⟩ ≥ 0⇒ ⟨Ay, y − x⟩ ≥ η∥y − x∥2, ∀x, y ∈ H.

(v) pseudomonotone, if

⟨Ax, y − x⟩ ≥ 0⇒ ⟨Ay, y − x⟩ ≥ 0, ∀x, y ∈ H.

(vi) quasimonotone, if

⟨Ax, y − x⟩ > 0⇒ ⟨Ay, y − x⟩ ≥ 0, ∀x, y ∈ H.
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Clearly, (ii)⇒ (iii)⇒ (v)⇒ (vi) and (ii)⇒ (iv)⇒ (v)⇒ (vi), but the converses are not
always true.
The dual variational inequality problem (shortly, DVIP) is defined as: find x ∈ C such that

⟨Ay, y − x⟩ ≥ 0,∀y ∈ C. (2.1)

The solution set of DVIP is denoted by SD. When A is quasimonotone, we have SD is a
closed and convex subset of C. Furthermore, since C is convex and A is continuous, we
have SD ⊂ S.

Lemma 2.2. ( [34]) Let C be a nonempty closed and convex subset of H. If either
(i) A is pseudomonotone on C and S ̸= ∅,
(ii) A is the gradient of G, where G is a differential quasiconvex function on an open set
K ⊃ C
and attains its global minimum on C,
(iii) A is quasimonotone on C, A ̸= 0 on C and C is bounded,
(iv) A is quasimonotone on C, A ̸= 0 on C and there exists a positive number r such that,
for every v ∈ C with ∥v∥ ≥ r, there exists y ∈ C such that ∥y∥ ≤ r and ⟨Av, y − v⟩ ≤ 0,
(v) A is quasimonotone on C, intC is nonempty and there exists v∗ ∈ S such that Av∗ ̸= 0.
Then, SD is nonempty.

Lemma 2.3. The following statements hold in H:
(i) ∥x+ y∥2 = ∥x∥2 + 2⟨x, y⟩+ ∥y∥2, ∀ x, y ∈ H.
(ii)∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩, ∀ x, y ∈ H.
(iii)∥λx+ (1− λ)y∥2 = λ∥x∥2 + (1− λ)∥y∥2 − λ(1− λ)∥x− y∥2, ∀ x, y ∈ H, λ ∈ R.

Lemma 2.4. Let C be a nonempty closed and convex subset of H and PC be the metric
projection from H onto C. Then for any x, y ∈ H and z ∈ C, the following hold:
(i) ∥PCx− PCy∥2 ≤ ⟨PCx− PCy, x− y⟩.
(ii)∥PCx− z∥2 ≤ ∥x− z∥2 − ∥PCx− x∥2.

Lemma 2.5. For any x ∈ H and z ∈ C, then z = PC(x) if and only if

⟨x− z, y − z⟩ ≤ 0,∀y ∈ C.

Lemma 2.6. Let H be a real Hilbert space and let h be a real-valued function on H. Define
K := {x ∈ H : h(x) ≤ 0}. If K is nonempty and h is Lipschitz continuous on H with
modulus θ > 0, then

dist(x,K) ≥ θ−1 max{h(x), 0}, ∀x ∈ H,

where dist(x,K) denotes the distance function from x to K.

Proof. The proof is similar to Lemma 2.3 in [11].

Lemma 2.7. ( [16], Lemma 2.2) Let {ϕn}, {δn} and {θn} be sequences in [0,+∞) such
that

ϕn+1 ≤ ϕn + θn(ϕn − ϕn−1) + δn,∀n ≥ 1,

∞∑
n=1

δn < +∞,
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and exists a real number θ with 0 ≤ θn ≤ θ < 1 for all n ∈ N . Then the following assertions
hold:

(i)
∞∑

n=1
[ϕn − ϕn−1]+ < +∞ where [t]+ = max{t, 0} for any t ∈ R;

(ii) there exists ϕ∗ ∈ [0,+∞) such that lim
n→∞

ϕn = ϕ∗.

Lemma 2.8. ( [20]) Let C be a nonempty subset of H and let {xn} be a sequence in H
such that the following two conditions:
(i) for each x ∈ C, the limit of sequence {∥xn − x∥} exists;
(ii) any weak cluster point of sequence {xn} is in C.
Then there exists x∗ ∈ C such that {xn} converges weakly to x∗.

Lemma 2.9. ( [21]) Let {an} be a sequence of nonnegative real numbers, {αn} be a sequence

in (0, 1) with
∞∑

n=1
αn =∞ and {bn} be a sequence of real numbers. Assume that

an+1 ≤ (1− αn)an + αnbn, ∀n ≥ 1,

if lim sup
k→∞

bnk
≤ 0 for every subsequence {ank

} of {an} satisfying lim inf
k→∞

(ank+1 − ank
) ≥ 0,

then lim
n→∞

an = 0.

3 Convergence analysis

In this section, we show that the sequence {xn} generated by Algorithm 1 converges weakly
to a point in SD ⊂ S and the sequence {xn} generated by Algorithm 2 converges strongly
to a point in SD ⊂ S under suitable conditions.

3.1 Modified inertial projection algorithm

Condition 1 The feasible set C is a nonempty, closed and convex subset of H;
Condition 2 The operator A : H → H is quasimonotone and L-Lipschitz continuous;
Condition 3 The operator A : H → H satisfies the following condition:

if {xn} ⊂ H, xn ⇀ v∗ and lim inf
n→∞

∥Axn∥ = 0, then Av∗ = 0;

Condition 4 SD ̸= ∅;

Algorithm 1 Modified inertial projection algorithm

Iterative step:
1. Take the parameters µ ∈ (0, 1) and λ1 > 0. Choose {θn} such that 0 ≤ θn ≤ θn+1 ≤ 1

4 ,

{an} ⊂ [0,∞) such that
∞∑

n=1
an < +∞ and {qn} ⊂ [1,∞) such that lim

n→∞
qn = 1. Let
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x0, x1 ∈ H be given starting points. Set n:=1.
2. Compute

wn = xn + θn(xn − xn−1),

yn = PC(wn − λnAwn).

If wn = yn or Awn = 0, STOP. Otherwize,
3. Compute

xn+1 = PTn
(wn),

where
Tn := {w ∈ H : hn(w) ≤ 0}

and
hn(w) := ⟨wn − yn − λn(Awn −Ayn), w − yn⟩.

Update

λn+1 =

min
{µqn∥wn − yn∥
∥Awn −Ayn∥

, λn + an

}
, ifAwn −Ayn ̸= 0,

λn + an, otherwise.

(3.1)

4. Set n← n+ 1, and go to 2.

Lemma 3.1. Suppose that Condition 2 holds, then the sequence {λn} generated by (3.1) is

well defined and lim
n→∞

λn = λ and λ ∈ [min{ µL , λ1}, λ1 +
∞∑

n=1
an]. Moreover, we also have

∥Awn −Ayn∥ ≤
µqn
λn+1

∥wn − yn∥. (3.2)

Proof. The proof is similar to Lemma 3.3 in [15].

Lemma 3.2. Assume that Condition 1-4 hold and {xn} is a sequence generated by Algo-
rithm 1. Then {xn} is bounded and lim

n→∞
∥xn − x∗∥ exists, where x∗ ∈ SD.

Proof. From Lemma 2.4, we have

∥xn+1 − x∗∥2 = ∥PTn
(wn)− x∗∥2 ≤ ∥wn − x∗∥2 − ∥xn+1 − wn∥2. (3.3)

From Lemma 2.3, we have

∥wn − x∗∥2 = ∥xn + θn(xn − xn−1)− x∗∥2

= ∥(1 + θn)(xn − x∗)− θn(xn−1 − x∗)∥2

= (1 + θn)∥xn − x∗∥2 − θn∥xn−1 − x∗∥2 + θn(1 + θn)∥xn − xn−1∥2,
(3.4)

∥xn+1 − wn∥2 = ∥xn+1 − xn − θn(xn − xn−1)∥2
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= ∥xn+1 − xn∥2 + θ2n∥xn − xn−1∥2 − 2θn⟨xn+1 − xn, xn − xn−1⟩
≥ ∥xn+1 − xn∥2 + θ2n∥xn − xn−1∥2 − 2θn∥xn+1 − xn∥ ∥xn − xn−1∥
≥ ∥xn+1 − xn∥2 + θ2n∥xn − xn−1∥2 − θn(∥xn+1 − xn∥2 + ∥xn − xn−1∥2)
= (1− θn)∥xn+1 − xn∥2 − θn(1− θn)∥xn − xn−1∥2. (3.5)

Substituting (3.4) and (3.5) into (3.3), we get

∥xn+1 − x∗∥2 ≤ ∥wn − x∗∥2 − ∥xn+1 − wn∥2

≤ (1 + θn)∥xn − x∗∥2 − θn∥xn−1 − x∗∥2 + θn(1 + θn)∥xn − xn−1∥2

− (1− θn)∥xn+1 − xn∥2 + θn(1− θn)∥xn − xn−1∥2

= (1 + θn)∥xn − x∗∥2 − θn∥xn−1 − x∗∥2 + 2θn∥xn − xn−1∥2

− (1− θn)∥xn+1 − xn∥2. (3.6)

Define Γn := ∥xn − x∗∥2 − θn∥xn−1 − x∗∥2 + 2θn∥xn − xn−1∥2.
By the difinition of Γn and (3.6) we have

Γn+1 − Γn = ∥xn+1 − x∗∥2 − θn+1∥xn − x∗∥2 + 2θn+1∥xn+1 − xn∥2

− ∥xn − x∗∥2 + θn∥xn−1 − x∗∥2 − 2θn∥xn − xn−1∥2

≤ (1 + θn)∥xn − x∗∥2 − θn∥xn−1 − x∗∥2 + 2θn∥xn − xn−1∥2

− (1− θn)∥xn+1 − xn∥2 − θn+1∥xn − x∗∥2 + 2θn+1∥xn+1 − xn∥2

− ∥xn − x∗∥2 + θn∥xn−1 − x∗∥2 − 2θn∥xn − xn−1∥2

= (θn − θn+1)∥xn − x∗∥2 + (2θn+1 + θn − 1)∥xn+1 − xn∥2

≤ (3θn+1 − 1)∥xn+1 − xn∥2

≤ −1

4
∥xn+1 − xn∥2. (3.7)

Hence, {Γn} is non-increasing (n ≥ 1). Moreover, from the definition of Γn, we obtain

∥xn − x∗∥2 = Γn + θn∥xn−1 − x∗∥2 − 2θn∥xn − xn−1∥2

≤ θn∥xn−1 − x∗∥2 + Γn

≤ 1

4
∥xn−1 − x∗∥2 + Γ1

≤ 1

42
∥xn−2 − x∗∥2 + Γ1 +

1

4
Γ1

...

≤ 1

4n−1
∥x1 − x∗∥2 + (1 +

1

4
+ · · ·+ 1

4n−2
)Γ1

≤ 1

4n−1
∥x1 − x∗∥2 + 4

3
Γ1. (3.8)

Therefore, {xn} is bounded. Moreover {wn}, {yn}, {Awn} and {Ayn} are bounded.
By the definition of Γn+1 and (3.8), we have

−Γn+1 = −∥xn+1 − x∗∥2 + θn+1∥xn − x∗∥2 − 2θn+1∥xn+1 − xn∥2
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≤ θn+1∥xn − x∗∥2

≤ 1

4n
∥x1 − x∗∥2 + 1

3
Γ1. (3.9)

From (3.7) and (3.9), we get

1

4

n∑
k=1

∥xk+1 − xk∥2 ≤ Γ1 − Γn+1 ≤
1

4n
∥x1 − x∗∥2 + 4

3
Γ1.

Therefore,

∞∑
n=1

∥xn+1 − xn∥2 ≤
Γ1

3
< +∞. (3.10)

Thus,

lim
n→∞

∥xn+1 − xn∥ = 0. (3.11)

From (3.6) we get

∥xn+1 − x∗∥2 ≤ (1 + θn)∥xn − x∗∥2 − θn∥xn−1 − x∗∥2 + 2θn∥xn − xn−1∥2

− (1− θn)∥xn+1 − xn∥2

≤ (1 + θn)∥xn − x∗∥2 − θn∥xn−1 − x∗∥2 + 2θn∥xn − xn−1∥2

= ∥xn − x∗∥2 + θn(∥xn − x∗∥2 − ∥xn−1 − x∗∥2) + 2θn∥xn − xn−1∥2.
(3.12)

Invoking Lemma 2.7 in (3.12), we get lim
n→∞

∥xn − x∗∥ exists.

Lemma 3.3. Assume that Condition 1-4 hold and {xn} is a sequence generated by Algo-
rithm 1. Suppose lim

n→∞
∥yn −wn∥ = 0. If v∗ is one of the weak cluster points of {xn}, then

we have at least one of the following: v∗ ∈ SD or Av∗ = 0.

Proof. By Lemma 3.2, {xn} is bounded. Hence we can let v∗ be a weak cluster point of {xn}.
Then we can choose a subsequence of {xn}, denoted by {xnk

} such that xnk
⇀ v∗ ∈ H.

We consider the following two possible cases.
Case I: Suppose that lim sup

k→∞
∥Axnk

∥ = 0. Then lim
k→∞

∥Axnk
∥ = lim inf

k→∞
∥Axnk

∥ = 0.

According to Condition 3, we obtain

Av∗ = 0.

Case II: Suppose that lim sup
k→∞

∥Axnk
∥ > 0. Then without loss of generality, we can choose

a subsequence of {Axnk
} still denoted by {Axnk

} such that lim
k→∞

∥Axnk
∥ = M1 > 0.

From yn = PC(wn − λnAwn), we get

⟨wn − λnAwn − yn, y − yn⟩ ≤ 0, ∀y ∈ C.
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So,

0 ≤ ⟨ynk
− wnk

+ λnk
Awnk

, y − ynk
⟩

= ⟨ynk
− wnk

, y − ynk
⟩+ λnk

⟨Awnk
, y − ynk

⟩
= ⟨ynk

− wnk
, y − ynk

⟩+ λnk
⟨Awnk

, y − wnk
⟩+ λnk

⟨Awnk
, wnk

− ynk
⟩, ∀y ∈ C.

(3.13)

From lim
n→∞

∥wn − yn∥ = 0, we obtain

0 ≤ lim inf
k→∞

⟨Awnk
, y − wnk

⟩ ≤ lim sup
k→∞

⟨Awnk
, y − wnk

⟩ <∞, ∀y ∈ C. (3.14)

Based on (3.14), we consider the following two cases under case II:
Case 1: Suppose that lim sup

k→∞
⟨Awnk

, y − wnk
⟩ > 0,∀y ∈ C. Then we can choose a sub-

sequence of {wnk
} denoted by {wnkj

} such that lim
j→∞
⟨Awnkj

, y − wnkj
⟩ > 0. Thus, there

exists j0 ≥ 1 such that ⟨Awnkj
, y − wnkj

⟩ > 0,∀j ≥ j0, by the quasimonotonicity of A on

H, we have

⟨Ay, y − wnkj
⟩ ≥ 0,∀y ∈ C, j ≥ j0. (3.15)

From wn = xn + θn(xn − xn−1) and (3.11), we have lim
n→∞

∥wn − xn∥ = 0, thus, wnk
⇀ v∗.

Letting j →∞ in (3.15), we have ⟨Ay, y − v∗⟩ ≥ 0,∀y ∈ C. Therefore, v∗ ∈ SD.
Case 2: Suppose that lim sup

k→∞
⟨Awnk

, y − wnk
⟩ = 0,∀y ∈ C. Then by (3.14), we get

lim
k→∞

⟨Awnk
, y − wnk

⟩ = 0, ∀y ∈ C, (3.16)

from which we get

⟨Awnk
, y − wnk

⟩+ |⟨Awnk
, y − wnk

⟩|+ 1

k + 1
> 0, ∀y ∈ C. (3.17)

From lim
k→∞

∥wnk
−xnk

∥ = 0 and L-Lipschitz continuity of A, we have lim
k→∞

∥Awnk
−Axnk

∥ =
0. Thus, lim

k→∞
∥Awnk

∥ = lim
k→∞

∥Awnk
−Axnk

+Axnk
∥ = ∥ lim

k→∞
(Awnk

−Axnk
+Axnk

)∥ =

∥ lim
k→∞

Axnk
∥ = M1 > 0, we can find k0 ≥ 1 such that ∥Awnk

∥ ≥ M1

2 ,∀k ≥ k0.

We set bnk
=

Awnk

∥Awnk
∥2 , then ⟨Awnk

, bnk
⟩ = 1. Therefore, by (3.17), we get〈

Awnk
, y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

〉
> 0, ∀y ∈ C. (3.18)

From A is quasimonotone on H, we obtain〈
A
(
y+bnk

[
|⟨Awnk

, y−ynk
⟩|+ 1

k + 1

])
, y+bnk

[
|⟨Awnk

, y−wnk
⟩|+ 1

k + 1

]
−wnk

〉
≥ 0, ∀y ∈ C.

This implies that〈
Ay, y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

〉
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≥
〈
Ay −A(y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
), y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

〉
≥ −∥Ay −A(y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
)∥ · ∥y + bnk

[
|⟨Awnk

, y − wnk
⟩|

+
1

k + 1

]
− wnk

∥

≥ −L∥bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
∥ · ∥y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

∥

=
−L
∥Awnk

∥

(
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

)
· ∥y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

∥

≥ −2L
M1

(
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

)
M2, ∀y ∈ C, k ≥ k0, (3.19)

for someM2 > 0, where the existence ofM2 is from the boundedness of
{
y+bnk

[
|⟨Awnk

, y−

wnk
⟩|+ 1

k+1

]
− wnk

}
.

From (3.16) we have lim
k→∞

(
|⟨Awnk

, y − wnk
⟩| + 1

k+1

)
= 0,∀y ∈ C. Thus, as k → ∞ in

(3.38), we get ⟨Ay, y − v∗⟩ ≥ 0,∀y ∈ C. Therefore, v∗ ∈ SD.

Theorem 3.4. Let {xn} be generated by Algorithm 1 such that Condition 1-4 hold and
Ax ̸= 0,∀x ∈ C (otherwise, x ∈ S). Then {xn} converges weakly to an element of SD.

Proof. We first show that lim
n→∞

∥wn − yn∥ = 0. We pick a point x∗ ∈ SD.

Since x∗ be a solution to problem (2.1), we have

⟨Ayn, x
∗ − yn⟩ ≤ 0. (3.20)

From yn = PC(wn − λnAwn) and Lemma 2.5, we get

⟨wn − λnAwn − yn, y − yn⟩ ≤ 0, ∀y ∈ C. (3.21)

From and (3.20) and (3.21), we can deduce

hn(x
∗) = ⟨wn − yn − λn(Awn −Ayn), x

∗ − yn⟩
= ⟨wn − yn − λnAwn, x

∗ − yn⟩+ λn⟨Ayn, x
∗ − yn⟩

≤ 0.

Using (3.2), we have

hn(wn) = ⟨wn − yn − λn(Awn −Ayn), wn − yn⟩
= ∥wn − yn∥2 − λn⟨Awn −Ayn, wn − yn⟩
≥ ∥wn − yn∥2 − λn∥Awn −Ayn∥ ∥wn − yn∥

≥ ∥wn − yn∥2 − µqn
λn

λn+1
∥wn − yn∥2
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= (1− µqn
λn

λn+1
)∥wn − yn∥2.

Since lim
n→∞

(
1− µqn

λn

λn+1

)
= 1−µ > 1−µ

2 > 0, there exists n0 ∈ N such that 1−µqn
λn

λn+1
>

1−µ
2 for all n ≥ n0. Therefore,

hn(wn) ≥
1− µ

2
∥wn − yn∥2, ∀n ≥ n0. (3.22)

For all u, v ∈ H, we have

∥hn(u)− hn(v)∥ = ∥⟨wn − yn − λn(Awn −Ayn), u− v⟩∥
≤ ∥wn − yn − λn(Awn −Ayn)∥ · ∥u− v∥
≤M3∥u− v∥,

where the existence of M3 is from the boundedness of {wn − yn − λn(Awn − Ayn)}. This
implies that hn(·) is M3-Lipschitz continuous on H. Using Lemma 2.6, we have

dist(wn, Tn) ≥
1

M3
hn(wn). (3.23)

On the other hand, from Lemma 2.4, we have

∥xn+1 − x∗∥2 = ∥PTn
(wn)− x∗∥2

≤ ∥wn − x∗∥2 − ∥PTn
(wn)− wn∥2

= ∥wn − x∗∥2 − dist2(wn, Tn). (3.24)

From (3.22), (3.23) and (3.24), we obtain

∥xn+1 − x∗∥2 ≤ ∥wn − x∗∥2 −
[ 1

M3

1− µ

2
∥wn − yn∥2

]2
, ∀n ≥ n0. (3.25)

From wn = xn + θn(xn − xn−1) and lim
n→∞

∥xn+1 − xn∥ = 0, we have lim
n→∞

∥wn − xn∥ = 0.

Combining lim
n→∞

∥xn+1 − xn∥ = 0, lim
n→∞

∥wn − xn∥ = 0 and (3.25), we get

[ 1

M3

1− µ

2
∥wn − yn∥2

]2
≤ ∥wn − x∗∥2 − ∥xn+1 − x∗∥2

= (∥wn − x∗∥+ ∥xn+1 − x∗∥)(∥wn − x∗∥ − ∥xn+1 − x∗∥)
≤M4∥wn − xn+1∥
≤M4(∥wn − xn∥+ ∥wn − xn+1∥), ∀n ≥ n0 (3.26)

where the existence of M3 is from the boundedness of {∥wn − x∗∥+ ∥xn+1 − x∗∥}.
Letting n→∞ in (3.26), we get

lim
n→∞

∥wn − yn∥ = 0.

By Lemma 3.2, {xn} is bounded, hence, let z be a weak cluster point of {xn}. Then there
exists a subsequence {xnk

} ⊂ {xn}, such that xnk
⇀ z, k → ∞, also from ∥xn − yn∥ →
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0, n → ∞, we get ynk
⇀ z, k → ∞. Since C is closed, we have that z ∈ C. Since

Ax ̸= 0,∀x ∈ C, we get Az ̸= 0. By lim
n→∞

∥wn − yn∥ = 0 and Lemma 3.3, we get z ∈ SD.

Therefore,
(1) by Lemma 3.2, lim

n→∞
∥xn − z∥ exists for any z ∈ SD,

(2) every sequential weak cluster point of {xn} is in SD.
Using Lemma 2.8, we get {xn} converges weakly to a point in SD.

3.2 Modified viscosity-type inertial projection algorithm

Condition 5 Let {αn} ⊂ (0, 1) such that lim
n→∞

αn = 0 and
∞∑

n=1
αn =∞, {ξn} be a positive

sequence such that lim
n→∞

ξn
αn

= 0;

Condition 6 The mapping f : H → H is a contraction mapping with contraction parameter
β ∈ [0, 1).

Algorithm 2 Modified viscosity-type inertial projection algorithm

Iterative step:
Initialization: Take the parameters µ ∈ (0, 1), θ > 0 and λ1 > 0. Choose {an} ⊂ [0,∞)

such that
∞∑

n=1
an < +∞ and {qn} ⊂ [1,∞) such that lim

n→∞
qn = 1. Let x0, x1 ∈ H be given

starting points.
Step 1. Given the current iterates xn−1 and xn. Choose {θn} such that 0 ≤ θn ≤ θ̂n with

θ̂n defined by

θ̂n =

min
{
θ,

ξn
∥xn − xn−1∥

}
, ifxn ̸= xn−1,

θ, otherwise,

(3.27)

compute
wn = xn + θn(xn − xn−1),

Step 2. Compute
yn = PC(wn − λnAwn).

where the step size λn+1 is updated by

λn+1 =

min
{µqn∥wn − yn∥
∥Awn −Ayn∥

, λn + an

}
, ifAwn −Ayn ̸= 0,

λn + an, otherwise.

(3.28)

If wn = yn or Awn = 0, STOP. Otherwise,
Step 3. Compute

un = PTn
(wn),

where
Tn := {w ∈ H : hn(w) ≤ 0}
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and
hn(w) := ⟨wn − yn − λn(Awn −Ayn), w − yn⟩.

Step 4. Compute
xn+1 = αnf(xn) + (1− αn)un.

Set n := n+ 1, and go to Step 1.

Remark 3.5. By Condition 5, we can easily verify the following results from (3.27):

lim
n→∞

θn
αn
∥xn − xn−1∥ = 0, lim

n→∞
θn∥xn − xn−1∥ = 0.

Lemma 3.6. Let {xn} be a sequence generated by Algorithm 2. Then {xn} is bounded and
the following inequality holds under Condition 1-6, where x∗ ∈ SD :

∥xn+1 − x∗∥2 ≤
(
1− 2αn(1− β)

1− αnβ

)
∥xn − x∗∥2 + 2αn(1− β)

1− αnβ

{ αnQ3

2(1− β)

+
3Q2(1− αn)

2

2(1− β)

θn
αn
∥xn − xn−1∥+

1

1− β
⟨f(x∗)− x∗, xn+1 − x∗⟩

}
− (1− αn)

2

1− αnβ

(
1− µ

2M3

)2

∥wn − yn∥4.

Proof. First, we show that {xn} is bounded. From (3.25), we have

∥un − x∗∥ ≤ ∥wn − x∗∥
= ∥xn + θn(xn − xn−1)− x∗∥

≤ ∥xn − x∗∥+ αn
θn
αn
∥xn − xn−1∥

≤ ∥xn − x∗∥+ αnQ1, (3.29)

where the existence of Q1 is from lim
n→∞

θn
αn
∥xn − xn−1∥ = 0.

From (3.29) and Condition 6, we obtain

∥xn+1 − x∗∥ = ∥αnf(xn) + (1− αn)un − x∗∥
≤ αn∥f(xn)− x∗∥+ (1− αn)∥un − x∗∥

≤ αn∥f(xn)− f(x∗)∥+ αn∥f(x∗)− x∗∥+ (1− αn)
(
∥xn − x∗∥+ αnQ1

)
≤ (αnβ + 1− αn)∥xn − x∗∥+ αn

(
∥f(x∗)− x∗∥+ (1− αn)Q1

)
= (1− αn(1− β))∥xn − x∗∥+ αn(1− β)

∥f(x∗)− x∗∥+Q1

1− β

≤ max
{
∥xn − x∗∥, ∥f(x

∗)− x∗∥+Q1

1− β

}
...
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≤ max
{
∥x1 − x∗∥, ∥f(x

∗)− x∗∥+Q1

1− β

}
.

This implies that {xn} is bounded.
Using Cauchy-Schwartz inequality, we obtain

∥wn − x∗∥2 = ∥xn + θn(xn − xn−1)− x∗∥2

≤ ∥xn − x∗∥2 + 2θn∥xn − x∗∥ ∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

≤ ∥xn − x∗∥2 + 3Q2θn∥xn − xn−1∥, (3.30)

where Q2 := sup
n∈N
{∥xn − x∗∥, θn∥xn − xn−1∥}.

Applying Lemma 2.3, (3.25) and (3.30), we get

∥xn+1 − x∗∥2 = ∥αnf(xn) + (1− αn)un − x∗∥2

= ∥(1− αn)(un − x∗) + αn(f(xn)− x∗)∥2

≤ (1− αn)
2∥un − x∗∥2 + 2αn⟨f(xn)− x∗, xn+1 − x∗⟩

≤ (1− αn)
2
{
∥wn − x∗∥2 −

[ 1

M3

1− µ

2
∥wn − yn∥2

]2}
+ 2αn⟨f(xn)− x∗, xn+1 − x∗⟩

≤ (1− αn)
2
[
∥xn − x∗∥2 + 3Q2αn

θn
αn
∥xn − xn−1∥ −

(1− µ

2M3

)2

∥wn − yn∥4
]

+ 2αn⟨f(xn)− f(x∗), xn+1 − x∗⟩+ 2αn⟨f(x∗)− x∗, xn+1 − x∗⟩

≤ (1− αn)
2
[
∥xn − x∗∥2 + 3Q2αn

θn
αn
∥xn − xn−1∥ −

(1− µ

2M3

)2

∥wn − yn∥4
]

+ 2αnβ∥xn − x∗∥ ∥xn+1 − x∗∥+ 2αn⟨f(x∗)− x∗, xn+1 − x∗⟩

≤ (1− αn)
2
[
∥xn − x∗∥2 + 3Q2αn

θn
αn
∥xn − xn−1∥ −

(1− µ

2M3

)2

∥wn − yn∥4
]

+ αnβ(∥xn − x∗∥2 + ∥xn+1 − x∗∥2) + 2αn⟨f(x∗)− x∗, xn+1 − x∗⟩

=
(
(1− αn)

2 + αnβ
)
∥xn − x∗∥2 + αnβ∥xn+1 − x∗∥2

+ 3Q2αn
θn
αn

(1− αn)
2∥xn − xn−1∥ − (1− αn)

2
(1− µ

2M3

)2

∥wn − yn∥4

+ 2αn⟨f(x∗)− x∗, xn+1 − x∗⟩.

From this, we have

∥xn+1 − x∗∥2 ≤ 1− 2αn + α2
n + αnβ

1− αnβ
∥xn − x∗∥2 + 3Q2(1− αn)

2

1− αnβ
αn

θn
αn
∥xn − xn−1∥

+
2αn

1− αnβ
⟨f(x∗)− x∗, xn+1 − x∗⟩ − (1− αn)

2

1− αnβ

(1− µ

2M3

)2

∥wn − yn∥4

=
1− 2αn + αnβ

1− αnβ
∥xn − x∗∥2 + α2

n

1− αnβ
∥xn − x∗∥2

+
3Q2(1− αn)

2

1− αnβ
αn

θn
αn
∥xn − xn−1∥+

2αn

1− αnβ
⟨f(x∗)− x∗, xn+1 − x∗⟩
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− (1− αn)
2

1− αnβ

(1− µ

2M3

)2

∥wn − yn∥4

≤
(
1− 1− 2αn(1− β)

1− αnβ

)
∥xn − x∗∥2 + 2αn(1− β)

1− αnβ

{ αnQ3

2(1− β)

+
3Q2(1− αn)

2

2(1− β)

θn
αn
∥xn − xn−1∥+

1

1− β
⟨f(x∗)− x∗, xn+1 − x∗⟩

}
− (1− αn)

2

1− αnβ

(1− µ

2M3

)2

∥wn − yn∥4, (3.31)

where Q3 := sup{∥xn − x∗∥2 : n ∈ N}. This completes the proof.

Lemma 3.7. Assume that {wn} and {yn} are generated by Algorithm 2 and Condition 1-6
hold. Suppose that there exists a subsequence {wnk

} of {wn} such that {wnk
} ⇀ v∗ ∈ H

and lim
k→∞

∥ynk
−wnk

∥ = 0, then we have at least one of the following: v∗ ∈ SD or Av∗ = 0.

Proof. By Lemma 3.6, we know that {xn} is bounded, then {wn} is bounded. Hence we
can let v∗ be a weak cluster point of {wn}. Then we can choose a subsequence of {wn},
denoted by {wnk

} such that wnk
⇀ v∗ ∈ H.

We consider the following two possible cases.
Case I: Suppose that lim sup

k→∞
∥Awnk

∥ = 0. Then lim
k→∞

∥Awnk
∥ = lim inf

k→∞
∥Awnk

∥ = 0.

According to Condition 3, we obtain

Av∗ = 0.

Case II: Suppose that lim sup
k→∞

∥Awnk
∥ > 0. Then without loss of generality, we can choose

a subsequence of {Awnk
} still denoted by {Awnk

} such that lim
k→∞

∥Awnk
∥ = P1 > 0.

From yn = PC(wn − λnAwn), we get

⟨wn − λnAwn − yn, y − yn⟩ ≤ 0, ∀y ∈ C.

So,

0 ≤ ⟨ynk
− wnk

+ λnk
Awnk

, y − ynk
⟩

= ⟨ynk
− wnk

, y − ynk
⟩+ λnk

⟨Awnk
, y − ynk

⟩
= ⟨ynk

− wnk
, y − ynk

⟩+ λnk
⟨Awnk

, y − wnk
⟩+ λnk

⟨Awnk
, wnk

− ynk
⟩, ∀y ∈ C.

(3.32)

From lim
n→∞

∥wnk
− ynk

∥ = 0, we obtain

0 ≤ lim inf
k→∞

⟨Awnk
, y − wnk

⟩ ≤ lim sup
k→∞

⟨Awnk
, y − wnk

⟩ <∞, ∀y ∈ C. (3.33)

Based on (3.33), we consider the following two cases under case II:
Case 1: Suppose that lim sup

k→∞
⟨Awnk

, y − wnk
⟩ > 0,∀y ∈ C. Then we can choose a sub-

sequence of {wnk
} denoted by {wnkj

} such that lim
j→∞
⟨Awnkj

, y − wnkj
⟩ > 0. Thus, there
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exists j1 ≥ 1 such that ⟨Awnkj
, y − wnkj

⟩ > 0,∀j ≥ j1, by the quasimonotonicity of A on

H, we have

⟨Ay, y − wnkj
⟩ ≥ 0,∀y ∈ C, j ≥ j1. (3.34)

Letting j →∞ in (3.34), we have ⟨Ay, y − v∗⟩ ≥ 0,∀y ∈ C. Therefore, v∗ ∈ SD.
Case 2: Suppose that lim sup

k→∞
⟨Awnk

, y − wnk
⟩ = 0,∀y ∈ C. Then by (3.33), we get

lim
k→∞

⟨Awnk
, y − wnk

⟩ = 0, ∀y ∈ C, (3.35)

from which we get

⟨Awnk
, y − wnk

⟩+ |⟨Awnk
, y − wnk

⟩|+ 1

k + 1
> 0, ∀y ∈ C. (3.36)

From lim
k→∞

∥Awnk
∥ = P1 > 0, we can find k1 ≥ 1 such that ∥Awnk

∥ ≥ P1

2 ,∀k ≥ k1.

We set bnk
=

Awnk

∥Awnk
∥2 , then ⟨Awnk

, bnk
⟩ = 1. Therefore, by (3.36), we get〈

Awnk
, y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

〉
> 0, ∀y ∈ C. (3.37)

From the quasimonotonicity of A, we obtain for all y ∈ C,〈
A
(
y + bnk

[
|⟨Awnk

, y − ynk
⟩|+ 1

k + 1

])
, y + bnk

[
|⟨Awnk

, y −wnk
⟩|+ 1

k + 1

]
−wnk

〉
≥ 0.

This implies that〈
Ay, y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

〉
≥

〈
Ay −A(y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
), y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

〉
≥ −∥Ay −A(y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
)∥ · ∥y + bnk

[
|⟨Awnk

, y − wnk
⟩|

+
1

k + 1

]
− wnk

∥

≥ −L∥bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
∥ · ∥y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

∥

=
−L
∥Awnk

∥

(
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

)
· ∥y + bnk

[
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

]
− wnk

∥

≥ −2L
P1

(
|⟨Awnk

, y − wnk
⟩|+ 1

k + 1

)
P2, ∀y ∈ C, k ≥ k0, (3.38)

for some P2 > 0, where the existence of P2 is from the boundedness of
{
y+bnk

[
|⟨Awnk

, y−

wnk
⟩|+ 1

k+1

]
− wnk

}
.
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From (3.35) we have lim
k→∞

(
|⟨Awnk

, y − wnk
⟩| + 1

k+1

)
= 0,∀y ∈ C. Thus, as k → ∞ in

(3.38), we get ⟨Ay, y − v∗⟩ ≥ 0,∀y ∈ C. Therefore, v∗ ∈ SD.

Theorem 3.8. Let {xn} be a sequence generated by Algorithm 2 such that Condition 1-6
hold and Ax ̸= 0,∀x ∈ C. Then, {xn} converges strongly to an element p ∈ SD ⊂ S, where
p = PSD

◦ f(p).

Proof. From Lemma 3.6, we have

∥xn+1 − p∥2 ≤
(
1− 1− 2αn(1− β)

1− αnβ

)
∥xn − p∥2 + 2αn(1− β)

1− αnβ

{ αnQ3

2(1− β)

+
3Q2(1− αn)

2

2(1− β)

θn
αn
∥xn − xn−1∥+

1

1− β
⟨f(p)− p, xn+1 − p⟩

}
. (3.39)

Next, we claim that the sequence {∥xn − p∥} converges to zero. Applying Lemma 2.9 to
(3.39), we know that it is sufficient to show lim sup

k→∞
⟨f(p) − p, xnk+1 − p⟩ ≤ 0 for every

subsequence {∥xnk
− p∥} of {∥xn − p∥} satisfying

lim inf
k→∞

(∥xnk+1 − p∥ − ∥xnk
− p∥) ≥ 0. (3.40)

From Lemma 3.6, we obtain

(1− αnk
)2

1− αnk
β

(1− µ

2M3

)2

∥wnk
− ynk

∥4

≤
(
1− 2αnk

(1− β)

1− αnk
β

)
∥xnk

− p∥2 − ∥xnk+1 − p∥2

+
2αnk

(1− β)

1− αnk
β

{ αnk
Q3

2(1− β)
+

3Q2(1− αnk
)2

2(1− β)

θnk

αnk

∥xnk
− xnk−1∥

+
1

1− β
⟨f(p)− p, xnk+1 − p⟩

}
. (3.41)

Letting k →∞ in (3.41), applying lim
k→∞

αnk
= 0 and (3.40), we obtain

lim
k→∞

∥wnk
− ynk

∥ = 0. (3.42)

Using the definition of wn and Remark 3.5 we have

lim
k→∞

∥wnk
− xnk

∥ = 0. (3.43)

Combining (3.42) and (3.43) we have

lim
k→∞

∥xnk
− ynk

∥ = 0. (3.44)

Using Lemma 2.4 we get

∥unk
− p∥2 = ∥PTnk

(wnk
)− p∥2 ≤ ∥wnk

− p∥2 − ∥unk
− wnk

∥2. (3.45)
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On the other hand,

∥wnk
− p∥ = ∥xnk

+ θnk
(xnk

− xnk−1)− p∥

≤ ∥xnk
− p∥+ αnk

θnk

αnk

∥xnk
− xnk−1∥

≤ ∥xnk
− p∥+ αnk

Q4,

where Q4 = sup
k∈N

{
θnk

αnk
∥xnk

− xnk−1∥
}
.

Thus, we have

∥unk
− p∥2 ≤ ∥wnk

− p∥2 − ∥unk
− wnk

∥2

≤ (∥xnk
− p∥+ αnk

Q4)
2 − ∥unk

− wnk
∥2

≤ ∥xnk
− p∥2 + αnk

(αnk
Q2

4 + 2∥xnk
− p∥Q4)− ∥unk

− wnk
∥2

≤ ∥xnk
− p∥2 − ∥unk

− wnk
∥2 + αnk

Q5, (3.46)

where Q5 = sup
k∈N

{
αnk

Q2
4 + 2∥xnk

− p∥Q4

}
.

Using Condition 6 and (3.46), we get

∥xnk+1 − p∥2 = ∥αnk
f(xnk

) + (1− αnk
)unk

− p∥2

= ∥αnk
(f(xnk

)− f(p) + f(p)− p) + (1− αnk
)(unk

− p)∥2

≤ αnk
∥f(xnk

)− f(p) + f(p)− p∥2 + (1− αnk
)∥unk

− p∥2

≤ αnk

(
∥f(xnk

)− f(p)∥+ ∥f(p)− p∥
)2

+ (1− αnk
)∥unk

− p∥2

≤ αnk

(
∥xnk

− p∥+ ∥f(p)− p∥
)2

+ (1− αnk
)∥unk

− p∥2

≤ αnk
∥xnk

− p∥2 + 2αnk
∥xnk

− p∥ ∥f(p)− p∥+ αnk
∥f(p)− p∥2

+ (1− αnk
)
(
∥xnk

− p∥2 − ∥unk
− wnk

∥2 + αnk
Q5

)
≤ ∥xnk

− p∥2 + αnk
Q6 − (1− αnk

)∥unk
− wnk

∥2,

where Q5 = sup
k∈N

{
2∥xnk

− p∥ ∥f(p)− p∥+ ∥f(p)− p∥2 + (1− αnk
)Q5

}
.

From this we have

(1− αnk
)∥unk

− wnk
∥2 ≤ ∥xnk

− p∥2 − ∥xnk+1 − p∥2 + αnk
Q6. (3.47)

Combining (3.40) and (3.47), we get

lim
k→∞

∥unk
− wnk

∥ = 0. (3.48)

Consequently,

∥xnk+1 − xnk
∥ ≤ αnk

∥f(xnk
)− xnk

∥+ (1− αnk
)∥unk

− xnk
∥
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≤ αnk
∥f(xnk

)− xnk
∥+ (1− αnk

)
(
∥unk

− wnk
∥+ ∥wnk

− xnk
∥
)
→ 0.

(3.49)

Since {xnk
} is bounded, there exists a subsequence {xnkj

} of {xnk
} such that {xnkj

}⇀ z

and

lim sup
k→∞

⟨f(p)− p, xnk
− p⟩ = lim

j→∞
⟨f(p)− p, xnkj

− p⟩ = ⟨f(p)− p, z − p⟩. (3.50)

By lim
n→∞

∥wnk
− xnk

∥ = 0, we have {wnkj
} ⇀ z. Moreover, from lim

j→∞
∥wnkj

− ynkj
∥ = 0

and Lemma 3.7 we get z ∈ SD.
From p = PSD

◦ f(p), (3.50) and Lemma (2.5), we obtain

lim sup
k→∞

⟨f(p)− p, xnk
− p⟩ = ⟨f(p)− p, z − p⟩ ≤ 0. (3.51)

Combining (3.49) and (3.51), we get

lim sup
k→∞

⟨f(p)− p, xnk+1 − p⟩ = lim sup
k→∞

⟨f(p)− p, xnk
− p⟩ = ⟨f(p)− p, z − p⟩ ≤ 0. (3.52)

Applying Lemma 2.9 to (3.39), we deduce that {xn} converges strongly to p.

4 Numerical experiments

In this section, we provide two numerical experiments to compare our proposed algorithms
with some existing related algorithms. All the codes were written in MATLAB R2022b and
performed on a PC Desktop Intel(R) Core(TM) i5-12500H @ 2.50 GHz, RAM 16.0 GB.

In all these examples, we present numerical comparisons of our proposed Algorithm 1
and Algorithm 2 with Algorithm 3.1 of Thong et al. in [28], Algorithm 1 of Shehu et al.
in [22], Algorithm 3.1 of Yang in [32].

Example 4.1. Consider an operator A : Rm → Rm in the form of A(x) = Mx + q [10],
where

M = NNT +G+D

N ∈ Rm×m, G ∈ Rm×m is a skew-symmetric, and D ∈ Rm×m is a diagonal matrix, whose
diagonal entries are nonnegative (so M is positive definite), q is a vector in Rm. The feasible
set is

C = {x = (x1, · · · , xm) ∈ Rm : xi ≥ −1, i = 1, · · ·m}.

It is clear that A is monotone and Lipschitz continuous with Lipschitz constant L = ∥M∥.
For experiments, all the entries of N , G are generated randomly and uniformly in [−2, 2],

the diagonal entries of D are in (0, 2) and q is equal to the zero vector. It is easy to see
that the solution of the problem in this case is x∗ = 0.

The starting values x0 = x1 = ones(m, 1), other parameters of our proposed algorithms
and the compared algorithms are set as follows:
• Yang 2021 µ = 0.5, µ0 = 0.6, λ1 = 0.5/L, αn = 0.1;
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• Shehu et al. 2022 µ = 0.5, λ1 = 0.5/L, θn = 0.8, αn = 0.2;
• Thong et al. µ = 0.5, λ0 = 0.5/L, αn = 1/(n+ 1)2;
• Our Alg. 1 µ = 0.5, λ1 = 0.5/L, θn = 0.8, an = 1/(n+ 1)2, qn = (n+ 1)/n;
• Our Alg. 2 µ = 0.5, λ1 = 0.5/L, θn = 0.8, αn = 1/(10n + 1), ξn = 100/(n + 1)2,
an = 1/(n+ 1)2, qn = (n+ 1)/n.

The maximum number of iterations 1000 serve as a common stopping condition for all
methods. At the nth step, we utilize Dn := ∥xn−x∗∥ to calculate the iteration error. First,
we test the effect of different parameters an and qn on the proposed methods with different
dimensions, as shown in Figures 1-4. Next, Figures 5–8 and Table 1 show the results of the
proposed methods compared to some related ones in different dimensions.

Figure 1 The behaviour of our Algorithm 1 for different an and qn in Example 4.1(m=20).
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Figure 2 The behaviour of our Algorithm 1 for different an and qn in Example 4.1(m=50).

Figure 3 The behaviour of our Algorithm 1 for different an and qn in Example 4.1(m=70).
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Figure 4 The behaviour of our Algorithm 1 for different an and qn in Example 4.1(m=100).

Figure 5 m = 20 for Example 4.1
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Figure 6 m = 50 for Example 4.1

Figure 7 m = 70 for Example 4.1
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Figure 8 m = 100 for Example 4.1

Table 1 Numerical results for all algorithms under different dimensions in Example 4.1

m=20 m=50 m=70 m=100

Algorithms Dn CPU Dn CPU Dn CPU Dn CPU

Yang 2021. 0.0090 0.0065 0.1501 0.0038 0.1942 0.0068 0.2681 0.0084
Shehu et al. 2022 1.9832e-04 0.0053 0.0667 0.0031 0.1208 0.0046 0.1435 0.0056
Thong et al. 4.7412e-04 0.0051 0.0680 0.0030 0.1208 0.0048 0.2009 0.0054
Our Alg. 1 1.7966e-13 0.0022 2.7937e-04 0.0030 0.078 0.0043 0.0452 0.0058
Our Alg. 2 1.4033e-15 0.0021 1.1364e-05 0.0029 4.2681e-04 0.0043 0.0032 0.0057

Example 4.2. Consider the problem VIP whenever H is the classical L2[0, 1] space with
the inner product and norm given by

⟨x, y⟩ =
∫ 1

0

x(t)y(t)dt, ∥x∥ =
(∫ 1

0

|x(t)|2 dt

)1/2

, ∀x, y ∈ H.

Consider an operator A : H → H is given by

(Ax)(t) = max{0, x(t)}, t ∈ [0, 1] ∀x ∈ H.

It should be noted that the operator A in the example above is 1-Lipschitz continuous and
monotone on H. Let C := {x ∈ H : ∥x∥ ≤ 1} be the unit ball. The solution of the
variational inequality is x∗(t) = 0. It is known that

PC(x) =


x

∥x∥
, ∥x∥ ≥ 1,

x, ∥x∥ ≤ 1.
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The parameters of our proposed algorithms and the compared algorithms are set as
follows:
• Yang 2021 µ = 0.5, µ0 = 0.6, λ1 = 0.5, αn = 0.1;
• Shehu et al. 2022 µ = 0.5, λ1 = 0.5, θn = 0.8, αn = 0.2;
• Thong et al. µ = 0.5, λ0 = 0.5, αn = 1/(n+ 1)2;
• Our Alg. 1 µ = 0.5, λ1 = 0.5, θn = 0.8, an = 1/(n+ 1)2, qn = (n+ 1)/n;
• Our Alg. 2 µ = 0.5, λ1 = 0.5, θn = 0.8, αn = 1/(10n + 1), ξn = 100/(n + 1)2,
an = 1/(n+ 1)2, qn = (n+ 1)/n.

We choose the stopping criterion as error Dn = ∥xn(t)−x∗(t)∥ ≤ 10−5. All the integrals
are computed by the trapezoidal formula. The numerical results are described in Figure
9-11 and Table 2.

Figure 9 x0(t) = x1(t) = t2 for Example 4.2
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Figure 10 x0(t) = x1(t) = t+ sin t for Example 4.2

Figure 11 x0(t) = x1(t) = exp(t) for Example 4.2
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Table 2 Numerical results for all algorithms at different initial values in Example 4.2

x0(t) = x1(t) = t2 x0(t) = x1(t) = t+ sin t x0(t) = x1(t) = exp(t)

Algorithms Iter. CPU Iter. CPU Iter. CPU

Yang 2021 40 0.0072 43 0.058 45 0.0084
Shehu et al. 2022 60 0.0076 64 0.0067 66 0.0086
Thong et al. 17 0.0053 19 0.0046 19 0.0059
Our Alg. 1 16 0.0038 17 0.0041 17 0.0031
Our Alg. 2 13 0.0035 14 0.0038 15 0.0030
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[16] P. E. Maingé, Convergence theorems for inertial KM-type algorithms, J. Comput.
Appl. Math. 219 (2008), 223-236.

[17] Y. Malitsky, Projected reflected gradient methods for monotone variational in-
equalities, SIAM J. Optim. 25 (2015), 502-520.

[18] Y. V. Malitsky, V. V. Semenov, A hybrid method without extrapolation step for
solving variational inequality problems, J. Global Optim. 61 (2015), 193-202.

[19] P. Marcotte, Applications of Khobotov’s algorithm to variational and network
equlibrium problems, Inf. Syst. Oper. Res. 29 (1991), 258-270.

[20] Z. Opial, Weak convergence of the sequence of successive approximations for nonex-
pansive mappings, Bull. Amer. Math. Soc. 73 (1967), 591-597.

[21] S. Saejung, P. Yotkaew, Approximation of zeros of inverse strongly monotone
operators in Banach spaces, Nonlinear Anal. 75 (2012), 742-750.

[22] Y. K. Shehu, O. S. Iyiola, S. Reich, A modified inertial subgradient extragradient
method for solving variational inequalities, Optim. Eng. 23 (2022), 421-449.

[23] M. V. Solodov, B. F. Svaiter, A new projection method for variational inequality
problems, SIAM J. Control Optim. 37 (1999), 765-776.

[24] B. Tan, X. L. Qin, S. Y. Cho, Revisiting extragradient methods for solving varia-
tional inequalities, Numer. Algorithms 90 (2022), 1593-1615.

[25] B. Tan, X. L. Qin, J. C. Yao, Strong convergence of inertial projection and con-
traction methods for pseudomonotone variational inequalities with applications to
optimal control problems, J. Global Optim. 82 (2022), 523-557.

[26] D. V. Thong, V. T. Dung, L. V. Long, Inertial projection methods for finding
a minimum-norm solution of pseudomonotone variational inequality and fixed-point
problems, Comp. Appl. Math. 41 (2022), 254.



H. Li, X. Wang 415

[27] D. V. Thong, D. V. Hieu, Weak and strong convergence theorems for variational
inequality problems, Numer. Algorithms 78 (2018), 1045-1060.

[28] D. V. Thong, S. Reich, Y. Shehu, O. S. Iyiola, Novel projection methods
for solving variational inequality problems and applications, Numer. Algorithms 93
(2023), 1105-1135.

[29] P. Tseng, A modified forward-backward splitting method for maximal monotone
mappings, SIAM J. Control Optim. 38 (2000), 431-446.

[30] P. T. Vuong, On the weak convergence of the extragradient method for solving
pseudo-monotone variational inequalities, J. Optim. Theory Appl. 176 (2018), 399-
409.

[31] Z. B. Xie, G. Cai, X. X. Li, Q. L. Dong, Strong convergence of the modified in-
ertial extragradient method with line-search process for solving variational inequality
problems in Hilbert spaces, J. Sci. Comput. 88 (2021), 50.

[32] J. Yang, Self-adaptive inertial subgradient extragradient algorithm for solving pseu-
domonotone variational inequalities, Appl. Anal. 100 (2021), 1067-1078.

[33] Y. H. Yao, N. Shahzad, J. C. Yao, Convergence of Tseng-type self-adaptive
algorithms for variational inequalities and fixed point problems, Carpathian J. Math.
37 (2021), 541-550.

[34] M. Ye, Y. He, A double projection method for solving variational inequalities with-
out monotonicity, Comput. Optim. Appl. 60 (2015), 141-150.

[35] X. P. Zhao, Y. H. Yao, Modified extragradient algorithms for solving monotone
variational inequalities and fixed point problems, Optimization 69 (2020), 1987–2002.

Received: 27.07.2023
Accepted: 14.10.2023

(1) School of Mathematics and Statistics, Henan Normal University,
Xinxiang 453007, P. R. China

E-mail: haiyingli2020@163.com (Corresponding author)

(2) School of Mathematics and Statistics, Henan Normal University,
Xinxiang 453007, P. R. China

E-mail: xingfangwang0902@163.com


